'nK  i 

>2  c 

0  c 

^  f 
/W  ■ 

"i 

n 


ii  . 


r  r  r  v 'Ti  it- v^iv*  »i  t  >i.'i 


-  Bulletin  43 

(Part  2  of  4  Parts) 


THE 

SHOCK  AND  VIBRATION 
BULLETIN 

Part  2 

Structural  Analysis,  Design  Techniques 


JUNE  1973 


A  Publication  of 

THE  SHOCK  AND  VIBRATION 
INFORMATION  CENTER 
Naval  Research  Laboratory,  Washington,  D.C. 


Office  of 

The  Director  of  Defense 
Research  and  Engineering 


This  document  has  been  approved  for  public  release  and  sale;  Its  distribution  is  unlimited. 

$?.  09,  (K:m0 


■  -'hi. 


SYMPOSIUM  MANAGEMENT 


THE  SHOCK  AND  VIBRATION  INFORMATION  CENTER 

Robert  O.  Belsheim,  Director 
Henry  C.  Pusey,  Coordinator 
Edward  H.  Schell,  Coordinator 
Rudolph  H.  Volin,  Coordinator 


Bulletin  Production 

Graphic  Arts  Branch,  Technical  Information  Division, 
Naval  Research  Laboratory 


.  w  r^.^rf^xH^r-iT;*^’ r^vr  r.-<%  * 


Bulletin  43 

(Part  2  of  4  Parts) 


THE 

SHOCK  AND  VIBRATION 
BULLETIN 


JUNE  1973 


A  Publication  of 

THE  SHOCK  AND  VIBRATION 
INFORMATION  CENTER 
Naval  Research  Laboratory,  Washington,  D.C. 


The  43rd  Symposium  on  Shock  and  Vibration  was 
held  at  the  Asilomar  Conference  Grounds,  Pacific 
Grove,  California,  on  5-7  December,  1972,  The  U.S. 
Army,  Fort  Ord,  was  host. 


Office  of 

The  Director  of  Defense 
Research  and  Engineering 


Approved  for  public  teleasej 
Distribution 


i  •  6  r  -  ( 


CONTENTS 


PART  2 


Structural  Analysis 

APPROXIMATE  METHOD  FOR  CALCULATING  THE  RESPONSE  OF 
EMPLACEMENT  STRUCTURES  SUBJECTED  TO  GROUND  SHOCK 

FROM  UNDERGROUND  NUCLEAR  DETONATIONS . 

M.  Hartzman,  Unlve-slty  of  California,  Lawrence  Livermore  Laboratory, 

Livermore,  California 

A 

VIBRATION  ANALYSIS  OF  STRUCTURAL  SYSTEMS  USING  VIRTUAL  gUBSTRUCTURES  .  .  . 
A.  Berman,  Kaman  Aerospace  Corporation,  Bloomfield,  Connecticut  J  j 

MULTI -DEGREE -OF-FREEDOM  ELASTIC  SYSTEMS  HAVING  MULTIPLE 

CLEARANCES  . . . 

R.  C.  Winfrey,  Burroughs  Corporation,  Westlake  Village,  California 


RESPONSE  POUNDS  FOR  STRUCTURES  WITH  INCOMPLETELY  PRESCRIBED  LOADING  .  ,  , 
W.  D.  Pilkey,  University  of  Virginia,  Charlottesville,  Virginia  and  A,  J,  Kallnowskl,  ) 

HT  Research  Institute,  Chicago,  Illinois  \ 

NONLINEAR  VIBRATIONS  OF  MULTILAYER  SANDWICH  PLATES  . . 

R.  M.  Shahln,  Gibbs  L  HU1,  Inc.,  New  York,  New  York 


A  DIGITAL  COMPUTER  PROGRAM  FOR  AIRCRAFT,  RUNWAY  ROUGHNESS  .STUDIES  . . 

T.  G.  Gerardl  and  A.  K.  Lohwasser,  Air  Force  Flight  Dynamics  Laboratory,  ’ 
Wright-Patterson  AFB,  Ohio  'j 

AN  ALGORITHM  FOR  SEMI-INVERSE  ANALYSIS  OF  NONLINEAR  DYNAMIC  SYSTEMS  .  /.  . 
R.  L.  Eshleman  and  T.  M.  Scopellte,  HT  Research  Institute,  Chicago,  Illinois 


'  GUNFIRE-INDUCED  VIBRATION  ON  THE  A-7E  AIRPLANE  , . .. 
T.  W.  Elliott,  Naval  Missile  Center,  Point  Mugu,  California 


1 

13 

23 

31 

43 

5B 

65 

71 


APPLICATIONS  OF  STRAIN  GAGES  TO  BALLISTIC  PROBLEMS  .  05 

P.  D.  Flynn,  Frankford  Arsenal,  Philadelphia,  Pennsylvania 

‘  STRESS  WAVE  MEASUREMENT  TECHNIQUE  , .  103 

A.  J.  Kallnowskl,  HT  Research  Institute,  Chicago,  Illinois 


Design  Techniques 


MAXIMIZATION  AND  MINIMIZATION  OF  DYNAMIC  LOAD  FACTORS  ...... .  119 

G.  J.  O’Hara,  Naval  Research  Laboratory,  Washington,  b,  C. 

THE  REDUCTION  OF  HELICOPTER  VIBRATION  AND  NOISE  PROBLEMS  BY  THE 
ELIMINATION  OF  THE  BLADE  TIP  VORTEX .  129 


R.  P.  White,  Jr.,  Rochester  Applied  Science  Associates,  Inc.,  Rochester,  New  York 


ill 


U 


\ 


iwhi  wua.it!1.  'is'Atv  v  'zsmtisftizv:;. ,n  x  -rr  rrin . — r  ••  mb  i  i 


MATHEMATICAL  MODEL  OF  A  TYPICAL  FLOATING  SHOCK  PLATFORM 

-  SUBJECTED  TO;UNDERWATEft  EXPLOSIONS  .  >  .  .  . . 

r"  R.  P.  Brooks  and  B.  C,  McNalght,  Naval  Air  Engineering  Center, 

Philadelphia,  Pennsylvania 

EXCITATION,  RESPONSE,  AND  FATIGUE  LIFE  ESTIMATION  FOR  STRUCTURAL 

DESIGN  OF  EXTERNALLY  BLOWN  FLAPS  . 

E.  E.  Ungar,  Bolt,  Beranek,  and  Newman,  Inc,,  Cambridge,  Massachusetts 

DETUNING  AS  A  MECHANICAL  DESIGN  APPROACH  . . . 

C,  T.  Morrow,  Advanced  Technology  Center,  Inc,,  Dallas,  Texas 

EARTHQUAKE  RESPONSE  OF  SHOCK-MOUNTED  COMMUNICATIONS  EQUIPMENT . 

N.  J,  DeCapua,  G,  Nevrlncean  and  E.  F,  Witt,  Bell  Laboratories, 

Whlppany,  New  Jersey  /■ 

THE  REDUCTION  OF  IMPACT  INDUCED  PRESSURES  IN  FUEL  TANKS  ,  f.V'/. . 

P.  J.  Torvlk  and  J’.  W.  Clark,  Air  Force  Institute  of  Technology,  ' 

Wright -Patterson  AFB,  Ohio 

A  TREATMENT  OF  A  NON -STATIONARY  RANDOM  PROCESS  -  LOAD 

TRANSFER  AT  SEA  . 

H.  S.  Zwtbel  and  D.  A.  Davis,  Naval  Civil  Engineering  Laboratory, 

Port  Hueneme,  California 

CRITERIA  DEVELOPMENT  OF  JK-1  AND  JK-2  CARGO  RESTRAINT  SYSTEMS . 

R.  Kennedy,  MTMTS-Army  Transportation  Engineering  Agency,'  ,\ 

Newport  News,  Virginia  1  ' 


PAPERS  APPEARING  IN  PART  1 


REMARKS 

Dr,  Ellas  Klein,  Ret.,  Sarasota,  Florida 


Invited  Papers 


A  QUARTER  CENTURY  OF  PROGRESS 

Mr,  Dwight  C.  Kennard,  Consultant,  Traverse  City,  Michigan 

FORMER  SHOCK 

Dr,  Donald  E,  Marlowe,  Vice  President  for  Administration,  Catholic  University, 
Washington,  D.  C. 

THE  ARMY’S  BIG  FIVE  AND  RDTE  PROGRAM  THRUSTS 

Major  General  John  R,  Guthrie,  Deputy  Commanding  General  for  Materiel 
Acquisition,  Army  Materiel  Command  Headquarters,  Washington,  D.  C, 


Submarine  Shock  Testing 

UNDERWATER  EXPLOSION  TESTS  WITH  THE  SWEDISH  FULL-SCALE  TEST  SECTION 
•STALMYGGAN’’.  Part  I:  TEST  SECTION  WITH  OBJECTS  AND  MEASURING  POINTS, 
ARRANGEMENTS  AND  DIMENSIONAL  MEASUREMENTS 

H.  Nilsson,  Kockums  Mekanlska  Verkstads  AB,  Naval  Department,  Malm6‘,  Sweden 


UNDERWATER  EXPLOSION  TESTS  WITH  THE  SWEDISH  FULL-SCALE  SUBMARINE  TEST 
SECTION  “STALMYGGAN":  RECORDING  AND  DATA  REDUCTION  SYSTEM 

L.  Westin  and  A,  Hennlngson,  Military  Electronics  Laboratory,  Stockholm,  Sweden 

UNDERWATER  EXPLOSION  TEST  WITH  THE  SWEDISH  FULL  SCALE  SUBMARINE  TEST  SECTION 
“STALM YGGAN” :  PART  in.  INTERPRETATION  OF  RESULTS  OF  SHOCK  MEASUREMENTS 
K.  Spang,  IFM-AKUST1KBYRAN  AB,  Stockholm,  Sweden 


Shock  Analysts 

SHOCK  ANALYSIS  ERRORS  IN  THE  PRESENCE  OF  VIBRATION 

C.  T.  Mirrow,  Advanced  Technology  Center,  Inc.,  Dallas,  Texas 

APPROXIMATE  RESPONSE  SPECTRA  OF  DECAYING  SINUSOIDS 
A.  E.  Galef,  TRW  Systems,  Inc.,  Redondo  Beach,  California 

STEADY-STATE  MOTIONS  OF  ORBITAL  CABLE  PLOWS 

M.  Senator  and  L.  J.  Scerbo,  Bell  Laboratories,  Whlppany,  New  Jersey 

TRANSIENT  MOTIONS  OF  ORBITAL  CABLE  PLOWS 

L.  J.  Scerbo  and  M.  Senator,  Bell  Laboratories,  Whlppany,  New  Jersey 

SHOCK  WAVE  INDUCED  TRANSIENT  PRESSURE  ENVIRONMENT  ABOUT  THE  SPRINT  II 
MISSILE  CAUSED  BY  LAUNCH  CELL  EJECTION 

A.  J.  Culotta,  Martin  Marietta  Aerospace  Corporation,  Orlando,  Florida 


Shock  Testing 

DIGITAL  CONTROL  TECHNIQUE  FOR  SEISMIC  SIMULATION 

G.  C.  Kao,  K.  Y.  Chang,  and  W.  W.  Holbrook,  Wyle  Laboratories,  Huntsville,  Alabama 


PYROTECHNIC  SHOCK  SIMULATION  USING  THE  RESPONSE  PLATE  APPROACH 

C.  L.  Thomas,  Honeywell  Ino.,  Aerospace  Division,  St.  Petersburg,  Florida 

TEST  METHOD  TO  QUALIFY  ELECTRONIC  COMPONENTS  IN  SHOCK  AND  SUSTAINED 
ACCELERATIONS 

R.  K.  Melzer,  Sperry  Unlvac,  St.  Paul,  Minnesota 

THE  USE  OF  SHAKER -OPTIMIZED  PERIODIC  TRANSIENTS  IN  MATCHING  FIELD  SHOCK 
SPECTRA 

D.  O.  Smallwood,  Sandia  Laboratories,  Albuquerque,  New  Mexico  and  A.  F.  Witte, 
Kaman  Sciences,  Colorado  Spring*,  Colorado 

A  TRANSIENT  VIBRATION  TEST  TECHNIQUE  USING  LEAST  FAVORABLE  RESPONSE; 

D.  O-  Smallwood,  Sandia  Laboratories,  Albuquerque,  New  Mexico 

PAPERS  APPEARING  IN  PART  3 


Skylab 

SKYLAB  VIBROACOUSTIC  TESTING  -  AN  OVERVIEW 

G.  M.  Moeely,  Teledyne -Brown  Engineering,  Huntsville,  Alabama 

SKYLAB  VIBRATION  AND  ACOUSTIC  STRUCTURAL  TEST  SYSTEMS 

J.  D.  Johnston,  Jr.,  NASA,  Manned  Spacecraft  Center,  Houston,  Texas  and  D.  L.  Knlttle, 
Northrop  Services  Inc.,  Houston,  Texas 

ORBITAL  WORKSHOP  VIBROACOUSTIC  TEST  PROGRAM 

W.  H.  Keller  and  E.  Yoshida,  McDonnell  Douglas  Astronautics  Co.,  Huntington  Beach,  C 


v 


SKYLAB  PAYLOAD  ASSEMBLY  -  VIBROACOUSTIC  TEST  PROGRAM 

P,  Rader,  Martin  Marietta  Corporation,  Denver,  Colorado  and  J,  Macpheraon,  Marshall 
Space  Flight  Center,  Huntsville,  Alabama 

DEVELOPMENT  OF  AN  AUTOMATIC  MODAL  TUNING  AND  ANALYSIS  SYSTEM  FOR  PERFORMING 
SKYLAB  MODAL  SURVEYS 

R.  A.  Salyer,  TRW  Systems,  Redondo  Beach,  California,  E,  J.  Jung,  Jr,,  NASA,  Manned 
Spacecraft  Center,  Houston,  Texas,  S,  L,  Huggins  and  B,  L,  Stephens,  Northrop  Services,  Inc., 
Houston,  Texas 

SKYLAB  MODAL  SURVEY  TESTING 

J,  J.  Nichols,  NASA  Marshall  Space  Flight  Center,  Huntsville,  Alabama,  R.  E.  Hull  and 
B,  I.  Bejmuk,  Martin  Marietta  Corporation,  Denver,  Colorado 

USE  OF  GENERALIZED  MASS  CONTRIBUTIONS  IN  CORRECTION  OF  TEST  AND  ANALYTICAL 
VIBRATION  MODES 

R.  E.  Hull  and  B.  I.  Bejmuk,  Martin  Marietta  Corporation,  Denver,  Colorado  and 
J,  J.  Nichols,  NASA,  Marshall  Space  Flight  Center,  Huntsville,  Alabama 

VIBRATION  AND  ACOUSTIC  TESTS  OF  THE  RECONI  IQ  .</  ’SD  APOLLO  SERVICE  MODULE 
ADAPTED  FOR  SKYLAB  MISSIONS 

R.  A.  Colonna,  NASA,  Manned  Spacecraft  Center,  Houston,  Texas,  D,  E.  Newbrough,  General 
Electric  Company,  Houiton,  Texas  and  J,  R,  West,  jr.,  North  American  Rockwell  Corporation, 
Downey,  California 


Vibration  Testing  and  Analysis 

THE  EFFECTIVENESS  OF  ENVIRONMENT  ACCEPTANCE  TESTING  ON  THE  APOLLO 
SPACECRAFT  PROGRAM 

R.  W.  Peverley,  The  Boeing  Company,  Houston,  Texas 

ON  THE  DEVELOPMENT  OF  PASSENGER  VIBRATION  RIDE  ACCEPTANCE  CRITERIA 

S,  A.,Clevenson  and  J.  D.  Leatherwood,  NASA  Langley  Research  Center,  Hampton,  Virginia 

CAPTIVE  FLIGHT  ACOUSTIC  TEST  CRITERIA  FOR  AIRCRAFT  STORES 

A,  H.  Burkhard,  Air  Force  Flight  Dynamics  Laboratory,  Wright -Patterson  AFB,  Ohio 

AIRCRAFT  EQUIPMENT  RANDOM  VIBRATION  TEST  CRITERIA  BASED  ON  VIBRATIONS 
INDUCED  BY  TURBULENT  AIRFLOW  ACROSS  AIRCRAFT  EXTERNAL  SURFACES 
J.  F,  Dreher,  Air  Force  Flight  Dynamics  Laboratory,  Wright -Patterson  AFB,  Ohio 

AIRCRAFT  EQUIPMENT  RANDOM  VIBRATION  TEST  CRITERIA  BASED  ON  VIBRATION 
INDUCED  BY  JET  AND  FAN  ENGINE  EXHAUST  NOISE 

J.  H,  Wafford,  Aeronautical  Systems  Division,  and  J.  F.  Dreher,  Air  Force  Flight  Dynamics 
Laboratory,  Wrlght-Patterson  AFB,  Ohio 

THEORETICAL  AND  PRACTICAL  ASPECTS  OF  MULTIPLE -ACTUATOR  SHAKER  CONTROL 
D.  K.  Fleher,  University  of  California,  Lawrence  Livermore  Laboratory,  Livermore, 
California 

GROUND  VIBRATION  SURVEY  AS  A  MEANS  OF  ELIMINATING  POTENTIAL  IN-FLIGHT 
COMPONENT  FAILURES 

J,  A.  Hutchinson  and  R.  N.  Hancock,  Vought  Aeronautics  Company,  Dallas,  ^exas 

PROBABILITY  DENSITY  FUNCTIONS  OF  MEASUUED  DATA 

R,  G,  Merkle  and  R,  E.  Thaller,  Air  Force  Flight  Dynamics  Laboratory,  Wrlght-Patterson 
AFB,  Ohio 


vl 


PAPERS  APPEARING  IN  PART  4 


Prediction  and  Experimental  Techniques 

A  SIMPLIFIED  NONLINEAR  METHOD  FOR  ESTIMATING  THE  FATIGUE  LIFE  OF  ACOUSTICALLY 
EXCITED  PANELS 

M.  B,  McGrath,  P,  J,  Jones  and  S.  R.  Tomer,  Martin  Marietta  Corporation,  Denver,  Colorado 

STUDIES  ON  THE  DYNAMIC  IMPACT  OF  JET  ENGINE  BLADES 

C,  T,  Sun,  Iowa  State  University,  Ames,  Iowa,  and  R,  L.  Slerakowskl,  Air  Force  Materials 
Laboratory,  Wright-Patterson  AFB,  Ohio 

A  TIME  DOMAIN  MODAL  VIBRATION  TEST  TECHNIQUE 

S.  R.  Ibrahim  and  E,  C,  Mlkulclk,  University  of  Calgary,  Calgary,  Alberta,  Canada 

NATURAL  FREQUENCIES  AND  DAMPING  OF  FULL-SCALE  HYDROFOILS  BY  ‘PLUCK  TEST" 
METHODS 

J,  R.  Peoples,  Naval  Ship  Research  and  Development  Center,  Bethesda,  Maryland 

ON  THE  THEORY  AND  PRACTICE  OF  STRUCTURAL  RESONANCE  TESTING 
C,  C.  Nl,  Naval  Research  Laboratory,  Washington,  D,  C, 

ELEVATION  OF  GRANULAR  MATERIAL  BY  VIBRATION 

M.  Paz  and  Vlcharn  Vlvekaphlrat,  University  of  Louisville,  Louisville,  Kentucky 


Isolation  and  Damping 

GROUND  TESTS  OF  AN  ACTIVE  VIBRATION  ISOLATION  SYSTEM  FOR  A  FULL-SCALE 
HELICOPTER 

B.  R.  Hanks  and  W.  J,  Snyder,  NASA,  Langley  Research  Center,  Hampton,  Virginia 

A  FULL-SCALE  EXPERIMENTAL  STUDY  OF  HELICOPTER  ROTOR  ISOLATION 

R,  Jones,  Kaman  Aerospace  Corporation,  Bloomfield,  Connecticut 

DECOUPLING  THE  THREE  TRANSLATIONAL  MODES  FROM  THE  THREE  ROTATIONAL  MODES 
OF  A  RIGID  BODY  SUPPORTED  BY  FOUR  CORNER-LOCATED  ISOLATORS 

T.  F.  Derby,  Barry  Division  Barry  Wright  Corporation,  Watertown,  Massachusetts 

SHOCK  MITIGATION  SYSTEM  SUBJECTED  TO  THIRTEEN  FEET  OF  GROUND  MOTION  - 
CANNIKIN  EVENT 

E.  C.  Jackson,  University  of  California,  Lawrence  Livermore  Laboratory,  Livermore, 
California 

THE  ACTIVE  DAMPER  -  A  NEW  CONCEPT  FOR  SHOCK  AND  VIBRATION  CONTROL 
M,  J.  Crosby,  Lord  Corporation,  Erie,  Pennsylvania,  and  D.  C.  Karnopp,  University  of 
California,  Davis,  California 

VIBRATION  CHARACTERISTICS  OF  SKIN-STRINGER  STRUCTURES 

J,  P.  Henderson,  Air  Force  Materials  Laboratory,  Wright-Patterson  AFB,  Ohio 

MATERIALS  FOR  VIBRATION  CONTROL  IN  ENGINE  ERING 

A.  D.  Nashlf,  University  of  Dayton,  Research  Institute,  Dayton,  Ohio 

VISCOELASTIC  EPOXY  SHEAR  DAMPING  CHARACTERISTICS 

C,  V.  Stahle,  A,  T,  Tweedie  and  T.  M.  Gresko,  General  Electric  Company,  Philadelphia, 
Pennsylvania 

VISCOELASTIC  DAMPING  IN  FREE  VIBRATIONS  OF  LAMINATES 

S,  Srinlvas,  NASA,  Langley  Research  Center,  Hampton,  Virginia 


OPTIMUM  PASSIVE  SHOCK  ISOLATION  FOR  UNDERGROUND  PROTECTIVE  STRUCTURES 
0.  L,  Flatus,  Mechanics  Research  Inc.,  Los  Angeles,  California 

INFLUENCE  OF  AN  ABSORBER  ON  MACHINE  TOOL  VIBRATION 
O.  Susollk,  The  Timken  Company,  Canton,  Ohio 


vlil 


STRUCTURAL  ANALYSIS 


APPROXIMATE  METHOD  FOR  CALCULATING  THE  RESPONSE 
OF  EMPLACEMENT  STRUCTURES  SUBJECTED  TO  GROUND  SHOCK 
FROM  UNDERGROUND  NUCLEAR  DETONATIONS* 

Mark  Hartzman 

University  of  California,  Lawrence  Livermore  Laboratory 
Livermore,  California  94650 


A  method  for  calculating  dynamic  response  of  emplacement  structures  is 
described  In  this  paper.  It  consists  In  replacing  the  structural  system  by 
an  Idealized  lumped  mass/finite  element  model.  The  equations  of  motion  for 
each  mass,  expressed  as  functions  of  the  Internal  and  external  forces,  are 
solved  In  a  step-by-step  manner  by  a  numerical  algorithm,  A  running 
frictional  pressure  pulse  applied  to  the  external  surface  of  the  structure 
simulates  the  ground  shock  environment,  Comparison  of  calculated  response 
values  with  limited  experimental  data  Indicates  reasonable  agreement. 


INTRODUCTION 

A  problem  of  considerable  practical 
Interest  at  Lawrence  Livermore  Laboratory  Is 
the  calculation  of  the  dynamic  response  of 
burled  emplacement  structures.  Such  structures 
are  used  for  emplacement  and  support  of  nuclear 
devices  and  associated  Instrumentation.  They 
usually  IncluU?  a  diagnostic  section  that  con¬ 
tains  Instrumentation  systems  and  an  emplace¬ 
ment  pipe  used  for  supporting  the  rest  of  the 
structure.  Since  these  structures  are  burled 
In  soil,  the  soil -structure  Interaction  plays 
an  Important  role  In  the  response  calculations. 

The  complexity  of  the  problem  means  that 
responses  can  usually  be  obtained  by  numerical 
techniques  only.  A  number  of  finite  element 
and  difference  continuum  programs  exist  that 
could  be  used  for  obtaining  solutions.  How¬ 
ever,  these  programs  are  time-consuming  because 
a  very  small  mesh  must  be  chosen  to  represent 
the  pipe  wall  thickness.  This  paper  Is  a 
description  of  an  approximate  method  that 
circumvents  this  difficulty  and  at  the  same 
time  gives  reasonable  results,  adequate  for 
practical  design. 

The  method  consists  In  replacing  the 
continuous  structure  by  a  lumped  mass/one- 
dimensional  finite  element  system.  For  each 
lumped  mass,  the  equation  of  motion  Is 
expressed  In  terms  of  the  Instantaneous 
Internal  forces  caused  by  deformation  of  the 


♦Work  performed  under  the  auspices  of  the  U.S. 
Atomic  Energy  Commission. 


structure  and  the  external  force  that  the  soil 
Is  assumed  to  exert  on  the  structure,  We 
obtain  the  displacement  histories  by  applying 
a  step-by-step  algorithm  to  Integrate  the 
system  of  equations,  taking  Into  account  the 
Initial  conditions  and  the  material  properties 
of  the  structure. 

METHOD  OF  ANALYSIS 

Equations  ‘of  Motion 

Figure  1  shows  an  Idealized  structure  and 
the  corresponding  lumped  mass/finite  element 
system.  We  assume  that  each  mass  has  one 
degree  of  freedom,  motion  along  the  axlel 
direction.  The  equations  of  motion  for  the 
mass  system  may  be  expressed  In  matrix  form  as 


t-MJ  (u)  ♦  [K]  {u>  ♦  tD]  (u)  •  {r } ,  (1) 


where 

[-M-]  ■  diagonal  mass  matrix,  assumed  constant 

(u)  >  total  displacement  to  time  t 

[K]«  Instantaneous  structure  stiffness  matrix, 
which  depends  on  the  displacements, 
stresses,  and  material  properties 

[l>]  *  damping  matrix 

IF) “  external  load  vector, 


1 


Equations  (1) 
differential 


_  are  sat  of  nonlinear  second- 

order  differential  equations  that  can  be  solved 
by  numerical  ibethods  only.  In  this  analysis, 
we  will  use  an  explicit  method  of  numerical 
Integration.  Assuming  a  diagonal  mass  matrix, 
we  can  rewrite  Eqs.  (l)  In  the  form 

U)B> 


[-M4  (U>  -  00 


(UD), 


(2) 


where  the  vectors  {UE>  and  {UD}  can  be 
Interpreted  as  resultants  of  Internal 
deformatlonal  and  damping  forces  from  the 
elements  connected  to  the  1th  lumped  mats, 
Thus,  any  equation  of  the  above  system  of 
equations  can  be  expressed  as 


J  J 


W 


where 


ith  lumped  mass 

Uj*  acceleration  of  the  1_th  mass 

F,«  external  force  resultant  acting  on  the 
1th  mass 


)  li? ,*  Internal  forces  caused  by  elastic-plastic 
-*  deformation  In  the  elements  adjacent  to 
the  ith  mass 

^U®.  Internal  forces  caused  by  damping. 


The  forces  acting  on  this  mass  are  shown 
In  Fig.  2.  By  adopting  an  explicit  scheme  of 
step-by-step  Integration,  we  can  calculate  the 
complete  Internal  force  system  at  any  time 
without  first  solving  for  the  unknown 
Incremental  displacements.  We  thus  eliminate 
the  need  to  assemble  stiffness  and  damping 
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matrices  tinea  we  can  determine  the  acceler¬ 
ation  vector  completely  at  long  as  we  know  the 
external  force  system. 

An  explicit  algorithm  for  the  numerical 
Integration  of  second-order  differential 
equations  It  described  In  Ref.  1,  At  the  sth 
Instant,  the  Incremental  displacements  xnrT+w<> 
velocities  are  given  cs 

(u)*  -  (u)*’1  ♦  $  [5{U)S  +  8{U>,_1  -  ((!}*“*] (4) 
and 

{Au),+1  -  <u>*  At  ♦  [4{U>*  -  tO}*'1  ] .  (5) 

The  total  displacements  at  the  (s+jjth  Instant 
are  then  obtained  from 

(u)*41  -  <u)‘  +  (Au)®4*.  (6) 

Assuming  the  Initial  velocities  and  acceler¬ 
ations  are  given,  the  first  displacement 
Increments  are 

{Au}1  -  {u}1  -  (u>°  ■  At(u)°  ♦  011°.  (7) 


The  acceleration  at  any  Instant  t®  are  obtained 
from  Eq.  (3)  and  are  rewritten  as 


UU*  -  I  M  T1  {(F)  -  CUB>  -  {UD}}*.  (9) 


Calculation  of  Internal  Forces 

The  Internal  force  resultants  acting  at 
any  Instant  can  be  calculated  directly  If  we 
know  (1)  stress  and  strain  states  at  the 
beginning  of  a  time  Increment,  (2)  Incremental 
displacements  and  strains,  (3)  Incremental 
uniaxial  stress-strain  relations,  and  (4) 
Instantaneous  velocities, 

Consider  a  generic  massless  element  n  and 
the  two  connected  masses  at  Its  ends,  as  shown 
In  Fig.  3.  At  a  given  Instant  t®,  we  assume 
that  the  Internal  forces  act  as  shown.  Over 
the  time  Increment  At  =  t  -  t*"1,  the  ends  of 
tlje,  element  are  assumed  to  have  experienced 
•Incremental  displacements  Au1t  Auj. 
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nig,  3,  Finite  element  and  Internal  forcea, 


The  velocity  at  t^  Is  then 
{u}1  .  {u)°  ♦  At(U)1. 


(8) 


From  equilibrium  we  have 


E 

'in 


uJn 


(10) 
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and  by  definition 

Uj£  *  <  V 


o*  *  element  axial  stress  at  ts 

Ap  »  Initial  cross-sectional  area. 

The  Incremental  strain  Aen  experienced  over  At 
Is  defined  as 


where  Ln  *  Initial  element  length  at  time  t  ■  0. 

The  total  strain  ts  Is  obtained  as 

e*  ■  e*"1  *  Ae_  (IS) 

n  n  n 

We  can  thus  evaluate  Immediately  the  Incremental 
strains  over  a  time  Interval  and  the  total 
current  strains.  We  can  also  evaluate  the 
current  stresses  If  we  know  the  stresses  at 
t  *  ts"l  and  the  Incremental  stresses  and  If  we 
postulate  suitable  stress-strain  relations. 


The  stress-strain  relation  for  the 
materials  considered  here  is  replaced  by  a 
piece-wise  linear  approximation  and  Is  based  on 
the  assumption  that  (1)  no  buckling  or  collapse 
Is  considered,  (2)  Poisson,  thermal,  and  strain 
rate  effects  are  Ignored,  and  (3)  nonlsotroplc 
hardening  (l.e.  yield  strengths  In  tension  and 
compression  may  be  different)  Is  postulated. 

Figures  4  anc  u  »now  the  postulated 
behavior  of  the  material.  The  main  objective  of 
this  material  description  Is  to  model  the  large 
deformation  that  presumably  might  occur  because 
of  compression.  However,  It  Is  also  possible 
that  large  tensile  deformation,  unloading  and 
reloading,  or  cyclic  loading  may  occur.  The 
present  formulation  could  also  describe  these 
phenomena. 

We  can  desert  n  deformation  In  the 
compressive  ranp  ■  follows:  The  material  Is 
Initially  assume  t  deform  elastically  until 
the  yield  limit  o y , <0 )  Is  reached.  Deformation 
then  continues  plastically  until  the  strain 
tc(<0)  Is  reached.  This  region  Is  supposed  to 
represent  very  approximately  both  yielding  of 
the  material  and  axlsymmetrlc  collapse  of  the 
structure,  If  loading  Is  further  Increased, 
the  deformation  proceeds  elastically  again, 
reflecting  the  assumptions  of  circumferential 
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(1) 

a1  *=  EAc  +  cj1" 

(2) 

o’  ■  EpAt+  a^(l  -  r)  +  r  a*"1 

1 

(3) 

o*  ’■  E  A  i  +  a*  ^ 

P 

(4) 

a*  ■  E  At+  or  (1  -  r)  +  ra*”' 
p  m 

+  0' 

(5) 
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Fig.  S.  Deformation  pattema  and  eorraipondlng  stress-strain  ralationa, 


collapse  and  radial  soil  constraint,  effects 
that  tend  to  stiffen  the  structure  against 
further  deformation.  Unloading  occurs  elasti¬ 
cally  at  any  point  until  reverse  plastic 
(tensile)  loading  Is  experienced.  If  the  stress 
or  Is  reached,  the  material  Is  assumed  to  fall  . 
and  the  stress  vanishes.  However,  a  compressive 
residual  strain  er,  Indicating  permanent 
shortening  of  the  element,  remains.  As  long  as 
e  >  Er,  the  stress  remains  aero  and  separation 
occurs.  If  the  motion  Is  such  that  e  <  cr, 
compressive  loading  Is  experienced;  tensile 
loading  cannot  occur  again. 


Kelvin  solid  whose  stress-strain  relation  has 
the  general  form 

■a  «  oE  +  oD  ,  (14) 

where 


Since  c_  ■  r— 
n  n 
take  the  form 


the  vi scout  forces 


Figure  S  shows  several  possible  modes  of 
deformation,  together  with  tha  corresponding 
stress-strain  relations. 


Once  the  stresses  due  to  deformation  are 
obtained,  we  can  get  the  corresponding  Internal 
forces  from  Eqs,  (10)  and  (11).  We  obtain  the 
Internal  viscous  forces  by  assuming  a  simple 


and 


D. 

uin  "  *  u'n  •  <16) 


The  viscosity  coefficient  n  Is  generally 
difficult  to  determine.  A  typical  value  for 
steel  Is  1  x  10°  psf-sec.2 


the  working  point.  Ui  also  assume  the  existence 
of  a  static  component  due  to  overburden.  We  can 
transform  this  lateral  pulse  into  axial  forces 
acting  on  the  masses  by  using  prescribed 
Coulomb  friction  factors.  The  sense  of  thess 
forces  is  determined  by  the  relative  velocities 
of  the  masses  and  the  corresponding  points  In 
the  soil.  We  assume  that  these  loads  act  only 
on  that  portion  of  the  structure  that  remains 
underground.  The  choice  of  these  mechanisms  Is 


Pig.  6.  Assumed  axlsymmotric  lateral  loading 
at  a  given  instant. 


Calculation  of  External  Forces 

We  assume  that  the  forces  acting  on  the 
structure  are  caused  by  an  axlsymmetrlc  lateral 
stress  pulse 'propagating  through  the  soil  from 


■  based  on  limited  numerical  experimentation  and 
■Is  not  unique.  The  weight  Is  also  Included  and 
acts  over  the  entire  structure. 


-'Hi 


6 


Figure  6  shows  the  shapes  of  the  assumed 


1  ate ral  loading.  Wa  obtain  the  magnitude  of 
the  lateral  stress  at  each  mass  point  from  the 
soil  stress  history  at  each  mass  point.  This 
history  Is  obtained  from  calculations,  based  on 
empirical  results,  of  peak  stress  and  arrival 
times  as  functions  of  axial  distance  from  the 
working  point,  Figure  7  shows  the  postulated 
shock  stress  history  at  a  generic  mass  point. 

In  these  calculations,  t»  represents  the  , 
arrival  time  of  the  plastic  front.  The  elastic 
precursor  In  the  soil  Is  assumed  negligible. 

The  rarefaction  wave  due  to  reflection  from  the 
surface  Is  also  neglected, 


The  particle  velocity  pulse  Is  related  to 
the  stress  pulse  and  is  assumed  to  have  the 
same  history. 

Once  we  know  the  lateral  stross  history 
for  a  given  Instant,  we  can  transform  It  Into  a 
set  of  lateral  forces  distributed  around  the 
structure  acting  on  the  lumped  masses.  These 
calculations  are  performed  at  the  element  level. 

Figure  8  shows  three  masses  connected  by 
two  elements,  and  the  Instantaneous  lateral 
stress  distribution,  From  considerations  of 
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Fig.  7,  Lateral  stress  pulse  history  at  a  generic  mass  point. 


Fig.  8. 


Axial  forces  due  to  lateral  stress  distribution. 


virtual  work,  the  equivalent  axial  forces 
caused  by  lateral  stress  acting  at  the  ends  of 
the  elements  are 

Element  m: 

■  •  r  •  V  2'V.  D '  y‘|) 

'j.  ■  ■  s8  <"■  •  *)»  !'v. 

Element  n: 

V  •  ir  »,  •  n>  "W  (i^rrji) 

■  ip  <■>,  *  “»«« •  <M) 


2.  Calculate  external  lateral  stresses  and 
axial  forces.  Check  for  signs  based  on 
the  relative  velocity  between  soil  and 
structure,  as  described  In  the  section  on 
external  forces. 

3.  Calculate  the  total  force  resultant 
acting  on  each  mass. 

4.  Calculate  accelerations  of  masses  -from 
Eq.  (9), 

5.  Calculate  velocities  and  Incremental 
displacements  from  Eqs.  (4)  and  (6). 

6.  Introduce  prescribed  displacements. 

7.  Calculate  total  displacements  from  Eq.(6) 

8.  Return  to  step  1 . 

See  Fig.  9  for  a  graphic  presentation  of  the 
algorithm.  The  algorithm  give*  the  dlaplace- 
ment  hlatorlei  of  the  maatea  and  the  Internel 
force  histories!  the  element  stress  histories 
are  obtained  Implicitly  In  the  process. 


where  v  ■  soil  velocity. 

We  can  therefore  obtain  the  external  forces  COMPARISON  WITH  EXPERIMENTAL  RESULTS 
acting  on  the  masses  by  summing  the  components 

due  to  the  associated  elements,  l.e..  To  check  the  validity  of!  tha  method,  we 

calculated  the  response  of  en  already-tested 

Fj  ■  Fj„  +  Fjm  .  (21)  emplacement  structure  and  compared  the  results 

J  J  J  with  the  empirical  data,3  Tha  reapons#  was 

Prescribed  Boundary  and  Initial  Conditions  characterised  by  tha  displacement  of  the  top  of 

the  emplacement  pipe.  Figure  10  shows  both  a 

We  assume  that  the  axternal  forces  diagram  of  the  analyzed  structure  and  tha 

described  In  the  last  section  are  applied  to  finite  element  model  of  the  structure.  We  set 

all  masses  except  the  bottommost)  we  further*  the  bottommost  point  of  the  structure  at  90  ft 

assume  that  the  bottommost  man  experiences  the  above  the  working  point,  aasumlng  that  the 

soil  displacement  history  obtained  by  Inte-  structure  below  this  point  displaced  with  the 

grating  tha  soil  velocity  history  at  this  mass  soil.  No  structural  damping  was  Included, 

point,  We  can  Integrate  the  soil  velocity 

history  If  we  assume  that  a  portion 'of  the  To  calculate  the  response  we  varied  a 

structure  at  and  Just  below  the  bottommost  mass  number  of  factors  until  we  got  approximate 

collapses  and  remains  rigidly  attached  to  the  agreement  between  the  calculated  andexperl- 

soll .  mental  results,  The  comparison  Is  shown  In  Fig. 

11.  The  varied  parameters  ware  the  friction 

Initially  we  consider  all  velocities,  factor,  the  maximum  tensile  stress  or,  and  the 

displacements,  and  accelerations  to  be  zero.  minimum  strain  ec.  We  found  that  the  most 

However,  the  stresses  end  strains  caused  by  the  critical  and  least  known  parameter  Is  the 

static  weight  of  the  structure  are  calculated.  friction  factor.  In  this  casa,  we  chose  the 

friction  factors  as  shown  In  Fig.  10b, 

Numerical  Procedure 

Figure  12  shows  displacement  and  velocity 
Assume  we  have  calculated  the  Incremental  histories  at  three  selected  points.  The  dla - 

displacements  over  a  period  of  time.  The  placement  of  node  12  was  considerably  larger 

calculations!  algorithm  for  tha  displacement  than  that  of  node  1  because  of  tensile  failure 

history  consists  of  the  following  steps:  In  the  diagnostic  structure.  Once  this  failure 

occurred,  the  structure  above  the  failure  was  In 
1.  For  each  element  calculate  Incremental  frie  flight,  retarded  duly  by  the  ground 

strains.  Calculate  the  stresses  and  friction  and  tha  weight.  The  average  permanent 

Internal  forces  as  described  In  the  compression  was  but  near  the  base  It  was 

section  on  Internal  forces.  -14*.  Indicating  considerable  damage. 
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Pis.  9.  Numerical  algorithm  for  calculation  of  raiponaa  ovar 
a  goncrlc  tin*  incramant. 


COMMENTS  AND  CONCLUSIONS 

TH 1 »  method  of  dynamic  analyils  of 
emplacement  structure!  appears  to  give  reason¬ 
able  results  whan  compared  to  11ml tad  experi¬ 
mental  data.  It  Incorporates  a  friction 
mechanism  that  couples  the  structure  to  the 
surrounding  soil.  We  found  that  the 
coefficient  of  friction  Is  the  most  critical 
factor  in  determining  the  response)  It 
apparently  varies  considerably  over  the 
structure  (from  0.300  at  the  canister  to  0.140 


over  the  emplacement  pipe).  This  indicates 
that  the  actual  friction  mechanism  needs  to  be 
examined  In  greater  detail, * 

Additional  Investigation  of  the 
deformation  characteristics  of  the  finite 
elements  Is  needed.  At  present,  these  do  not 
Include  an  explicit  collapse  mechanism,  and 
attempts  to  Include  this  In  the  calculation 
were  not  successful.  However,  the  comparison 
with  the  experimental  results  Indicates  that 
the  present  description  of  the  deformation  Is 
adequate  for  practical  purposas. 
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DISCUSSION 

Hr.  Thomson  (University  of  California! i 
You  have  to  aasuirta  some  kind  of  soil  velocity 
to  take  account  of  the  spacing  between  the 
various  masses  sa  well  as  the  time  In  your 
finite  difference  calculation.  Is  that  right? 

Mr.  Hartaman;  The  soil  veloci  ,y  is  given 
as  input  and  is  proportional  to  the  stress 
while  it's  propagating  through  the  toil. 
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VIBRATION  ANALYSIS  OP  STRUCTURAL  SYSTEMS 


USING  VIRTUAL  SUBSTRUCTURES 


Alex  Berman 

Kaman  Aeroapaoe  Corporation 
Bloomfield#  Connecticut 


A  method  ia  described  in  which  eubatruoture 
oomponenta  of  a  atruotural  system  may  be 
exaatly  repreaented  within  the  equations  of 
motion  of  the  main  atruoture.  The  method  may 
be  uaed  to  obtain  forced  reaponaea  or  natural 
frequenoiea  of  the  complete  system. 


INTRODUCTION 

In  many  atruotural  dynamioa 
analyaea,  the  moat  important  raaulta  are 
the  natural  frequenoiea  and  normal  modea 
of  the  atruoture  beoauae  theae  indicate 
the  frequenoiea  and  distribution  of  the 
maximum  amplitude  reaponaea  under  op¬ 
erational  condition*.  Thia  ia  not  the 
oaae  when  the  atruoture  analyzed  ia  a 
component  of  a  atruotural  ayatam<  When 
a  ayatam  ia  vibrating  at  ita  natural 
frequency,  the  oomponenta  are  reaponding 
off-reaonanoe  to  multiple  exalting 
forces.  There  ia  no  unique  relationship 
between  the  reaponae  of  a  component  a* 
a  part  of  a  ayatem  and  the  modea  of  the 
component  aa  an  independent  atruoture. 
The  approach  to  component  ayntheaia 
which  ia  deaoribed  in  thia  paper  avoids 
the  common  technique  of  using  modes  of 
the  oomponenta  as  generalized  coordi¬ 
nates  of  the  ayatem.  The  method  pre¬ 
sented  here  makes  use  of  substructure 
reaponae  to  forces  at  the  interface 
coordinates  and  performs  an  exact  re¬ 
duction  of  this  substructure  to  these 
coordinates.  This  results  in  a  rep¬ 
resentation  of  the  entire  aystem  where 
the  influence  of  the  aubstruotures  or 
components  are  exactly  present,  in 
effeot,  without  a  corresponding  increase 
in  the  number  of  degrees  of  freedom. 
Thus,  the  designation  "virtual  sub¬ 
structures". 

Detailed  discussions  of  the 
reasons  for  component  synthesis  and 
descriptions  of  the  characteristics  of 
all  the  important  contributions  to  the 
field  have  been  very  well  covered  by 


Hou[l]  and  Benfield,  at  al[2].  The 
major  motivations  for  subsystem  analyaia 
arei  (1)  computer  storage  limitations 
or  exaeasiva  execution  times  which  pre¬ 
vent  the  analysis  of  the  oomplete 
system)  (2)  separate  components  are 
analyzed  at  different  aitea  or  at  dif¬ 
ferent  timea;  (3)  it  is  desired  to  study 
variations  in  only  portions  of  the 
atruotural  ayatem  with  oonaiderationa  of 
efficiency  preventing  repeated  analyses 
of  the  complete  aystem. 

The  modal  approaoh  to  component 
synthesis  uses  modes  of  the  components 
as  generalized  coordinates  of  the  system. 
Hurtytl]  developed  an  excellent  and  a 
generally  applicable  technique  using 
modea  of  the  independent  aubstruotures. 

In  addition  to  normal  modes  of  the  com- 
onenta,  this  method  uaea  redundant 
nterface  constraint  modes.  Various 
simplified  but  related  methods  (see 
References  1  and  2)  use  different  modea 
and  somewhat  different  techniques.  All 
the  simpler  methods  which  use  modes  of 
the  independent  oomponenta  are  subject 
to  the  same  deficiency.  The  practical 
success  of  these  methods  must  depend  on 
how  well  a  small  number  of  the  chosen 
modes  can  represent  the  response  of  the 
structural  ayatem.  Since  the  actual 
response  of  each  component  may  have 
little  resemblance  to  the  modes  used  as 
generalized  coordinates,  there  can  be 
significant  errors  in  the  derived  char¬ 
acteristics  of  the  system.  Comparisons 
of  various  methods  usina  various  numbers 
of  modes  have  been  presented  in  Ref¬ 
erence  2. 
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An  improvement  was  made  by 
Benfield  and  Hruda[4]  when  they  added 
approximate  interfaoe  loading  (mass  and 
stiffness)  to  eaoh  component  before  ob¬ 
taining  its  modes,  which  are  then  more 
representative  of  the  actual  displace¬ 
ments  of  the  system.  Significant 
improvements  of  this  technique  over  the 
simplified  methods  are  reported  in 
Reference  2  where  accuracies  approaching 
Hurty's  method (1)  are  achieved. 

The  method  of  this  paper  might,  at 
first,  be  considered  to  be  an  extension 
of  the  previously  mentioned  method. 
Instead  of  adding  approximate  interface 
loadings,  exact  quantities  are  used. 

The  major  difference  is  thst,  now, 
rather  than  solving  for  gensralised  co¬ 
ordinates  to  be  used  in  an  analysis  of 
the  structural  system,  any  solution  is 
a  solution  of  the  complete  system  since 
the  characteristics  of  the  other  sub¬ 
systems  are  exaotly  represented  in  the 
model.  Because  of  the  nature  of  the 
model,  the  quantities  which  are  di¬ 
rectly  obtained  arc  responaas  rather 
than  natural  frequencies  and  modes. 

The  subsystems  are  linearly  represented 
and  include  damping.  The  virtual  rep¬ 
resentation  of  tha  subsystems  is  fre¬ 
quency  dependent  and  this  analysis  leads 
to  some  general  observations  regarding 
the  reduation  of  linear  models. 

This  method  is  presantad  here 
primarily  as  an  analytic  tool,  however, 
it  appears  that  teat  or  combined  test 
and  analysis  applieationa  may  be 
developed. 


NOMENCLATURE 
C  Damping  Matrix 

K  Stiffneaa  Matrix 

M  Maas  Matrix 

Y  Mobility  Matrix  (-  z”1) 

7 

Z  Impedance  Matrix  (-  -w  M  +  (1 

+  ig)K) 

f  Foroe  Vector 

y  Displacement  Vector 

g  Structural  Damping  Coefficient 

w  Frequency  of  Exaltation 

Re (  )  Real  Part  of 
lm(  )  Imaginary  Part  of 


Subaoripta 

a,b,c  Refers  to  substructure  a,b,o 

a  Refers  to  System 

v  Refers  to  Virtual  or  Reduoad 

System 


Superscripts 

-  Refers  to  Interface  Coordinates 

A  Refers  to  Non-Interface 

Coordinates 

4  Refers  to  Coupling  Between 

Interface  and  Non-Interfaoe 
Coordinates 

T  Transpose  of  Matrix 

-1  Inverse  of  Matrix 


BASIC  CONSIDERATIONS 

A  structural  system  is  a  structure 
composed  of  discrete  interconnected 
struotural  units.  These  units  are 
called  components  or  aubstruoturss .  The 
entire  system  end  each  component  ere 
assumed  hare  to  be  represented  by  die- 
arete  element  linear  mathematical  model* 
consisting  of  a  stiffness  matrix,  K,  a 
mass  matrix,  M,  and  a  damping  matrix. 

In  this  presentation,  for  sinusoidal 
motion,  the  damping  is  represented  in 
the  form  igK  where  g  ia  the  commonly 
used  struotural  damping  coefficient. 

The  procedures  apply  to  any  linear  form 
of  the  equation  of  motion,  however. 

The  response  of  the  system  or  any 
component  at  one  steady-state  frequency 
may  be  written  in  the  formi 

zy  •  f  (l) 

where  y  and  f  are  complex  vectors  rep¬ 
resenting  the  displacement  and  applisd 
foroe  amplitudes  at  eaoh  coordinate  of 
the  structure.  Z  is  tha  complex 
"impedance"  matrix  of  the  structure  and 
is  of  the  form 

Z  -  -iu2M  +  (1  +  ig)K  (2) 

where  to  is  the  frequency  of  the  motion. 
The  impedance  matrix  can  be  called  the 
model  of  the  system.  The  inverse  of  Z 
will  be  called  the  "mobility"  matrix,  Y, 
resulting  in  the  relationship 

y  -  Yf  (3) 
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The  matrices  Z,  Y,  m,  K  are  all 
symmetric.  There  are  no  restrictions  on 
whether  the  structures  are  constrained 
or  free,  except  that  for  the  free  con¬ 
dition  at  w  ■  0,  the  mobility  matrix, 

Y,  is  not  defined  since  K  is  singular. 

The  forces,  displacements ,  and  co¬ 
ordinates  may  be  considered  to  be 
generalized  quantities  with  no  Iobb  in 
applicability  of  the  equations.  In  the 
applications  considered  here,  however, 
the  "forces"  are  either  ordinary  forces 
or  moments  and  the  displacements  are 
either  translational  or  rotational 
motions  of  physical  points  on  the  struc¬ 
ture.  There  is  no  necessary  ordering 
of  the  elements  of  the  matrices  and  they 
may  be  rearranged  as  desired  providing 
that  the  corresponding  rows  and  columns 
and  the  elements  of  y  and  f  are  also 
consistently  rearranged. 


Figure  1.  Structural  System  Composed 
of  Two  Substructures 


The  coordinates  of  the  structures 
are  established  or  transformed  so  that 
the  common  points  (or  interface  coor¬ 
dinates)  are  compatible,  Each  structure 
has  an  independent  equation  of  the  form 


The  impedance  and  mobility  matrioes, 
while  inverses  of  each  other,  have  sur¬ 
prisingly  different  physical  signifi¬ 
cances.  The  impedance  matrix  is  wholly 
dependent  on  the  specific  model  formu¬ 
lation.  Changes  in  the  number  and 
location  of  coordinates  will  change  the 
elements  of  this  matrix.  This  matrix 
oan  be  more-or-lesa  intuitively  derived 
from  the  physiaal  characteristics  of  the 
structure  and  has  been  called  an 
"intuitive"  quantity  (See  Keferenoe  4 
for  a  discussion  of  these  concepts.). 

The  elements  of  the  inverse,  however, 
cannot  physiaally  depend  on  the  loca¬ 
tions  of  the  other  coordinates  in  the 
model.  This  matrix  is  a  "measurable" 
quantity  and  the  elements  represent  the 
deflection  at  a  point  due  to  a  force  at 
a  point.  Theee  are  quantities  which  all 
valid  models  of  the  same  structure  must 
yield. 

The  contributions  of  physical 
quantities  to  the  impedance  matrix  are 
simply  additive.  That  is,  if  all  nec¬ 
essary  coordinates  are  represented  in 
the  matrioes,  the  addition  of  spring, 
inertial  or  damping  characteristics 
simply  requires  that  the  values  of  these 
parameters  be  added  to  the  appropriate 
elements  of  the  matrix. 

These  concepts  will  be  applied  in 
the  following  paragraphs  to  the  analysis 
of  structural  systems. 


V. 


(4a) 


Vb 


■  fiu 


(4b) 


It  is  convsniant  to  rearrange  and  par¬ 
tition  the  elements  of  the  impedance 
matrices  in  the  following  fashion t 


T 


(5a) 


z.  ■ 

b 


V 


(5b) 


where  F  and  zV  ara  the  partitions  of 
the  corresponding  independent  structures 
at  the  common  system  interface.  The 
impedance  of  the  system,  then,  may  be 
exactly  formed  by  superimposing  these 
matrioes  as  follows) 


V  V*b 


(6) 


THE  PARTITIONS  OF  THE  IMPEDANCE  MATRIX 

Consider  two  structures  a,  b,  which  are 
parts  of  a  structural  system  as  illus¬ 
trated  schematically  in  Figure  1 . 


0 


These  relationships  have  been  written  as 
though  the  substructures  are  rigidly 
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attached,  however,  there  is  no  loss  in 
generality  here  for  elastically  coupled 
substructures.  The  elastic  members  may 
either  be  considered  to  be  part  of  one 
of  the  substructures,  or  divided  between 
them,  or  they  may  be  treated  as  a 
separate  component  of  the  system. 


It  is  the  objective  here  to  form 
the  matrix  ZB  so  that  it  is  no  larger 
in  order  than  that  of  the  main  compo¬ 
nent,  a.  If  a  valid  model  of  subotruc- 
ture  b  could  be  formed  using  only  .the 
interfaae  coordinates,  the  impedance  of 
the  system  could  be  written i 


z 


s 


(7) 


where  Zv  is  aalled  the  virtual  impedance 
or  virtual  model  of  the  substructure . 
This  matrix  then  would  represent  the 
system  with  no  more  matrix  elements  than 
is  required  to  represent  one  component. 
The  only  portion  of  the  matrix  which  is 
changed  is  that  portion  representing  the 
interface  coordinates. 


This  concept  readily  extends  to  a 
structural  system  of  several  components 
(as  in  Figure  2,  for  example). 


Figure  2.  A  Structural  System  of 
Severel  Subsystems 


The  impedance  matrix  of  substruc- 
ture  a  may  be  partitioned  as  follows t 


‘ab 


ao 


(8) 


Where  the  off-diagonal  Bubmatrices 
represent  the  transfer  impedances  be¬ 
tween  the  non-interface  coordinates  and 
the  interface  coordinates  and  between 
the  various  interfaces  themselves.  This 
matrix  is  formed  simply  by  rearranging 
the  elements  of  the  impedance  of  com¬ 
ponent  a.  If  eaah  of  the  components  b, 
c,  d  may  be  represented  by  impedance 
matrices  only  at  their  respective  in¬ 
terfaces,  then  the  entire  system  may  be 
written  as  t 


Z  ■» 


•  7ab+zvb 


*ao+Zvc 


*ad+znd 


(9) 


where  tho  off-diagonal  and  the  non- 
interfaoa  submatrices  of  Z.  do  not 
ohange.  This  approach  is  quite  readily 
extended  to  cover  more  complex  arrange¬ 
ments  with  no  loss  in  generality. 

The  question  of  determining  the 
virtual  impedance  Zv  ia  investigated  in 
the  next  section, 


REDUCED  IMPEDANCE 


The  reduction  of  the  static  stiff¬ 
ness  matrix  to  any  set  of  coordinates 
has  been  performed  in  an  exact  manner  by 
Turner,  et  al  [6 ] .  whan  the  stiffness 
matrix  is  partitioned  as  above i 


A 

R  R 
RT  k 


(10) 


the  apparent  stiffness  matrix  seen  at 
the  interface  is 

Ky  -  R  -  R  K_1  Rt  (11) 


A  similar,  but  not  exact,  reduction  of 
the  mass  matrix  has  been  derived  by 
Guy an  17)  i 


A  A—  l)  A  As  A« 

Mv  -  R  +  R  K  K  1  IT  (12) 

These  reduced  quantities  are  used  in 
Refersnoe  4  to  obtain  the  interface- 
loaded  component  modes  as  discussed 
above . 
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When  considered  from  the  point  of 
view  of  a  reduction  which  must  bo  a  good 
approximation  over  a  relatively  wide 
frequency  range,  there  are  several 
apparent  deficiencies  in  this  process! 

(1)  the  resulting  linear  model  can  have 
only  as  many  natural  frequencies  as 
there  are  interface  coordinates  (unless 
additional  dogreos  of  freedom  are  added) 
thus,  if  the  number  of  interface  coor¬ 
dinates  is  relatively  small,  one  would 
not  expect  adequate  frequency  response 
characteristics  of  the  reduced  model) 

(2)  the  Ouyan  reduction  can  be  expected 
to  be  most  valid  when  the  chosen  coor¬ 
dinates  are  physically  representative 
of  the  structure  and  since  interface 
coordinates  are  usually  inappropriately 
distributed,  this  reduction  oan  be  ex¬ 
pected  bo  be  of  limited  applicability; 

(3)  the  typo  and  distribution  of  the 
appropriate  damping  parameter  is  not 
obvious . 

A  more  general  approach  to  the 
reduction  will  now  be  presented,  A 
requirement  for  a  valid  analytical  model 
is  that  it  correctly  predict  the  re¬ 
sponses  of  the  structure  to  applied 
forces.  Thus,  a  reduced  model  must 
predict  the  same  response!  to  forces  at 
the  retained  coordinate!  aa  the  full 
model,  that  is  to  say,  the  retained 
element*  of  the  mobility  matrix  must 
remain  invariant  with  reipect  to  the 
model  changes. 

Consider  the  impedance  matrix  of  a 
substructure  and  its  inverse,  parti¬ 
tioned  ao  the  coordinate!  to  be  retained 
(the  interface  coordinates)  ars  in  the 
upper  left-hand  corner. 


V  -  z" 


1 


7 

A 

7T 


7 


Y 
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only  the  static  response  is  preserved. 
Each  Z  in  Equation  (15)  is  made  up  of 
mass,  stiffness,  and  damping  matrices, 
e.g.  ,  -w2M  +  (1  t  ig)K. 

In  order  to  better  illustrate  the 
significance  of  this  reduction,  consider 
the  simple  case  of  a  full  site  model 
having  a  diagonal  mass  matrix  and  no 
damping.  Equation  (15)  then  becomes 
(this  equation  has  also  been  obtained 
in  Reference  B)i 

zv  -  ?  -  W2H  -  ft(ft  -  w2M)~1RT  (16) 

Note  that  for  w  ■  0,  Z„  *•  Kv  (as  in 
Equation  11) .  If  Zv  is  itself  assumed 
to  be  of  the  form  Kv  -  u>2Mv  and  Kv  is 
taken  from  Equation  (11)  ,  Equation  (16) 
be cornea 


M  -  -X  (2  -  K  )  •  FI  +  ft  K“lM(I 

V  V  V 

-  (17) 


This  reduced  mass  matrix  will  vary  with 
u.  At  to  ■  0,  Equation  (17)  becomes  the 
Guyah  mas*  reduction.  It  is  not 
immediately  apparent  how  important  thia 
frequency  dependence  will  be,  When  the 
constant  mass  matrix  is  used,  the  re¬ 
duced  system  will  have  only  aa  many 
natural  frequencies  it  has  coordinates. 
When  the  frequenoy  range  of,  say,  the 
first  half  of  theae  natural  frequencies 
is  less  than  the  range  of  interest,  it 
in  apparent  that  auch  a  model  is  in¬ 
adequate.  When  the  reduotion  is  made  to 
a  relatively  small  number  of  interface 
coordinate!  which  are  typically  dis¬ 
tributed  on  a  portion  of  the  periphery 
of  the  structure,  the  situation  can  be 
expected  to  be  much  worae. 

The  mass  given  by  Equation  (17)  is 
exact  under  the  simplifying  assumptions 
mads  there.  It  is  not  suggested  that 
this  formulation  necessarily  be  used  in 
practice,  but  was  presented  to  point  out 
the  frequency  dependence  of  the  reduced 
mass  matrix. 


If  2,.  is  thu  virtual  (or  reduced) 
impedanao,  then,  using  the  usual  ex¬ 
pression  for  a  partitioned  inverse i 


zv  a  y'1  «  I  -  f  2'1  ft7 


(35) 


The  next  section  shows  how  the 
model  may  be  obtained  numerically  using 
a  more  general  large  model  and  including 
damping. 

NUMERICAL  SUBSTRUCTURE  REDUCTION 


which  is  an  exact  representation  of  the 
full  else  model  at  the  reduoed  coor¬ 
dinates.  This  equation  is  identical  in 
form  to  Equation  (11)  which  may  be 
derived  in  the  same  way,  except  that 
here  the  dynamic  response  rather  than 


At  first  thought,  one  might  con¬ 
sider  writing  the  more  general  form  of 
the  impedance  of  the  fuil  size  model  of 
the  substructure  and  then  substituting 
into  Equation  (15)  and  attempting  to 
identify  the  matrices  of  the  reduced 
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modal.  This  procedure  would  be  quite 
laborious  and  also  unnecessary  unless 
one  were  searching  for  an  analytical 
approximation.  There  is  no  need  to 
obtain  separately  identified  mass, 
stiffness,  and  damping  matrices  since 
what  is  required  is  the  reduced 
impedance. 

The  most  direct  way  to  obtain  this 
quantity  at  each  frequency  is  as  follows'. 
(1)  Form  the  substructure  impedance 
matrix j  (2)  Obtain  its  inverse)  (3)  Form 
a  matrix  of  the  elements  corresponding 
to  the  interface  coordinates j  (4)  Invert 
this  matrix  to  obtain  the  virtual  imped¬ 
ance  matrix.  These  operations  simply 
implement  the  identity,  Zv  ■  7"*  as  in 
Equation  (IS),  when  the  number  of 
degrees  of  freedom  of  the  substructure 
1b  large  and  the  inversion  in  Step  (2) 
above,  is  not  economical,  then  a  modal 
representation  of  the  full  substructure 
may  be  the  most  effiaient  means  of  ob¬ 
taining  the  mobility  matrix  of  the 
interface  coordinates  at  each  frequency. 
This  matrix,  when  inverted  would  be  the 
virtual  impedance  of  the  substructure. 

In  using  the  modal  approach  at  this 
point,  one  must  be  oareful  that  suf¬ 
ficient  modes  are  used  to  obtain  the 
mobility  accurately  at  each  frequency 
over  the  range  of  interest. 

While  it  is  true  that  there  is  no 
need  to  interpret  the  virtual  ■'"  ■edanoe 
in  terms  of  mass,  stiffness  an.-  lamping 
matrices,  such  an  interpretation  can 
shed  some  light  on  the  general  atudy  of 
reduced  models  of  linear  systems.  If 
the  complete  model  of  the  substructure 
is  written  as 

Zb  -  -uj2^  +  (1  +  ig)Kb  (18) 

and  if  one  assumes  a  reduced  model  of 
corresponding  form 

Zv  -  -«2Mv  +  Kv  +  iCv  (19) 

then  My  and  Cv  may  be  obtained  fromi 

M  -  -  X  [Re  (Z  )  -  K  I  (20) 

v  to  v  v 

and 

Cv  -  lm(Zy)  (21) 

where  Zv  has  been  computed  as  above  and 
Kv  has  been  obtained  from  Equation  (11). 
It  should  be  noted  that  no  assumption 
is  made  that  Cy  **  gKv  as  in  the  full 
si  as  model.  Such  an  assumption  would, 
in  general ,  be  contradictory  to  Equation 
(21).  This  interpretation  in  terms  of 


intuitive  physical  quantities  is  more- 
or-less  arbitrary.  A  logical  argument 
could  be  made  for  a  constant  mass  matrix 
and  a  frequenoy  dependent  stiffness 
matrix  or  any  other  combination.  How¬ 
ever,  if  the  form  of  Equation  (19)  is 
assumed  and  if  Kv  is  assumed  to  be  in¬ 
dependent  of  w,  then  Equations  (20)  and 
(21)  follow. 


From  previous  discussions,  it  is 
expeoted  that  Mv  (from  Equation  20)  will 
vary  with  frequenoy.  It  is  further  to 
be  expected  that  Cv  will  not  be  always 
proportional  to  Kv.  These  presumptions 
are  borne  out  in  the  numerical  illus¬ 
tration  presented. 


APPLICATION  CONSIDERATIONS 


The  following  procedure  is  sug¬ 
gested  to  determine  the  frequenoy 
response  of  a  system.  (1)  Choose  one 
of  the  components  to  be  the  main  struc¬ 
ture  (as  "a"  in  Figure  2).  (2)  Arrange 

the  coordinates  of  the  impedance  matrix 
associated  with  this  structure  so  that 
all  the  interface  coordinates  are 
grouped  as  in  Equation  (8).  (3)  At  each 

frequenoy  of  interest,  determine  the 
virtual  impedance  of  the  substructures 
(see  previoua  section)  and  add  as  in 
Equation  (9).  (4)  Solve  this  system 

for  its  response. 

It  is  not  necessary  to  have  any 
one  substructure  as  the  main  structure, 
as  in  (1)  in  the  previous  paragraph, 
but  all  structures  may  be  reduaed  to 
models  at  the  interfaces  only.  Thie 
would  remove  the  first  row  and  column 
of  submatrioes  in  Equation  (9).  This 
variant  would  be  useful  when  actual 
responses  are  not  required  but  natural 
frequencies  of  the  system  are  the  ob¬ 
jective. 

If  it  is  desired  to  obtain  natural 
frequencies  of  the  system,  this  can  be 
obtained  from  the  frequenoy  response 
characteristics  just  as  would  be  done 
with  test  data,  for  example,  by  ob¬ 
serving  frequencies  of  maximum  response 
or  by  applying  the  method  of  Kennedy 
and  Pancu[9] . 

When  the  number  of  degrees  of 
freedom  of  the  system,  Equation  (9) ,  is 
relatively  small,  the  direct  inversion 
of  this  matrix  would  be  the  most  eaonom- 
ical  means  of  determining  the  response 
of  the  system.  If  many  degrees  of  , 
freedom  make  this  approach  impractical 
then  such  techniques  as  a  modal  analysis 
at  each  frequenoy  or  a  correction  method 
for  the  inverse  of  a  modified  matrix 
should  be  considered.  The  details  of 
these  oonsiderations  are  outside  the 
scope  of  this  paper- 
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Th«  obvious  situation  for  direct 
applicability  of  thasa  prooeduras  is 
where  savaral  medium  size  oomponants 
ara  interfaced  at  a  relatively  small 
number  of  coordinates.  The  virtual 
models  of  each  substructure  would  be 
obtained  independently  over  the  fre¬ 
quency  range  of  interest  and  then  the 
responses  of  the  system  could  be  ob¬ 
tained  with  relative  ease  and  with 
confidence. 

ILLUSTRATIVE  COMPUTATIONS 

As  an  illustration  of  the  tech¬ 
niques  discussed,  a  simple  10-degree- 
of-freedom  lumped  parameter  longitudinal 
model  was  analyzed  as  a  substructure. 
Figure  3  shows  the  modal  and  indicates 
the  masses  and  stiffnesses.  The  struc¬ 
ture  was  considered  to  be  unconstrained 
with  a  structural  damping  coefficient 
of  2%.  The  structure  was  assumed  to 
interface  another  component  at  masses 
3  and  4.  Thus,  a  2x2  virtual  impedanae 
matrix  was  calculated  versus  frequency. 
The  reduced  stiffness  matrix  lei 


K 


V 


.4635 

-.4635 


-.4635 

.4635 


and  the  reduced  mass  matrix  at  u  ■  0  is 


Mv(w  -  0) 


.4226  0 

0  .3763 


Figure  3.  Longitudinal  Model 


The  reduced  stiffness  is  '-on- 
sidered  to  be  constant,  as  dir, cussed 
above,  to  be  compatible  with  the  static 
solution.  Because  the  interface  coor¬ 
dinates  are  adjacent  to  each  other,  the 
reduced  mass  matrix  remains  diagonal, 
whioh  fact  makes  the  interpretation  of 
the  results  intuitively  more  understand¬ 
able. 


Figure  4  illustrates  the  response 
of  mass  3  to  a  foroe  at  mass  3  versus 
frequency,  up  through  the  3“  non-zero 
resonance .  The  dashed  line  on  this 
figure  shove  the  response  of  the  system 
whioh  is  predioted  using  the  model  of 
Kv,  Mv  (u  ■  0)  ,  and  g  ■  .02  as  would  be 
datarmined  by  the  usual  reduotion 
methods.  Notice  that,  in  this  ease, 
the  usual  mathod  is  completely  in¬ 
adequate  for  pradioting  response  except 
at  vary  low  frequencies. 


Figure  5  illustrates  the  elements 
of  the  virtual  mass  matrix  as  a  function 
of  frequency.  This  data  wae  obtained 
by  the  method  suggested  above  for  ob¬ 
taining  2„  and  then  using  Equation  (20). 
At  u  *»  0,  theta  values  agree  with  the 
Ouyan  reduction.  The  damping  matrix 
was  obtained  using  Equation  (21),  i.e., 
using  the  imaginary  part  of  tha  virtual 
impedanoa.  At  frequencies  up  to  the 
vicinity  of  the  first  non-zero  resonance 
the  C  matrix  was  nearly  proportional  to 
the  Kv  matrix  with  tha  factor  of  .02 
whioh  was  the  original  form  of  the 
damping.  However,  at  higher  frequencies 
this  proportionality  does  not  exist, 

On  Figure  6  is  shown  a  plot  of  (Oil/ 
(Xv)u  and  (CV)22/(KV)22.  It  is 
seen  that  thess  quantities  vary  widely 
and  above  the  lowest  frequencies  do  not 
anywhere  approach  the  nominal  value  of 
.02. 


The  model  represented  by  Kv  (above) 
Mv(Figure  3),  Cv  (Figure  6)  exactly  rep¬ 
resents  ths  correct  response  of  the  sub¬ 
structure  as  represented  by  the  10- 
degree-of-freedom  model  and  illustrated 
in  Figure  4.  This,  of  oourae,  smit  be 
true  since  the  correct  response  is  used 
to  compute  the  virtual  impedanae. 

This  impedance  may  now  be  directly 
added  to  any  other  substructure  inter¬ 
faced  at  masses  3  and  4  as  previously 
disaussed  to  obtain  tha  exact  frequency 
response  of  the  structural  system. 
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Figure  4.  Reaponae  of  Maaa  3  to  Force  at  Maaa  3 
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Figure  5.  Virtual  Maaa  Variation  With  Frequency 
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CONCLUDING  REMARKS 


REFERENCES 


An  analytical  technique  haa  been 
described  which  allows  an  exact  rep¬ 
resentation  of  substructures  within  the 
model  of  the  main  structure. 


The  method  is  direatly  applicable 
where  the  frequency  response  at  the  in¬ 
terface  coordinates  of  each  of  the  sub¬ 
structures  may  be  obtained  independently 
and  where  the  total  number  of  interface 
coordinates  is  relatively  small.  For 
other  situations,  variants  of  this 
procedure  should  ba  considered. 

This  method  can  be  an  efficient 
means  of  studying  the  effects  of  alter¬ 
nate  substructures  or  variations  in 
substructures  on  the  response  of  a 
structural  system. 

It  has  bean  discussed  and  illus¬ 
trated  that  any  oonstant  mass  reduction 
technique  is  inadequate  when  the  number 
of  reduaed  coordinates  is  small  and  when 
these  coordinates  are  not  physically 
representative  of  the  struoture. 

The  virtual  impedance  of  a  struc¬ 
ture  at  its  interface  (or  any  reduced 
set  of  coordinates)  may  ba  interpreted 
in  terms  of  a  constant  stiffness  matrix 
and  mass  and  damping  matrices  which  vary 
with  frequency. 


Shou-nien  Hou,  "Review  of  Modal 
Synthesis  Techniques  end  a  New 
Approach",  shook  and  Vibration 
Bulletin  #40,  Deo.  1969. 

W.A.  Ben field,  C.S.  Bodley,  and 
0.  Morosow, "Modal  Synthesis  Methods", 
Presented  at  the  Space  Shuttle 
Dynamics  and  Aeroelastioity  Working 
Group  Symposium  on  Substructuring, 
Marshall  Space  Flight  Center, 

Alabama,  Aug.  30-31,  1973. 

W.C.  Hurty,  "Dynamic  Analysis  of 
Structural  Systems  by  Component  Mods 
Synthesis",  Jet  Propulsion  Lab. 
Technical  Report  32-530,  Jan.  15, 

1964  . 

W.A.  Banfield  and  R.F.  Hruda, 
"Vibration  Analysis  of  Structurss 
by  Component  Mode  Substitution", 

AIAA  Journal,  Vol.  9,  No.  7,  July 
1971. 

W.G.  Flannelly  and  A.  Barman,  "The 
State  of  the  Art  of  System  Identifi¬ 
cation  of  Aerospace  Structures  ", 
Presented  at  ASMS  93rd  Winter  Annual 
Meeting,  New  York,  New  York,  Nov. 
26-30,  1972,  Published  in  Symposium 
Volume i  "System  Identification  of 
Vibrating  Structures i  Mathematical 
Models  From  Test  Data". 


6.  m.j.  Turner,  at  al,  "Stiffness  and 
Deflection  Analyaia  of  Complex 
Structure*",  J.A.S.,  Vol.  23,  SOS- 
823  (1956). 

7.  R.J.  Ouyan,  "Reduction  of  Maas  and 
Stiffnoaa  Matriaaa",  AIAA  Journal, 
Vol.  3,  No.  2,  380  (1965). 

8.  R.M.  Mains,  "Results  of  Comparative 
Studies  on  Raduotion  of  Sixa  Prob¬ 
lem",  Shock  and  vibration  Bulletin 
#42  (Part  3),  135-141,  Jan.  1972. 

9.  C.C.  Kennedy  and  C.D.F.  Panou,  "Use 
of  Vectors  in  Vibration  Measuramant 
and  Analyaia",  Journal  of  tha 
Aeronautical  Sciences,  Vol.  14, 

No.  11,  Nov.  1947. 


DIICUMION 

Mr.  Thomion  (University  of  California! i 
Am  1  eorraot  in  attuning  that  this  method  of 
youra  la  ona  In  ehloh  an  equivalent  lmpadensa 
1*  calculated  for  the  Interface  points? 

Mr.  Benneni  Yea,  In  effect  an  entire 
structure  la  modeled  only  at  the  Interface 
points.  We  do  thla  vhen  ve  are  not  Interested 
In  specifically  getting  the  reaponae  of  that 
particular  component,  the  force  la  at  other 
point*  if  vi  do  a  modal  analysis,  for  a tamp  la. 
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MU  LTIDEGREE-OF- FREEDOM  ELASTIC  SYSTEMS  HAVING 
MULTIPLE  CLEARANCES 


by 


Richard  C,  Winfrey 
Pro|tct  Engineer 
Burroughi  Corporation 
Wdtlaki  Villas*.  California  91300* 


A  computer  program  haa  been  written  to  aid  In  th#  detlgn  and  anilyili  of 
multldegrae-of-freedom  atastle  lyitami  with  olaaraneat.  Tha  um  of  flnlta  alamant  method! 
hai  parmlttad  tha  program  to  ba  appllad  to  a  varlaty  of  problem!,  A  ilmpla  algorithm  It 
dattrlbad  for  monitoring  and  dlraetlng  tha  computation!  h  tha  alMtlo  tyitam  changai  dua 
to  tha  olaaranca».  A  cam-driven  valva  train  and  an  Impact  dampar  ara  thown  a  examples 


INTRODUCTION 

Tha  Invaatlgatlon  Into  tha  dynamic  bahauler  of 
machlnary  In  ganaral  and  mechanlimt  In  particular  haa 
raoantly  lad  to  tha  Inolualon  of  alaatlo  daformatloni  In  tha 
modeling  of  mochanlamt.  Thaaa  daformatloni  ara  cauted 
by  both  Inartlal  and  extamally  appllad  forcaa.  Tha 
maohanlam  la  typically  modalad  ualng  flnlta  alamant 
mathodt,  1‘ 1  and  tha  raaultlng  equation!  of  motion  ara 
numarloally  Integrated.  Mora  raoantly,  tha  affact  of 
claaranoM  and  Impact  In  maohanlama  haa  bean  atudled  In 
an  effort  to  obtain  a  more  raallatlo  mathematical  modal  of 
a  place  of  machlnary.  Dubowtky  *  reported  on  tha  affaet 
of  clearanoaa,  but  ha  waa  more  conoamad  with  tha 
modeling  of  a  alngla  joint  rather  than  a  eomplate 
maohanlam. 


Tha  modeling  and  analyala  of  a  complete 
maohanlam  haa  bean  deacrlbed  pravloualy  by  thla  author; 
however,  tha  method  waa  limited  to  tha  cate  where  one 
member  of  each  Impact  pair  had  Itt  motion  completely 
tpeelfled  at  a  function  of  time.  Tha  cam>drivan  valva  train, 
thown  In  Figure  1,  waa  uted  at  an  example;  tha  affact  of  a 
clearance  at  tha  cam  and  at  the  valve  aaat  waa  dltcutaad. 

Tha  computer  program  deacrlbed  by  Reference  8  haa  bean 
modified  to  eliminate  tha  pravlout  limitation,  and  It  la  now 
poatlbla  to  modal  tha  Impaot  between  any  two  machine 
membere  undergoing  arbitrary  motion.  Tha  method  for 
Improving  tha  computer  program  contlttad  of  ualng 
oonaarvatlon  of  momentum  jutt  before  and  jutt  after 
Initial  oontact  of  an  Impact  pair.  Tha  primary  Intantlon 
hare  It  to  damonatrata  thla  more  ganaral  method  of 
loiutlon  by  Invaatlgatlng  tha  tame  cam-driven  valva  train, 
ualng  four  olaaraneat  Inatatd  of  tha  pravlout  two,  and  than 
by  atudylng  tha  behavior  of  an  Impact  damper, 

*  Formerly,  Mechanical  Engineer,  Naval  Civil  Engineering  Laboratory,  Port  Hueneme,  California. 
“  One  It  arbitrarily  added  becaute  It  It  not  convenient  to  have  a  configuration  number  of  0. 


Figure  1.  Cam-Driven  Valve  Train  With  Harmonic  Cam. 
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CAIVLDRIVEN  VALVE  TRAIN 


The  eamdrlven  valve  tmirt,  which  conttlm  nine 
degrees  of  freedom  ind  four  durances  (Figure  1 ),  will  be 
ueed  ee  the  tlret  exempli,  The  finite  element  model  le 
shown  In  Figure  2,  end  the  element!  ure  thown  In  Figure  3. 
A  cem  profile  thet  ceueet  ilnueoldal  motion  wm  arbitrarily 
choeen  for  limpllelty,  end,  elmllerly,  the  cem  wet 
arbitrarily  choien  to  turn  et  a  conitent  enguler  velocity. 
Both  the  cem  end  valve  Met  were  etiumed  to  have  Infinite 
meet  end  itlffneei,  Thle  li  not  a  requirement  of  the  preient 
program,  but  It  wet  required  In  Reference  5;  thui,  the 
auumptlon  wn  retained  to  at  to  provide  continuity 
between  rtiuln, 

Control  of  the  program  li  ecoompliehed  by 
oontlnuouely  monitoring  dltplecementi  end  forcei  et  each 
of  the  elearencei-I.e.,  cem-pueh  rod,  pueh  rod-rocker 
irm,  rocker  arm-valve  item,  end  valve-valve  ieet,  The 
lyettm  exist!  ee  e  unique  etruoturel  oonflguretlon, 
depending  on  which  member  of  the  eyttem  li  In  contact 
end  which  li  not,  The  total  number  of  poulble 
configuration*  li  given  by 

C-  2n 

where  C  *  number  of  configurations 

n  *  number  of  olearanoee  (four  for  thla  caee) 

A  lyatematlo  method  of  keeping  track  of  the  varloui 
configuration!  can  be  obtained  by  uilng  the  table  of  binary 
numberi  ihown  In  Table  1.  Note  thkt  the  number  of  the 
configuration  le  equal  to  one  plui  the  decimal  equivalent 
of  the  column  of  binary  numbers  below  It.**^  aero  In  the 
table  meane  thet  there  li  no  contact  at  the  oorreepondlng 
oleerance.  Henee,  the  dliplacemant  of  eeoh  member  of  the 
Impact  pair  muet  be  monitored  after  each  numerical 
Integration  time  itep  to  oheck  for  poeslble  Interference 
(I, a.,  contact).  Similarly,  a  one  In  the  table  Indicate! 
contact  et  a  clearance,  and,  hence,  the  foroe  between 
member!  muit  be  monitored  to  ice  If  eeperatlon  hai 
occurred  (the  algn  convention  requires  that  forces  at  a 
clearance  be  positive  to  maintain  oontact),  For  example,  If 


Table  1,  Configuration  Matrix 


Clearances 

Configuration  Number 

■ 

H 

3 

B 

fl 

B 

B 

fl 

Si 

10 

ii 

12 

13 

14 

IB 

H 

Cam-puihrod 

D 

B 

0 

B 

B 

B 

i 

B 

B 

B 

i 

B 

m 

B 

B 

B 

Pueh  rod-rocker  arm 

D 

B 

1 

B 

B 

9 

fl 

fl 

B 

B 

B 

B 

B 

B 

B 

B 

Rocker  arm-valve  item 

0 

B 

0 

B 

B 

B 

B 

B 

B 

i 

B 

B 

fl 

B 

B 

B 

Valve-valve  teat 

B 

B 

B 

B 

B 

B 

B 

B 

B 

B 

B 

B 

□ 

i 

_L 

Flgura  4.  One  Clearance, 


the  system  li  In  cnntsct  at  tha  cam  and  at  both  andi  of  tha 
rookar  ami,  but  la  not  In  contact  at  tha  valva  aaat,  than  tha 
binary  column  li 

1 

1 

1 

0 

Tha  daclmal  equivalent  of  thla  column  la  7;  altar  adding  1, 
tha  ayitam  la  In  configuration  number  8,  and  tha  program 
la  told  to  monitor  tha  force  at  olaaranoai  1, 2,  and  3  and  to 
monitor  tha  dliplacementi  at  clearance  4.  Now,  aaauma 
that  tha  force  at  tha  cam  beoomei  negative,  and  that 
taparatlon  oocuri.  Tha  one  In  the  flrtt  row  changes  to  a 
taro,  making  tha  equivalent  daclmal  number  6,  Thua,  tha 
program  jumpa  to  configuration  7  and  baglna  to  monitor 
forcet  and  dlaplacamanta  aceordlng  to  the  aavanth  column, 
Tha  computer  algorithm  to  perform  thla  proceaa  1a  quite 
almpla  and  general.  Alto,  the  program  ganarattt  the  binary 
table  at  tha  beginning  of  execution  on  tha  batlt  of  tha 
number  of  claarancat  specified  by  tha  programmer. 

Figure  4,  which  It  bated  on  tha  computer 
program  of  Reference  B,  thowa  tha  force  and  dltplacemant 
of  the  puth  rod  with  q,  and  q ,  pinned  together,  q„  and 
q,  pinned  together,  and  tha  valva  teat  removed.  It  can  be 
teen  that  the  pueh  rod  bouncet  teveral  timet  before 
remaining  on  tha  cam,  and  that  It  aotually  bouncet  once 
more  because  of  retldual  high  frequency  oscillations  )utt 
baton  tha  major  separation. 


Separation  la  permitted  at  eeoh  end  of  the 
rocket  arm  In  Figure  B,  and  In  Figure  6  the  valve  teat  It 
alto  Inoluded.  In  an  attempt  to  clarify  the  results,  tha 
dltplacemant  ourvet  vnro  offset  by  a  constant  distance  of 
1  Inch,  2  Inches,  and  3  Inches,  Alto,  the  forest  wart 
plotted  at  -F ) ,  +F| ,  -F?  plus  a  oonatant,  and  +FU  plua  tha 
tame  oonatant.  It  la  obvious  that  a  great  deal  It  going  on  at 
once  even  In  this  relatively  simple  system.  The  Idea  In 
Interpreting  tha  multi  thown  It  to  follow  a  dltplacemant 
ourvt  of  Interest.  However,  became  of  the  resolution  of 
the  plotter,  It  It  not  always  possible  to  detect  a  separation. 
Thus,  one  needs  to  alto  keep  an  aye  on  tha  force  curves 
tinea  they  go  to  zero  when  separation  occurs,  In  each  Mt 
of  displacement  curves,  the  cam  profile  It  superimposed  at 
a  reference  for  tha  dltplacemant  curves. 

IMPACT  DAMPER 

A  second  example  that  can  be  uted  to 
demonstrate  tha  program  It  tha  Impact  damper,  which 
contalnt  only  two  olaaranost,  However,  etch  of  thtN 
oletrancat  Involves  a  fixed  offset,  Thlt  Interesting  device  It 
at  least  28  years  old,'  and  more  recently  hat  bean  the 
oubjaot  of  a  number  of  publications. f'  '‘The  most  common 
approach  to  analyzing  the  Impeot  damper  has  boon  to  um 
the  concept  of  coefficient  of  restitution  and  to  assume  two 
Impacts  occurring  symmetrically  during  each  cycle  of  tha 
forcing  frequency,  The  question  of  stability  hat  been 
examined  at  least  In  part  on  the  validity  of  this  last 
assumption. 


d/J 


Th*  lyittm  to  be  analyzed  li  ehown  In  Figure 
7,  where  the  oonventlonel  bell  hei  been  repliced  by  e  two 
degree-of-freedom  tprlng-meif'demper  tyetem.  It  hit  been 
found  experimented  ’  thet  the  friction  between  the  bell 
end  the  contelner  hei  negligible  effect  on  the  totel  motion, 
end,  thue,  It  li  returned  thet  the  "bill"  In  Figure  7  roll! 
without  Motion  on  the  larger  mete,  M, 

The  coefficient  of  reetltutlon  It  defined  In 
terme  of  the  reletlve  velocity  of  two  bodlee  juet  before 
Impeot  end  Juet  efter  Impact;  thue,  one  li  permitted  to 
Ignore  whet  heppene  during  Impeot,  However,  ee  the  totel 
gep,  d,  li  deoreeeed,  the  time  during  Impeot  become!  e 
lerger  peroentege  of  the  tout  time,  end,  thue,  the  eoncept 
of  eoefflolent  of  reetltutlon  beoomee  lete  velld,  It  wee 
decided  to  Inveetlgete  the  effect  of  Impect  time  by  uelng  e 
"bell"  which  woo  relotlvely  eoft,  In  thle  wey,  Impeot  tlmee 
of  up  to  16%  of  the  totel  time  would  be  obtelned  for 
emellervelueeofd, 

i 

The  veluee  for  the  oonetante  ueed  In  Figure  7 
ere  ee  followe: 

M*  ^  ( lb-tec  */ln.) 

g 

C"  2^i  /l?P“|lb'eeo/ln.)i51  »  0,08 


K-  10,0  (Ib/ln.) 
m"  g  (Ib-tecVln.) 
k  -  80  (Ib/ln,) 

c"  5e  TTHSm!  (lb-teo/ln,);6j«O,10 
Pt-Keln  wt (lb)  i  u  -  (red/eeo) 


A  value  for  c  wee  determined  through  model  damping,  Ae 
prevlouoly  etated,  zero  damping  wee  aoaumod  for  the  rigid 
body  mode  ehepe  (qa  ■  di  “  1),  end  0,19  wee  ueed 
for  the  elaetlo  mode  ehepe  (qa  ■  -qi  ■  1 1  eo  ee  to  give  e 
coefficient  of  reetltutlon  of  approximately  0,38, 

For  C,  «  0.08,  the  maximum  amplitude  of 
oecllletlon  It  t  10,0  Inohet.  Figure  8  thowt  the  tyetem 
behavior  when  eterted  from  rett  with  d/2  ■  8  Inohet.  The 
amplitude  built  up  until  the  demper  wet  oonteoted.  There 
wet  e  flight  overehootbefore  the  tyetem  tattled  Into  e 
conitant,  tteedy  motion  with  t  peak  amplitude  of  about  ± 
3,2  Inohet.  (It  thould  be  pointed  out  that  only  the  peek 
veluee  from  the  computer  run  were  plotted  In  Flguret  8 
through  10;  the  llnet  In  between  were  drawn  at  either 
being  etralght  nr  approximately  tlnutoldal.)  Next,  d/2  wet 
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Mt  it  0.9  Inchti,  with  thi  ruultihown  In  Figure  9,  Again, 
the  amplitude  wu'  quickly  reduced  once  the  Impeet 
dempar  wee  contacted,  but  thli  time,  a  conitant, 
•teady-itate  amplitude  wn  not  obteined,  The  reaeon  tor 
thla  fluctuetlng  amplitude  la  easily  lean  by  examining 
Figure  10,  The  upper  and  lower  curvet  are  Identical  and 
repraient  the  motion  of  the  left  and  right  bumpare  of  the 
man,  M,  while  the  middle  curve  repreianti  the  bell 
bouncing  back  and  forth.  It  can  be  teen  that  when  the  ball 
Impacti  near  the  center  of  a  bumper  curve  where  the 
velocity  of  M  It  maximum,  the  amplitude  of  the 
dltplacement  of  M  deareaeei,  However,  due  to  the  time 
required  for  the  ball  to  trevane  the  gap,  the  period  of  the 
bell  It  not  the  tame  at  that  of  the  men,  M,  Thut,  after 
aaveral  bouncei,  the  bell  Impacta  at  a  peek  dlapleoament 
(aero  velocity  of  M)  end  rebound!  relatively  alowly, 
milling  one  oomplete  cycle  of  M,  The  amplitude  of  M  then 
bullda  up,  but  the  bell  now  Impaote  at  a  point  near 
maximum  velocity,  end,  thue,  the  oycle  la  repeated, 


Figure  10.  Motion  of  Ball  and  Bumpare, 


Becauee  the  ball  li  atiumed  to  roll  without 
friction,  the  large  mate,  M,  oennot  make  contact  with  the 
ball  If  d/2  la  greeter  than  10,0  Inchee,  Therefore,  the 
reaulta  ahown  In  Figure  11  were  obtained  by  giving  the  ball 
an  Initial  velocity  of  0,B  In./aeo  to  at  to  Imura  eventual 
oontaot  regardlttt  of  gap  alee.  For  all  valuta  of  d  lass  than 
about  18  Inchat,  the  retpante  thowed  a  oonttant, 
ateady-atete  motion  similar  to  that  of  Figure  B,  However, 
for  larger  valuet  of  d,  t  fluctuating  retponie  similar  to 
Figure  fi  wet  obtained,  Thtae  larger  valuta,  plotted  In 
Figure  11,  repretent  an  average  of  the  peak  vtluei 
obteined.  Alto,  for  the  largeat  valuta  of  d,  the  motion  of  M 
wat  fairly  repeatable,  but  not  completely  tattled  into  a 
true  steady-state  motion, 

SUMMARY 

A  computer  program  hat  been  written  tor  the 
dynamic  analytic  of  mtohanlimt  and  machinery,  and  two 
txamplei  have  been  dlscuaaad,  The  cam-driven  valve  train 
hat  been  the  tubject  of  tnalytli  (In  varlout  formt)  for  the 
patt  few  yeart,  However,  once  the  progrtm  became 
operational,  the  taeond  example-thet  of  the  Impact 
damper-wet  completed  within  a  few  weekt.  It  mutt  be 
emphetlaed  that  the  purpote  hare  hat  not  been  to  dttlgn  a 
better  cam  profile  or  damper  mechenlim,  but  rather  to 
deicrlbe  e  method  which  will  lead  to  a  better 
undemanding  of  elaatlc  tytteme  with  multiple  clearencet, 


Figure  1 1 ,  Syttam  Retponie  for  Varying  Gap,  d, 
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Discussion 


Mr.  Zanonl  (Waitinahouiilt  What  numerical 
Integration  wai  uaad'l 

Mr.  Wlnftevt  Ihia  vae  a  Nawmark  method. 

It  waa  a  atraight  line  on  the  acceleration 
between  time  lntervala. 

Mr.  Zanonl i  When  you  have  a  large  number 
of  dagreea*of •freedom,  ian't  thia  going  to 
raduoe  the  time  step  alee? 

Mr.  Winfrey i  Thia  would  be  a  function  of 
the  maximum  natural  frequency,  So,  preaumeably 
if  you  have  a  large  number  of  degreaa-of-iraadom 
you  have  high  natural  fraquanoiea.  The  time 
atep  for  the  numerical  intagration  waa 
approxlmataly  ona  fourth  of  tha  hlghait  natural 
parlod, 

Mr.  Zanonl i  Tha  titla  of  tha  papar  lndi* 
cate* multiple  clearance*  and  a  larga  number 
of  d*gr*et*of*freedom.  My  axparlanea  with  thia 
kind  of  program  it  thia  problem  of  having  a  lot 
of  dagraacof-fraadom  and  having  tha  thing 


Mr.  Winfrey t  Wall,  it  la  not  going  to 
blow  up  if  you  era  above  the  natural  frequency, 

Mr.  Zanonl i  Whan  you  have  a  largo  number 
of  degreea-of- freedom  you  are  talking  about 
a  vary  vary  email  — 

Mr.  Winfrey i  You  can  aay  about  a  number  of 
program!  that  there  ere  no  theoratlaal  limit! 
but  there  ere  certainly  practical'  llmlta  in  tha 
alia  and  apaad  of  tha  computer  that  you  have, 
Ten-dagretcof-freedom  waa  tha  largaat  eyatam 
that  I  did  run.  To  glva  you  a  ball  park  numbar 
thia  wai  on  an  IBM  370,  Modal  165.  The  problem 
I  ahowad  with  nlna-dagraaa-of-fraadom  took 
about  20  aeoond*  to  run  out  through  2k 
revolution* .  Thia  waa  about  100,000  Iteration*, 
to  tha  program  worka  fairly  rapidly. 
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Problama  concarnad  with  finding  uppar  and  lover  bound*  on  tha  raaponat  of 
alaatic  and  plaatic  structure*  subjected  to  lneonplataly  praacrlbad  loading 
ara  traatad.  Tha  aolutiona  ara  formulated  aa  mathamatical  programming 
problama.  Tha  particular  mambara  of  tha  claaa  of  loadinga  that  lead  to  tha 
bounding  valuaa  of  tha  raaponaa  ara  determined  in  addition  to  tha  axtrama 
raaponaaa.  loth  tranalant  and  ataady  atatta  problama  ara  conaldarad.  Tha 
loading  can  ba  charaetarlaad  by  anplltuda  bounda  or  propartlaa  auch  aa  total 
anargy  or  impulaa. 


INTRODUCTION 

Tha  Important  problam  of  datarmining  infor¬ 
mation  on  tha  dynamic  raaponaa  of  atructuraa 
whan  tha  loading  ia  not  fully  praacrlbad  haa 
bean  given  limited  attention.  Thla  ia  aapacial- 
ly  true  whan  tha  loading  la  to  ba  charaotariaad 
datarminlatlcally  rather  than  atatiatloally. 

Thia  paper  la  devoted  to  tha  detarmlnlatio  caaa. 

Reference*  1-18  ara  rapraaantatlva  of 
paat  effort*  in  thia  area.  Tha  work  presented 
in  thaaa  document*  along  with  reference*  con¬ 
tained  therein  oonatltute  a  reasonably  complete 
state  of  the  art.  Generally  tha  problam  la 
treated  in  term*  of  determining  tha  upper  and 
lower  bound*  on  the  raaponaa  that  can  ba 
achieved  for  tha  praacrlbad  claa*  of  loading*. 
Reference*  2(  4,  3,  6,  7.  8,  9.  10,  11,  12,  17 
and  18  contain  a  faaclnatlng  array  of  analyti¬ 
cal  aolutiona.  Thaaa  range  from  graphical 
aolutiona  to  tha  uaa  of  Pontryagin'a  maximum 
principle  and  Liapunov'*  direct  method.  The 
analytical  effort*  are  restrict*!  to  althar 
simple  dynamic  system*  or  aimpla  characterisa¬ 
tion  of  the  loading,  e.g.  a  load  defined  by  a 
constant  uppar  bound. 

Computational  techniques  art  proposed  in 
References  1,  13,  14,  IS,  and  16  for  transient 
problems.  The  problam  is  cast  in  term*  of 
mathamatical  programming.  For  linear  ayatama 
and  a  linaar  loadlnp  characterisation  the 
linear  programming  approach  applle*  and  a 


multi-degree  of  freedom  dynamic  ayatam  can  ba 
traatad.  Also,  tha  loading  characterisation 
la  flaxihla,  a.g.  a  load  can  be  defined  by  a 
time-varying  band. 

Several  interest lng  mechanical  system 
tranalant  problems  nr*  to  be  found  in  that* 
reference*.  Referance  10  discus***  tha  paak 
raaponaa  of  a  baam  subject  to  a  load,  which 
la  dafinad  In  tarmi  of  uppar  and  lowar  bound a, 
moving  along  tha  baam.  Tha  maximum  raaponaa 
oC  a  atructurai  ayatam  for  which  tha  anargy  of 
tha  input  axcltationa  la  boundad  for  a  glvan 
tin, a  duration  la  handlad  in  Rafaranca  5,  In 
Rsfaranca  4  a  baam  column  ia  praaantad  for 
which  only  uppar  bounds  ara  known  on  tha 
transvara*  and  axial  tranalant  loada.  Raf¬ 
aranca  18  dsala  with  atructurai  ayatama  for 
which  the  loading  can  b*  dafinad  with  inaqual- 
itias,  a.g.  a  band  in  tin*  within  which  the 
forcing  function  muat  11a.  Rafarancaa  16  end 
17  determine  ptek  reepenees  for  single  dagra* 
of  freedom  ayatama  loaded  by  a  forcing  func¬ 
tion  of  apse  if  lad  duration  and  total  impulaa. 
Savartl  tranalant  structural  systems  with 
various  loading  characterisations  are  con¬ 
sidered  in  References  13  and  IS. 

In  the  present  work,  computet ionel  formu¬ 
lations  ere  given  for  e  steady  .state  vibration 
problem.  Also,  en  extension  of  eh*  formulation 
to  apply  to  inelastic  atructuraa  1*  proposed. 
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CHARACTERIZATION  OF  LOADING 


Consider  a  structure  that  is  subject  to  a 
loading  Cor  which  only  limited  local  and/or 
global  characteristics  are  known.  Typically, 
a  time-varying  bandwidth,  within  which  the 
magnitude  and/or  rise  times  of  the  loading 
must  lie,  may  constitute  the  class  of  admis¬ 
sible  loads,  with  nothing  being  said  about  the 
probabilities  of  occurrence  within  the  band. 
Thus  for  a  loading,  f(x,t),  where  x  la  the 
spatial  coordinate  (vector)  end  t  is  time,  with 
discrete  representation  f,,  »  f(x,,  t,),  It 
could  be  prescribed  for  a^iven  position  x,  on 
the  structure  chat 


Worst  Disturbance  —  For  prescribed  con¬ 
straints  on  f^j  find 

Max  Max  u(x  ,t  )  J  “  1,  2,  ...,J 

j  i  -  1,  2 . 1  W 

These  problems  can  be  restated  in  terms  of 
mathematical  programming  making  them  euitable 
for  solution  using  computational  techniques. 

TRANSIENT  RESPONSE  OF  ELASTIC  STRUCTURES 

Consider  first  the  best  disturbance  prob¬ 
lem  of  Eq.  (3).  Set 


'j-'lj-'j  J  "  l>  2 . J  W 

where  the  boundary  valuaa  f,,  fV  ara  apse if led. 
Similar  daacrlptiona  can  b*3formad  for  tha  rata 
or  elope  of  loading,  Alao,  upper  and  lower 
limit*  to  the  total  force  distributed  ovsr  a 
portion  of  the  structure  might  be  known  ee 
functions  of  time,  or  perhaps  the  total  Impulse 
and  duration  might  be  prescribed  for  a  given 
position,  In  the  latter  case,  it  le  required 
for  x.  that 
J1 

l  f^  Atj  -  IT,  IT  and  J  specified  (2) 

Any  combination  of  these  requirements  also 
could  serve  to  define  the  class  of  admissible 
loads,  In  the  case  of  steady  state  system* 
perhaps  thu  amplitudes  of  various  loadings  are 
defined  by  uppar  and  lowar  bounds, 

THE  PROBLEM 

The  problem  posed  la  that  of  finding  for 
such  a  prescribed  class  of  loadings) 


$  *  max 
0<t 


“[Vt)*“,xuCVtj)"rXUmj 


j 

or,  equivalently, 


u«j  i* 


J  -  1.  2,  ,,,,J 


j  ■  l,  2 . J 


(5) 


(6) 


The  mathematical  programming  statement  of  the 
problem  becomes i 


Find  the  f,.,  aubjeet  to  prescribed  con¬ 
straint!,  such  Chat 


*  is  minimised  and  u  ,  <.*,  J  ■  1,  2,.,.,J 

In  tha  case  of  linear  elastic  structural  u  , 
can  be  computed  as  e  linear  function  of 
the  loading  parameter*  f .. ,  If  ths  constraints 
can  alao  ba  expressed  esl:Mini*r  functions  of 
f  ,,  s.g.  Eqs.  (1),  (2),  then  the  problem  ia 
one  of  linear  programming.  Large-scale  linear 
programming  computer  programs  are  standard 
Items  in  the  software  library  of  computer 
center a, 


1,  tha  peak  response  (stress  or  dis¬ 
placement)  of  the  structure  that 
cannot  be  exceeded,  i.e.  the  worst 
case, 

2,  tha  peak  response  that  at  least  must 
occur,  i,e,  the  beet  case, 

3,  the  correeponding  loadings  that 
generate  these  extremal  responses. 


Mors  precisely,  these  problem  situations  may  be 
stated  for  a  response  function  u(x  ,t)  asi 


Bast  Disturbance  --  For  prescribed  con¬ 
straints  on  fjj  find 

Min  Max  u(x  ,t.)  j  *  1,  2,  ,.,,J  ... 
f  tj  J  i  -  1,  2,  ...,I  v  ' 


and  the  correeponding  f...  Here,  the  time 
interval  of  interest  is1sssumed  to  he 

0  <  t  <  tj 


The  worst  disturbance  mathematical  pro¬ 
gramming  formulation  is  aimplar  etill.  The 
particular  set  of  f,.  that  i*  generated  for 
the  class  of  admissible  loadings,  the  maxi¬ 
mum  possible  u  ,,  end  the  correeponding  worst 
disturbance  cafrb*  found  by  maximising  u  . , 
at  eavaral  time  interval*  in  0<t<T,  wh*rsJT 
may  ba  greater  than  t,<  Tha  maximum  of  these 
peek  u  ,  i»  then  the  maximum  pneelble  u  ,.  The 
relative  simplicity  of  tha  wor«t~di»turBdnc* 
problem,  resulting  from  the  fact  that  the 
loading  clan  definition*  constitute  the  only 
constraint*  for  this  formulation,  is  signifi¬ 
cant  from  a  computational  standpoint.  For 
linear  structures,  the  objective  function  i* 
linear  in  the  loading  f...  If  the  distur¬ 
bance  constraint*  arra  linear  in  f,,  the 
problem  is  again  one  of  linear  programming , 


Structures  modeled  by  nonlinear  elastic 
theories  are  also  suitable  for  extremal  dis¬ 
turbance  analysis,  elthougu  tha  computational 
burden  of  nonlinear  programming  solutions  can 
be  great.  Limited  degree  of  freedom  models 
can  be  solved  with  dynamic  programming.  In 
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tha  ease  of  linear  structural  model*,  th* 
extremal  disturbance  analysis  approach  repre¬ 
sents  a  powerful,  varaatlla  technique.  Not 
only  can  a  wide  ranga  of  raallatlc  claaaaa  of 
dlaturbancaa  ba  traatad,  but  numerical  raaulta 
are  readily  obtained  with  atandard  linear  pro¬ 
gramming  codec,  No  repetitive  analyaaa  of 
the  atructure  are  required,  aa  a  elngla  response 
analyala  la  aufficlent  input  to  the  linear 
programming  formulation.  Thia  input  ia  wholly 
independent  of  the  complexity  of  the  atructural 
modal  bacauea  it  doaa  not  vary  with  the  degrees 
of  fraadom  of  the  atructural  representation. 

For  transient  ayatens  any  available  dynamic 
analysis,  e.g.  a  atructural  analysis  computer 
program,  that  can  provide  the  response  of  the 
atructure  to  unit  impulses  can  ba  coupled  to 
the  linear  programming  formulation. 

Several  computational  formulations  of  the 
transient  problem  for  elastic  structures, 
including  the  above,  are  described  in  References 
13  and  13.  Typical  worst  and  beat  disturbance 
raaulta  for  simple  systems  art  sketched  in 
Fige.  1  and  2.  Thasa  were  found  using  linear 
programming. 


Tlmg 


Fig.  1  -  Worst  Disturbance  Analysis 
of  Sprlng-Daehpot  Isolator 


0,8  ■ 
f*  0,4  - 

I  ?  ‘ 
1,0  - 
08  ■ 
*«  0  i 

-as 

-i.o  • 
-1,8  ■ 


J"  □  »«« 

f  Is  sought  such 
— It  minimised, 


1 4 

wTtSv/e 


f  Is  sought  such  that  max  I » I  is 
minimised, 

f  belongs  to  the  clou  o<  fences 
xhoroeterlsed  by.  0  0s  f4T 

f  M*  \ »  o  t  *  T 

I  y  I  I  /T((»)  dtBT  Prescribe* 


Best  Disturbance  Quantities 
Are  Starred, 


Fig,  2  -  Best  Disturbance  Analysis 
of  Spring  Mess  System 


STEADY  STATE  RESPONSE  OF  ELASTIC  STRUCTURES 

We  choose  to  treat  a  specific  steady  atata 
vibration  problem  rather  than  a  generic  formu¬ 
lation.  It  will  become  clear  that  this  work 
can  be  extended  to  a  variety  of  vibration 
problems.  Consider  the  problem  of  balancing 
rotating  shafts.  Many  techniques  have  been 
developed  for  identifying  the  unbalance  fores 
(moment)  distribution  along  a  shaft  and  for 
removal  of  this  unbalance  using  balancing 
weights.  However,  there  is  often  some  un¬ 
certainty  Involved  in  placing  the  balancing 
weights,  aspedally  in  the  case  of  at-epaed 
balancing.  It  is  of  lnterast  to  study  the 
rotor' a  sensitivity  to  misplaced  weights.  For 
example,  how  much  runout  can  ba  generated  by  a 
prescribed  percent  possible  error  in  magnitude 
or  phase  angle  placement  of  the  weights.  For 
a  complex  shaft  modal  it  is  useful  to  east 
this  problem  in  the  worst  disturbance  format, 

Lat  {f}  be  a  vector  of  known  balance 
momenta  or  weights  that  are  to  be  applied  to  a 
shaft.  Thay  ara  related  to  vibration  displace¬ 
ments  (u),  no-called  runouts,  at  various  speeds 
and  locations  along  the  axis  of  the  shaft  by 
the  matrix  aquation 

<u)  -  [A]  (f)  (V) 

where  [a]  la  a  matrix  of  experimentally  or 
analytically  determined  influence  coefficients. 
Equation  (7)  ia  formed  using  a  linear  rotor 
model.  Because  of  the  two-dimensional  nature 
of  tha  deflections  and  unbalance  moments,  tha 
elements  in  Eq.  (7)  are  complex  numbers.  It 
ia  usually  desirable  to  expand  Eq.  (7)  making 
the  elements  real  numbers. 

Suppose  the  components  of  the  elements  of 
<f)  are  incompletely  preacribed  in  accordance 
with  Eq,  (1)  due  to  tha  uncertainties  involved 
in  placing  tha  balancing  weights.  Than  the 
problem  of  determining  tha  aeneltlvlcy  of  the 
rotor  due  to  these  uncertaintlea  can  ba 
atatad  as i  Find  maximum  | u  ] ,  whara  u  is  an 
element  of  (u)  of  Eq.  (7), and  (f)  of  Eq.  (7) 
is  subject  to  constraints  of  the  form  of 
Eq.  (1).  The  quantity  |u  |  is  a  vibration 
amplitude  Involving  a  quadratic  aquation  in 
{f},  l.a. 

um  "  \\  ‘ijfifj  <8> 

Thus,  the  objective  function  is  quadratic 
while  tha  conatraints  (Eq.  (1))  ara  llnaar. 

This  becomes  s  quadratic  programming  problem. 
Computer  programs  of  reasonable  dimension  sre 
availabls  for  quadratic  programming  probleme. 

Rspresantative  raaulta  for  tha  rotor  of 
Fig.  3  ara  shown  In  Table  1.  This  rotor  was 
modaled  by  25  lumped  massaa  with  aaveral  un¬ 
balance  maeeee,  The  rotor  i*  to  be  balanced 
using  weights  at  five  locations.  Tha  balance 
weights  are  identified  with  e  least  square 
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fit  on  runout  observations  through  th*  firet 
thro*  critical*.  Tha  |u  |  of  tha  final 
oolunn  of  Table  1  ara  located  cloaa  to  tha 
antinod** . 


Vunout Runout  |u_  [  (Mil*) 
Unbal-  (Mil*)  Resulting  from  101 

ancad  with  Error  J.n  Htgnltud* 

Speed  Ainout  Balance  and  10°  Error  In 
Station  (RPM)  (Mil*)  Weight*  Phase  Angle 


Table  1  Typical  Worst  Balance  Results 


3  5  7  9  II  13  15  17  19  SI  23  25 
roior  station 


b.  Three  Critical  Speeds  and  Mod*  Shapes 

rig,  3  -  T**t  Rotor  end  It* 

Character litlc* 

TRANSIENT  RESP0N8E  OF  INELASTIC  STRUCTURES 

Over  th*  past  aevaral  years,  mathematical 
programming  method*  have  been  applied  to  tha 
solution  of  certain  plasticity  problems,  partic¬ 
ularly  in  the  area  of  determining  upper  and 
lower  bounds  to  limit  loads  for  rigid-parfactly 
plastic  structure*  [21, 23, 23, 26, 27, 2fl .  Thar* 
1*  a  related  ar*a  in  plasticity  to  which  these 
same  mathematical  programming  techniques  can 
b*  applied,  Specifically,  th*  problem  of  dster- 
mlnlng  response  bounds  of  continue  composed  of 
a  plastic  material  subject  to  a  suddenly 


applied  Initial  velocity  distribution.  Although 
general  bounding  theorems  have  been  developed 
for  determining  tha  displacement  bounds  for  a 
three  dimensional  continuum  [!}, 22] ,  applica¬ 
tions  appear  to  be  rutricted  to  problems  ns 
more  complicated  than  beams  or  sytsaetrically 
loaded  circular  plates.  Furthermore,  tha  solu¬ 
tions  have  been  ipplltd  to  problems  where  the 
initial  velocity  field  wee  completely  speci¬ 
fied.  We  propose  to  Jhov  that  with  the  aid  of 
modern  mathematical  programming  tachnlquaa  and 
the  method  of  finite  alemente,  efficient 
numerical  solution  techniques  for  finding  the 
responee  bounds  of  complex  Impulsively  loaded 
structures  cm  be  formulated,.  Unlike  the 
previous  applications  ot  the  bounding  thseesas, 
ws  also  consider  a  class  of  problems  having  un¬ 
certainty  in  the  initial  vtloelty  field  vhersln 
this  field  it  spsclflsd  only  to  within  t  peri¬ 
metric  family,  Bounds  on  tha  maximum  In  tlms 
value  of  th*  dlsplacenent  for  tha  worst  poesl- 
bls  Initial  velocity  flald  ere  to  be  determined. 
Tha  worst  vtloelty  field  will  elao  ha  aetab- 
llahad  a*  a  product  of  the  solution,  For  th* 
caea  of  s  single  deterministic  initial 
vtloelty  flald,  th*  mathematical  programming 
formulation  reduces  to  th*  ueuel  problem  types 
consldarad  previously,  except  that  tvan  In 
this  eat*  it  appears  that  tha  mathematical  pro¬ 
gramming  approach  combined  with  finite  elements 
hea  not  ytt  bean  studied. 

We  chooe*  the  plane  atrasi  problem  sa  a 
representative  situation  for  which  to  formu¬ 
late  tha  iclutlon.  The  mathematical  pro¬ 
gramming  solution  to  th*  dlaplaoemant  bound 
problem  could  bt  formulated  more  generally  In 
term*  of  generalised  atraas  and  displacement 
variable*  (e.g,  moments  and  curvatures  for 
pletas)  so  that  It  would  be  applicable  to  a 
wider  claaa  of  problems.  However,  this  le 
aat  said*  baceuaa  the  practical  details  needed 
to  fully  daaorlba  tha  procedure  differ  sub¬ 
stantially  from  beam  problems  to  piste  problem* 
to  plan*  etreei  problem*,  etc.  The  main 
ingredient  common  to  all  of  thee*  problem 
types  1*  that  a  parametric  family  to  kinemat¬ 
ically  admlaaable  dlaplacamant  fields  or  a 
paramatrlc  family  of  statically  admliaabla 
aqulllbrlum  flald*  1*  naedsd  to  Implement  tha 
solution  technlquas.  Th*  mathematical  form  of 
fields  gensrstad  and  tha  rastrictions  Imposed 
on  thsm  differ  considerably  for  th*  diffarant 
problem  type*,  Reference*  will  be  Identified 
which  explain  how  these  admiseable  flslds  may 
be  constructed  for  problem  types  other  then 
th*  plan*  stress  esse  considered  here, 

In  th*  development  to  follow  It  le  con¬ 
venient  to  apply  flrat  th*  combined  mathemati¬ 
cal  programming-finite  element  approach  to  th* 
css*  where  th*  initial  velocity  flald  la  com¬ 
pletely  prescribed.  Following  this,  tha 
additional  complication  of  incompletely 
prescribed  initial  velocity  field*  will  bs 
taken  into  account. 

Problem  Description 

Consider  ■  two  dimensional  continuum  com¬ 
posed  of  ■  rigid-plastic  atreln  ret*  insen¬ 
sitive  material  subjected  to  an  initial 
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velocity  distribution,  Suppoao  that  at  tlma 
t  ■  0  tha  body  partial*  valocitiaa  ara  com- 
plataly  preaorlbed  at  all  point*  in  tha  body  V 
and  that  thereafter  (t>  0)  aithar  tha  dii- 
plecement  ratta  on  the  aurtac*  at*  aaro  (e.g. 
at  a  rigid  boundary)  or  tha  traction*  art 
aaro  on  the  surface  8,  Aeaum*  that  no  body 
force*  (other  than  inertia  fore**)  at*  preaent 
tor  tha  tin*  duration  of  tha  problem.  Alao 
aaaume  that  the  yield  (unction  (or  the  material 
ia  convex  end  the  plaatlo  (low  1*  governed  hy 
mathematical  programming ,  w*  will  apply  tha 
theorem*  to  a  • imp la  example  problem.  Since 
all  tha  plan*  atreaa  example*  ar*  too  compli- 
catad  to  arrive  at  almpla  aolutlona,  coniidar 
the  almply  aupportad  beam  aubjaet  to  a  line 
ahape  initial  velocity  distribution 
'Hx,0)"  V.  ain  (tx/l)  aa  *hown  in  Figure  d,  We 
aaak  the  Sound  at,  aay,  x-L/2. 


First  apply  tha  upper  bound  theorem  where¬ 
in  the  limit  load  dua  to  a  concentrated  (ore* 
applied  at  tha  mld-opan  la  needed.  Applying 
tha  methoda  of  limit  analyaia  &0J ,  tha  limit 
load  ia  aaaily  found  to  be  RL  ■  dM./L  where  Mfl 
ia  tha  yield  moment  of  the  croaa  aietion  of 
th*  beam.  Than  by  directly  applying  the 
inequality  of  Eq,  (10)  we  obtain 

/sV*  ain  <^)2  dx 

df<  2 - Z - ■  .0625mV*L2/H0  (Id) 

R 

wher*  m  «  Ap  (ma»a/unit  length)  and  A  *  aaction 

area. 


To  obtain  a  corraaponding  lower  bound  with 
the  lower  bound  theorem,  Eq,  (13),  w*  need  to 
(lrat  aiaume  a  kinematically  udmlmable  velocity 
field  (or  mor*  apaclfically,  we  aeauma  the 
apatial  (unction  U*(x)) .  8*l*ct  th*  aimple 
plecawlee  aynnatrical  linear  (unction  ehown  by 
th*  dotted  line  in  Figure  d. 


Thua 


U*(x) 


2xi/L 

\lA(l-x/L) 


0<  x<  Ul 
ll2<  x<_  L 


(15) 


where  d  ■  flL/2, 


Upon  aubetltutlng  «(x,0)  •  V.»in(Ttx/L) 
and  th*  kinamatlcally  admieanble  (laid,  Kq . (13), 
into  th*  beam  formulation  equivalent  of  Eq.  (13) 
(not*  th*  dleaapation  for  tha  beam  at  th*  hlnga 
la  almply  29Mfl),  w*  arrive  at 


f  l.zffoK^einfflfdx 


28Mn 


0,Oddl8SV2I,2/M0(16) 


Thu*  we  hav*  bounded  th*  mid-*pan  deflection, 
v(L/2),  within  the  limit* 


mVo  l*  mV^  IT 

O.OddlS-* -  <  v(t/2)  <  0.0623-r* - 

M0  “  M0 


An  elaatlcnlaatlo  analyila  of  thla  aam* 
beam  problam  QfQ  ahowa  that  (naglaotlng  th* 
alaetie  portion  of  th*  Reference  28  aolutlon) 
it  fall*  within  th*  bound*  given  by  Eq.  (17). 

Computation  of  tha  Diaplaoamant  Upper  Bound*  by 
Mathematical  Programming 

Upon  examining  th*  upper  bound  theorem 
Eq.  (10),  wa  not*  that  in  order  to  evaluate  th* 
bound  it  ia  naeaiaary  to  know  th*  limit  load 
dua  to  a  concentrated  fore*  fi,RL.  If  wa  know 
a  lower  bound,  R““,  to  th*  trOa  limit  load, 
than  wa  can  atlll  obtain  an  upper  bound  to  th* 
diaplaoamanta,  4‘,  by  almply  replacing  RL  in 
Eq.  (10)  with  R  ,  Hanc*  th*  problem  of  finding 
the  upper  dliplacament  bound  la  reduced  to 
finding  a  lower  bound y  R'L,  to  th*  true  limit 
load, 


Balytichko  and  Hodg*  [23]  hav*  formulated 
th*  aolutlon  to  finding  tha  lowar  bound,  R"L, 
by  applying  nonlinear  mathematical  programming 
taehnlquaa.  Briefly,  tha  method  eonaiata  of 
aubdlviding  th*  plan*  (treat  region  into  a 
finite  number  of  triangle*  a*  ahown  in  th* 
modal  of  Fig.  3,  An  n-param*t*r  family  of 


atatlcally  admliaabl*  itraa*  field*  1*  derivable 
from  a  general  fourth-order  polynomlnal  Airy 
•tra**  function  and  identically  tatlifla*  th* 
aquation  of  aquilibrluu  within  th*  triangular 
aliment.  Tha**  atrea*  dlatribution*  ar*  linear 
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Lower  Tin*  Response  Bound  Theorem 


an  aaaooiatad  flow  rul*i  Because  plastic  dafor- 
natlon  la  an  eeeentlally  disslpativ*  procass 
and  no  energy  can  ba  atorad  in  a  rigid-plastic 
continuum,  tha  velocities  in  th*  continuum  will. 
In  general,  vanish  after  tom*  time  t,.  W*  will 
consider  th*  problem  of  finding  bounds  of  tha 
displacement  vector,  4,,  and  bounds  on  the 
associated  response  time  tf, 

Upper  Displacement  Bound  Theorem 


For  th*  two  dimensional  continuum 
described  above  the  matt  density  per  unit 
volume  ia  denoted  by  p,  th*  displacement 
response  by  the  displacement  vector  u1(x,y,t)  • 
(u(x,y,t),  v(x,y,t),Q)  ,  th*  stress  tlnaer  by 
o.,,  and  th*  strain  tensor  by  c  ,  The  indi- 
cJal  notation  s  corresponds  te3 street  com¬ 
pel  ents  o  i  a,jto  o  ,  etc,,  and  a  similar 
subacriptxnotaCIon  coffaapondanct  holds  for 
strain.  For  th*  plain  stress  problem  «  ■ 

o  ■  o  a  0  and  i  ■  t  a  o,  t  a  11 
xs  y*  xs  ya  ’  is 

-(1  +  t  ),  In  view  of  th*  above  notetional 

agrMmentv  the  given  information.!*  th*  Initial 
velocity  field  (i,(x,y,0).  Let  uj  denote  th* 
final  displacement  vector  function  defined  over 
th*  surface  S  of  th*  body  and  l.eh  T?  be,  in  th* 
terminology  of  limit  analysis  ,'rursma,  a  sat 
of  safe  surface  tractions  applied  quasistat- 
lcally  to  th*  continuum  under  examination,  For 
these  flow  will  not  occur,  (i,a,  th*  state  of 
stress  nowhere  violates  th*  yield  criteria), 
Than  th*  bound  on  the  aurfac*  displacement* 
must  satisfy  U2J  > 

/  T®  u*  dA  <  J  /pii^ (x,y , 0)  ^(x.y.O)  dV  (9) 


s  To  obtain  more  explicit  information,  let 
T?  dA  correspond  to  th*  limiting  case  of  a 
concentrated  force  of  magnitude  R  acting  in  th* 
direction  fi.,  Furthermore,  let  RL  be  th* 
largest  value  of  R  for  which  th*  yield  criterion 
is  not  violated  in  th*  body  (1,*,  R-  la  the 
limit  load. far  th*  concentrated  force),  Than 
a  bound,, 4  ,  on  the  projection  of  deformation 
vector  uj  in  th*  direction  !>i  is  given  by 

I  /cti^x.y.OCi^x.y.OldV 
|  lull  |  cose  -  4f  <  LX - T -  (10) 

where, 8  is  the  angle  between  th*  C. RL  vector 
and  uj,  and  ||u*|[  is  th*  aagnitud*  of  th*  vec¬ 
tor  u"  at  th*  point  where  tha  concentrated  load 
is  applied. 

A  bound  on  th*  magnitude  ||uj||  can  be 
achieved  by  obtaining  a  bound  on  two  orthogonal 
components  of  u|,  This  can  be  accomplished  by 
employing  an  inequality  tvioe.for  two  ortho¬ 
gonal  point  loads  AVrI*  and  from  which  w* 

obtain  the  bounds  on  two  orthogonal  components 
of  uj,  4*  and  4*0.  Thus 

i  w[\  1 1  /c*5>2  +  («5o)2  <U) 


For  th*  two  dimensional  problem  statement, 
let  t,  be  th*  reupons*  time  measured  from  th* 
initial  Instant  t-0,  for  th*  structure  to 
reach  Its  final  displacement  atet*  uf .  Then  If 
uf  1>  any  postulated  time  independent  kinemati¬ 
cally  admlealbl*  velocity  field,  th*  response 
time  can  be  bounded  from  below  by  th*  relation 


cf  i 


/pu.(x,y,0)u*(x,y)dV 


Thw 


(12) 


where  th*  denominator  represent*  th*  power  of 
dissipation  associated  with  th*  assumed  velocity 
field  and  ia  computad  from  tha  strain  rat**, 
tf , ,  associated  with  th*  assumed  velocity 
flild,  uf,  end  from  the  etrssesi.cj, ,  (not 
necessarily  unique)  aesociated  witfrif,  th 
th*  plaatieity  eesoeietsd  flow  rule, 

Lowtr  Displacement  Bound  Theorem 

Jor  th*  two  dimanslonsl  problem  statement, 


through 


let  denote  th*  apetlal  maximum  veil 
e  of  th*  displacement  vector 


magnitude  of  th*  dlapl 
(i.e,  A*  *  max  ||u(jl) 


TMfi 


th* 


xt0V 


Than  according  to  Rafarano*  16,  th*  dieplace- 
mant  quantity  A*  can  be  bounded  from  below  by 
the  inequality 

|pUjninu1(x,y,0) 


dV 


i5!’FF 


(13) 


whara  uf  ia  a  kinematically  admissible  valooity 
field  (assumed  aaparabla  in  th*  form  uf (x,y,t)  - 
Of (x,y)  T(t)),  Bf,  ia  a  atraln  rat*  flild  oor- 
rlsponding  to  thiJsp*tial  variation  U,(x,y) 

(i.e.  EJj  -  f  (UJ(J  +  attlaaea 

of,  are  tsaocleted  with  Bf,  through  tha  plas¬ 
ticity  associated  flow  rullt.  Two  further 
constraints  on  ehs  application  of  th*  bound 
givsn  by  Eq.  (13)  srs  that  th*  rat*  of  dla- 
slpatlon  (th*  danominator  of  inequality  (13)) 
bs  non-negative  and  th*  rather  restrictive 
assumption  that  th*  direction  coalnaa,  n,(x,y), 
of  tha  accalaratlon  field  ara  known  a  priori 
and  remain  constant  In  elm*  during  th*  antlrs 
deformation  procsss.  A  consequence  of  this 
lest  assumption  is  that  th*  valooity  field  will 
also  Hava  thss*  asms  eonatsnt-ln-tlm*  direc¬ 
tion  cosines,  Although  this  constant  n,  assump¬ 
tion  creates  no  particular  problem  for  plate  or 
beam  type  structure*  (in  these  eases  there  1* 
only  on*  non-iero  displacement  component, 
namely  the  normal  displacement  along  with  its 
eesodated  velocity  end  acceleration)  it  done 
limit  the  rang*  of  problem*  for  rigorously 
applying  the  lower  bound  theorem. 

Example  Problem 


Before  proceeding  to  th*  formulation  of 
the  solution  to  th*  displacement  bound  by 


In  tha  unknown  (laid  par  water,  A, ,  and  qua¬ 
dratic  functions  of  tha  spaca  variables  x.y. 
Furthar(  continuity  raqulrananta  In  tha  nomal 
and  taniantlal  atraaaaa  ara  enforced  along  each 
intarfaca  between  adjacent  elementa,  Finally) 

It  la  required  that  tha  paramatrlc  atraaa  field 
satisfy  tha  yield  criterion  for  gil  points 
X)y>  within  tha  region  V,  Tha  lower  bound  la 
obtained  by  finding  tha  Aj  quantitlaa  that 
result  In  the  largaat  lower  bound  end  satlafiaa 
all  constralnta.  Tha  nannar  in  which  thla  laat 
constraint  is  handled  derarminea  tha  type  of 
mathematical  programing  problem  we  have  to 
employ  In  order  to  maximise  R_L,  In  Rafaranea 
23  tha  authors  employed  tha  Miaaa  yield 
criterion  (a  nonlinear  expraealon  in  tha  atraaa 
variables).  Thus,  even  though  all  tha  atraaa 
aquations  are  linsar  in  tha  unknown  parameters, 
tha  yield  oricarlon  inequality  destroys  tha 
proapaet  of  applying  tha  mora  powerful  linear 
programming  methods  to  obtain  a  bound.  A 
further  nonlinearity  In  their  approach  is  Intro¬ 
duced  whan  they  forea  the  yield  criteria  to  ba 
satisfied  at  all  points  in  tha  triangle.  This 
is  accomplished  by  finding  the  relative  maxi¬ 
mum  points  of  tha  yield  function  over  x,y  and 
enforcing  the  yield  criteria  at  least  at  these 
polnta.  Tha  formulae  that  define  tha  positions 
of  tha  relative  maximum  ara  nonlinear  functions 
of  tha  field  parameters ^  A,.  Because  of  tha 
two  types  of  nonllnearltlel  discussed,  the 
authors  ware  foroad  to  usa  nonlinear  mathaaui- 
tioal  programming  taehnlquaa,  In  particular, 
tha  "Saquantlal  Unconstrained  Minimisation 
Technique"  davalopad  by  Fiasco  and  McCormick. 

Tha  oomputar  program  referred  to  in  Rafaranea 
23  la  limited  to  only  20  elements. 

By  making  some  aaorlfloea  on  the  accuracy 
of  the  bound,  R“l*,  the  formulation  dlacuaaed 
in  Rafaranea  23  aan  be  converted  to  one  of 
linear  programming,  First,  the  Miaae  yield 
criterion  (a  dosed  convex  surface  in  a  three 
dimensional  space  conalating  of  a  ,  o  ,  a 
as  the  coordinates)  can  be  approxlmstas^by  ' 
a  set  of  bounding  planes  tht  inscribe  tha 
original  yield  criterion.  The  exprsssiona 
describing  these  planes  will  bs  a  sat  of  inequa¬ 
lities  that  are  linear  in  the  field  parameter 
A.,'  The  consequence  of  this  approximation  will 
bl  that  the  bound,  R~L,  will  ba  lower  than  if 
we  had  used  the  Mlsaa  criterion,  all  other 
things  being  equal.  Next,  we  will  enforce  the 
yield  criteria  only  at  a  finite,  fixed  set  of 
points  within  a  typical  triangle,  The  step  of 
computing  the  positions  where  the  relative 
maxima  appear  will  ba  omitted,  There  is  of 
course  always  the  danger  of  tha  yield  criteria 
being  violated  at  points  between  the  designated 
points.  This  problem  can  most  likely  be  over¬ 
come  by  selecting  a  high  density  of  check 
points  within  the  triangle.  Also,  the  distri¬ 
bution  of  tha  check  points  could  be  changed  on 
successive  solutions  of  the  same  problem  to 
insure  the  stability  of  the  results.  Finally, 
once  a  solution  is  obtained,  the  satisfaction 
of  the  yield  criterion  at  the  relative  uaxisum 
points  can  be  checked  to  insure  that  no  drastic 


violations  of  tha  yield  criterion  have  been 
experienced.  Slight  violations  of  tha  yield 
should  not  result  In  any  drastic  consequences 
on  the  final  solution  for  R“l,  however, 
strictly  speaking,  unless  the  yield  criterion 
la  satisfied  at  all  points  x.y  within  the 
triangle,  the  bound  theorem  la  not  guarantesd 
to  hold, 


Computation  of  the  Lower  Tima  Response  by 
Mathematical  Programming 

Analogous  to  the  upper  displacement  bound 
problem,  we  begin  by  representing  the  oontlnuum 
with  e  sat  of  triangular  finite  element*  aa 
shown  In  Fig,  3.  Tht  Intagrale  in  tha  bounding 
Intquallty  of  Iq.  (12)  ara  volume  integral*, 
therefore  we  concentrate  on  evaluating  the  inte¬ 
gral*  over  *  triangular  region  (of  thloknaa*  h) 
nnd  (imply  sum  the  result*  over  all  triangle* 
to  obtain  the  total  volume  Integral. 

Consider  *  typleal  triangular  element,  a, 
having  nedee  i,J,k  e*  shown  in  Fig.  3.  The 
component  velocities  of  the  three  node*  ere 
u*,  u3,  (i*  and  V*,  vJ,  V*.  Naxt  w*  construct 
a  paramatar  klnamatlcally  admlisabla  fltld 
(s.g.  aaa  Rafaranoa  21)  of  tha  form 


4*  ■  Cxx+  C2y+  Cj 

4*  ■  DjX+  D2y+  Dj 


(18) 


whara  4}  ■  (4*,  4*,  Or 

Tha  C.,  C,,  .  .  D.  paramatar ■  ara  ralatad  to  tha 
nodal  valacltlaa  By  tha  ralatlon 


(19) 


whara  x,,  x. ,  ,  .  y.  art, coordinate*  of  tha  ala- 
mant  nodal  polnta,  and  4  ■  4*(x1,y1), 

43  ■  4*  ate. 

Tha  strain  ratal  within  ths  alsmsnt  ar* 
glvan  by 


C1  Dl’ 

*i  h 1 

-1 

41  41 

°2  D2 

a 

*3  yJ  1 

4J  4j 

C3  D3 

1—  «l 

*kykl 

4k  4k 

.16*  , 

BK 

m  ill  ■  D 


t  ■  a  C, 
XX  Bx  1 


yy  Bx  "2 
.  ii*  +  lii  ■  c«  +  D, 


xy  By 


Bx 


(20) 


which  ara  constant  throughout  the  clamant,  Tha 
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dissipation  tat*  for  plana  atcaaa  In  conjunc¬ 
tion  with  tha  Miaai  yield  criterion  1* 


that  tha  dlseapatlon,  t ,  b*  non  negative  (it*. 
f((iS  4*.  .  ,  .  Vn')»0).  Tha  noat  uaaful  bound 
will  be  tha  largest  lower  bound  t*.  Thu* 
atatad  a*  a  mathematical  programming  problem  wa 
vlah  to 


or  in  tana  of  tha  C ( ,  D4  quantltlaa  by 


ci+d2+0id2+ 


(21) 


finally,  aubatitutlnt  lq«,  (19)  into  (21) 
and  auaming  over  all  alasanta,  v*  can  axpraaa 
tha  danoninator  of  Eq,  (12)  a*  a  nonlinaar  func¬ 
tion  of  the  nodal  diaplaeanant  paranatara 
ui(  uJ,  u*,  .  .  .  v*«  Thua 


f(4l,4*,,.(F>(22) 


where  MI  i*  tha  number  of  aleaanta  and  MM  ii 
tha  nunbar  of  nodaa  in  the  finite  alaaant  nodal, 
V  la  tha  volume  of  the  body,  and  f  la  a  non¬ 
linear  function  of  the  kinematically  cdniaaabl* 
field  paranatara,  4,  4*,  ,  .  .  4s",  llailarly, 
tha  numerator  of  Eq,  (12)  can  be  calculated  for 
each  trianila  by  aubatitutlnt  Iqa,  (It)  and 
(19)  into  tha  numerator  and  explicitly  inte¬ 
grating  over  tha  triangular  ration  and  adding 
up  each  clamant' c  contribution, 

Therefore  w*  have 

p/M*. y,0)  4*<x,y)  dV 
V  4  1 


p)  h/((j(x,y,0)[a1x+  c.y+  c.-] 


+  4fc,y,0)  [b1it+  +  DjTldadyag^.i2,..^) 

where  V  ia  th*  volume  region  of  the  *th  ale- 
mant  ana  g  ia  a  linear  function  of  tha  kinemat¬ 
ically  admiaaabl*  field  parameter*,  41.  uz, 

.  .  V™.  Th*  0,,  .  .  .  Dj 
Eq.  (22)  are  related  to  the 
parameter*  through  Eq.  (19). 

Finally  th*  lover  bound  Inequality  on  th* 
raaponae  time  nay  be  written 


"!Wr?  > 


,  Hi L  ii,  ,  , 

“  f(4\  42,  .  . 


& 


v**) 


•  t: 


(24) 


aaximiaaftj 


iiiii  iL-u. 

f(il,  y,  T 


(25) 


over  th*  2*MN  variable*  42,42,  .  .4** 
aubject  to  tha  oonitraint  f  (41,  42, ,  .41W)>0 


If  wa  divide  th*  numerator  and  denominator  of 
g/f  by. any  on*  of  th*  nonaero  nodal  velocltiea, 
aay,  it  can  be  ahovn  that  for  the  particular 
functional  form*  of  g  and  f,  t{  can  b*  rewrit- 

tan  aa 


*f 


m..  a!za Ll-l 

f(l,  42/4\  . 


4*®/? 


(28) 


and  tha  conatralnt  a*  t(l,  (i2/42,  .  •  .  (^S>0, 
where  there  era  now  2- MM- 1  independent  verible* 
namely  th*  ratio*  fttyO1,  43/41,  ,  ,  ,  4ss/6l . 
Thia  mean*  that  only  th*  ratio*  above  determine 
th*  maximum  tf ,  not  th*  aotual  value*  of 
4*.  4*,  .  ,  ,  4SS.  Thu*  w*  can  opacify  any  ^ 
additional  aquation  ralatlng  th*  ux,  u2,...4Nn 
quant  itia*  and  atiU  arriv*  at  th*  aam*  max  tj 
solution  to  tha  problem  stated  in  th*  form  of 
Eq.  (25).  Th*  moet  convenient  additional  aqua¬ 
tion  would  be  to  aet  f((r,  4‘,  ,  .  .  d*"1)  ■  0 
where  0  la  any  positive  eon* tent  v*  choose,  By 
enforcing  this  equality  constraint,  w*  alao  auto* 
matlcally  aatiafy  the  non-nngatlva  dlaanpatlon 
raqulr ament,  fj,0.  Thua  th*  now  problem  la  to 


maxlmla*  [t'j  ■  g((»l,  u1 


,  .  .  .  v 


.MM 


>4  Cfl 


over  th*  2*MM 


variable* 


4*. 


aubjact  to  tha  equality  conatralnt 
f  (41,  u2,  .  .  .  v1™)  -  0  whar*  C  1*  any 
poaltlv*  constant. 

The  expression  for  t.  given  by  Eq.  (27) 
can  be  maximised  by  applyln*  Urge  acal*  non- 
Umar  mathematical  programming  oonputar  oeda* . 
Th*  baaaa  for  aueh  coda*  can  b*  found  in 
Bef arena*  24.  V*  not*  that  even  though  th* 
g  function  la  linear  In  th*  parameter* 

Jl,  4*,  ,  ,  ,  V*™,  th*  equality  constraint 
la  nonlinaar.  Conaaquantly,  linear  program¬ 
ming  methods  cannot  ba  applied. 


for  any  sat  of  nodal  paranatara 

{,1,  u  .  .  .  .  r™  aatlafylng  th*  constraint 
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Computation  of  tha  Displacement  Lover  Bound 
by  Mathematical  Programming . 

Hara  our  goal  la  to  eotiputa  lowar  dis¬ 
placement  bounda,  A*,  by  applying  tha  Inequality 
defined  by  Eq.  (13).  Again  wa  appaal  to  the 
finite  element  nodal  ahown  In  Fig.  5.  A  dlraet 
eocparlaon  batwaan  Eq.  (13)  and  tha  previoualy 
formulated  problaa  baaad  cn  Eq.  (12)  will  ahow 
thara  la  a  great  similarity  between  tha  two 
inequalities  of  Eqa.  (12)  and  (13).  Tha  eon- 
atructlon  of  tha  dissipation  volumo  integral 
from  linear  kinematically  admieaable  flalda 
follow*  tha  a amt  procedure  of  tha  pravloua 
daaonatration,  ai  long  aa  we  lat  the  valooity 
field  shape  function  vector  UJ,  taka  tha  place 
of  tha  ft?  variable  In  tha  praOloua  development 
leading  up  to  Eq.  (22),  Thua  In  place  of 
Eq.  (22)  wa  have  from  a  parallel  davalopmant 


Hex  lull  a  [_A*  •  g(u*,  u2,  ,  .  .  v*™)*  §j 

1  2  UM 

over  the  2>KN  variablea  u  ,  u  ,  .  .  .  v 
aubjact  to  the  equality  conatralnt 
F(u2,  u2,  .  .  .  v*™)  -  C  where  C  la  any 
poaltlva  conatant. 

Tha  nonllnaerlty  of  the  equality  con¬ 
atralnt  require*  tha  urn*  ot  nonlinear  program¬ 
ming  to  aolve  for  A  . 

Computation  of  Upper  and  lower  Dlaplaeament 
Bounda  For  Worat  Ulaturbanoa 


where  the  parameter*  u  ,  u  ,  .  ,  •  v  nov 
rapraaent  the  valuea  of  ahap*  function  uj  at 
tha  nodal  point*  rather  than  the  actual  cia- 
placemant  conponantu  aa  in  the  prior  development 
Otharwlaa  tha  fuactional  form  ot  f  la  exactly 
tha  earn*  aa  f.  The  oonatruetlon  of  the  numera¬ 
tor  follow*  cloaaly  where 

J/pUj  nj |u1(x,y,0)||*  4V  - 


Tha  prevloua  development  la  baaad  on  a 
completely  prescribed  initial  valooity  field. 
Consider  now  tha  asms  problem  statement  except 
lat  tha  Initial  velocity  fiald  ba  any  distri¬ 
bution  within  tha  uncertainty  bounding  airface* 
5,(x,y),  u  (x,y),  V,(x,y),  V  (x,y).  That  la, 
impossible  Initial  Velocity  fiald  la  on*  that 
aatlafiaa  the  bounding  oonatralnta 


tl.(x,y)  I  A(x,y,0)<  U+(x,y) 

(30) 

V.(x,y)  «  ♦<m,y.0><  V+(x,y) 


0=!*+  C2y+ 


+ 


PDjX+  D2y+  Dj']nyKu(x,y,0)2  +  (2B) 

V(x,y,0)2}  dx  dy 


for  all  x,  y»V,  Tha  new  problem  atatmmant  la  aa 
follow* i 


Find  the  worat  maximum  In  time  value  of 
tho  dlaplaeament,  4  .,  at  aoma  daalred 
point  F  on  the  plat!  boundary,  B,  aub- 
jact  to  any  initial  valooity  field  that 
aatlafiaa  inequalities  of  Eq.  (30) 
(where  "worst1'  rafara  to  the  initial 
valooity  fiald  that  |ivaa  the  largest 
time  maximum  displacement) . 


a  fcu1,  u2,  .  .  .  v1™) 


In  whloh  h  1*  tha  element  thieknaaa.  V,  la  tha 
volume  raglon  of  tha  a*"  triangle  and  g  la  a 
linear  function  of  tha  kinematically  admlaalbls 
field  paramatanu1,  u‘,  .  .  .  v*™.  Aa  in  tha 
davalopmant  of  Eq,  (23),  Eq,  (19)  la  used  to 
eliminate  tha  C,,  .  .  .  D*  coefficient*  in 
terms  of  tha  field  paramatanu1',  u‘,  .  .  .  v™. 
Analogous  to  tha  previous  Eq.  (27)  tha  final 
bound  determination  la  raduaad  to  tha  problem 
of 


An  upper  bound  to  <  .  can  ba  aohlaved  by 
tax  lolling  tha  right  eidrinaquallty  (10)  over 
ill  possible  velocity  flalda  vlthln  tha  bounda 
prescribed  by  conatralnt  Inequalities  (30), 
line*  tha  danomlnator  of  inequality  (10)  la 
Independent  of  tha  Initial  valooity  field  and 
the  numerator  1*  Independent  of  tha  statically 
admlaalbls  parameters  usad  to  maximlaa  R  ,  we 
oan  obtain  tha  woraa  disturbance  bound, 
by  aacarataly  maximising  tha  numerator, 


♦  ■ 


1 

2 


/pA1(jt,y,0)<ii(x,y  ,0)dV 


aubjact  to  Inequalities  (30). 


3B 


Wa  approach  the  problem  In  a  alotlar  fash¬ 
ion  to  determine  tha  tlaa  raaponaa  bound. 
Approximate  tha  Initial  valoclty  (laid*  in  a 
typical  trlan|la  by  a  linear  valoclty  field  of 
fora 


u(x,y,0)  Ejlt*  E2y+  Ej 

ui(x,y,0)  s  -  (31) 

v(x,y,0)  FjX+  F2y+  Fj 


where  tha  coefficient!  E, ,  E,,  .  .  ,  F,  a 
related  to  tha  nodal  Initial  velocities 


•  by 


where  li  i  •  >  yk  are  the  nodal  coordi¬ 
Upon  aubatltutlni  Eq.  (32)  and  Eq.  (31) 
Into  tha  relation  for  •  and  lntagratlnt  over 
tha  element  and  aummlng  over  all  alanenta,  wa 
find  tha  quadratic  torn 


where  A  are  known  coefficient*  and  W  la  a 
colimn  Viator  of  tha  NN  unknown  nodal  Initial 
valooltlaa  (l.e.  W  ■(lij.vij,  ,  .  ,  •  The 

oonatralnta  (30)  oln  ba  linearised  by  rapra- 
■entlni  tha  ourvad  bounding  aurfaeaa  with 
approximating  plana*  and  forcing  tha  oonatralnta 
only  at  the  nodal  point*  instead  of  for  all 
Xi  y»V.  Than  Eq.  (3)  baoona* 

p-1,2,  .  .  NN 

(33) 

l^ypliHiytpiyp)  P  “  NN+li  (H+2, « .2*MN 

Thua  the  problem  of  finding  a  bound ,  d*.,  on 
the  time  worat  dlaturbano*  d  .  can  ba  flduced 
to  * 


aubjaot  to  linear  constraints  (33).  The  above 
problem  1*  the  dual  form  of  the  atandard  qua¬ 
dratic  programming  problem  for  which  there 
axlat  atandard  computer  program*.  Information 
on  a  lower  bound  on  the  woret  dlaturbano*,  e 
can  be  obtained  by  ualng  the  worat  dlaturban 
Initial  velocity  field,  found  aa  a  byproduct  of 
the  above  aolutlon,  In  the  lower  bound  relation 
(29)  dlacuaaed  earlier. 

Dlecuaelon  of  Formulation* 


Although  tha  plaatlolty  formulation*  pra- 
aanted  hare  have  dealt  dlraetly  with  tha  plan* 
atraaa  problem,  tha  proeaduraa  ar*  applicable 
to  othar  atructuraa  auch  aa  beam*,  plat**, 
ahella,  and  archaa, 

The  main  dlfferancaa  from  problem  type 
to  problem  type  arc  In  the  parametric  rapra- 
aantatlon  for  tha  kinematically  and  atatlcally 
admlaaabl*  field*.  For  example,  auch  admls- 
aabla  fialda  ar*  oonaldarad  for  beam*  in 
Reference  23,  plate*  In  Refaranc*  27,  ahalla  in 
Reference  29,  and  arehea  In  Reference  26. 

Tha  uaafulneaa  of  lower  bound  Inequality 
(13)  appeara  quit*  reatrioted  by  tha  requlra- 
mant  that  a  priori  knowladg*  of  tha  kinematic 
velocity , field  direction  ooalnaa,  n.,  ba  known. 
The  practical  uaafulnaaa  of  thla  bound  appaara 
to  ba  limited  to  beam*  and  flat  plataa  where 
only  on*  diaplacemant  component  la  conaldarad. 
In  theae  caeca  the  direction  of  the  kinematic 
velocity  field  la  known  aa  required.  Another 
drawback  to  applying  (13)  to  multicomponent 
diaplaoement  problem*  la  that  Eq,  (13)  bound* 
tha  maximum  value  of  tha  diaplacemant  over  the 
volume  whereae  the  corraaponding  upper  bound 
(10)  or  (11)  bound*  the  diaplacemant  at  a  point 
on  tha  aurfao*.  Thua,  knowing  tha  largeat 
value  of  the  diaplacemant  on  the  surface  doea 
not  imply  knowladg*  of  tha  largaat  valu*  of  tha 
diaplaoement  within  the  volume.  Therefor*  it 
1*  not  clear  whether  w*  ar*  bounding  the  aame 
quantity  with  tha  two  diaplacemant  bounding 
theorem*.  In  the  caa*  of  plat**  In  bending  or 
beama,  however,  both  bounda  will  refer  to  tha 
same  middle  aurfao*  displacement*, 

SUMMARY 


Several  raaponaa  bound  problem*  for  atruc¬ 
turaa  with  Incompletely  prescribed  loading  have 
baan  praaantad.  The  loading  can  ba  charac¬ 
terised  by  amplitude  band*  or  In  term*  of  a 
global  property  such  aa  total  energy  or  Impulaa 
and  tlm*  duration.  Both  alaatic  and  lnalaatlc 
atructuraa  aubjactad  to  tranaient  or  ataady 
atat*  loading  ara  oonaldarad,  Computational 
aolutlon  formulation*  are  established.  A  num¬ 
ber  of  practical  problem  altuatlon*  can  ba 
treated  aa  linear  programming  problems.  Because 
of  the  availability  of  powerful  computer  soft¬ 
ware,  larga-acal*  structures  can  be  handled 
with  aaaa. 
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DISCUSSION 


Mr.  Arthur  I'Aaro.iatli  Do.,  tha  load 
vaotor  on  tha  alaatle  atruetura  hava  to  hava 
tha  lame  proportion  aa  for  tha  unknown  ona? 
la  thara  a  proportionality  oon.tant? 

Mr.  Pllkayi.  No,  thara  la  none. 

Mr.  Thornton  (Unlvaraity  of.  California) i 
It  aavtrta  that  many  people  art  now  lnharaatad 
in  paramatar  identification  problama,  whara 
you  atart  out  with  tha  known  raaponaa  and  work 
back  to  tha  paramttara  of  tha  ayatam.  I  notice 
that  your  papar  la  aomawhat  elmllar  axoept  that 
tha  unknowna  ara  tha  laadlnga  which  you  ara 
optlmlalng  to  gat  tha  type  of  raaponaa,  la 
that  corraot? 

Mr.  Pllktvt  It  la  tha  earn*  problem  and 
tha  approaohaa  ara  tha  aama,  Tha  Invert*  of 
tha  problem  I  talk  about  today  la  to  aay, 
given  tha  raaponaa  of  the  atruetura,  go  back 
and  identify  tha  loadtnga.  Hera,  if  you  ara 
given  aoma thing  about  tha  loadinga,  you  art  to 
find  tha  peak  raaponaaa,  Tha  formulatlona  ara 
tha  aama. 

fei.lrlJuL Jfiiaual  Jkttite, jfols.  }  haw 

a  quaation  about  tha  claaa  of  problama  that  you 
al.owarl  ua.  1  didn't  gat  a  full  undar. tending 
of  thona  problama,  Por  inatanca,  waa  tha  one 
with  tha  rotating  ahaft  a  practical  problem 
taken  from  an  application  or  waa  it  made  up 
to  ahow  tha  mathod? 

Mr.  Ptlkavi  Tha  technique  waa  developed 
for  praotloal  problama,  Tha  particular 
problem  for  tdtlch  tha  numarioal  reaulta  ware 
given  waa  Juat  a  simulated  rotor,  It  haa  been 
applied  to  real  rotora  at  much  highar  apaada 
than  tha  third  critical, 


M&l  Pritai  You  naan  thay  had  rotora 
running  at  3000  RPM  at  0,3  lnohaa  unbalanced? 

/ 

Mta.  Ftirhfy  1  Thara  la  no  attempt  to  make  a 
praotloal  problem  out  of  tha  ona  that  I  gava 
raaulta  on,  but  it  haa  baan  applied  in  praotloal 
aaaaa.  That  waa  a  rather  arbitrarily  ahoaen 
rotor  that  had  no  particular  eharactarietloa  of 
tntaraat  to  inyoni, 


.Institute'? I  Tha  ouaatlnn  I  h.u. 
unlquanaaa,  Hava  you  run  into  uniquanaaa 
problama  in  trying  to  define  tha  Input  giving 
tha  raaponaa? 


Mr.  Pllkavi  Tha  input  or  particular 
foroing  function  giving  tha  paak  raaponaa  la 
not  uniqua,  What  ia  of  Internet  ia  that  tha 
raaponaa  ltaalf  la  unique,  otharvlae  wa  would 
not  hava  aotvad  tha  problem.  If  you  find  tha 
abaolute  upper  bound  on  tha  raaponao,  tha  woraa 
diaturbeno*  that  la,  it  ia  uniqua,  but  tha 
forcing  function  generating  it  la  not  unique, 
Thara  ia  no  particular  raaaon  for  it  to  bo. 
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NONLINEAR  VIBRATIONS  01* 
MULTILAYER  SANDWICH  PLATES 


Rlad  M.  Shflhln 
Clkbi  A  HIM,  Inc. 

IN  l**#nth  Avenue,  New  Verk,  New  Yerli  tOOOl 


A  uyNtmii  of  (llffi'ri'nlliil  cqumlimN  Tor  I  lie  Iui'kh  amplitude  free  anil  forced  vibriilionet 
af  a  imiltlluyur  Ntindwicli  plate  In  dtirlvml  liy  vurlnilanui  |>rin('ipl(>H.  The  plate  eoiiHlmN 
uf  »  litolKtpk*  faces  anil  (n-l)  orlluitmiilf  cornu  huvlnti  different  i  hick  mm  nun  and  cIuhIIc 
limpnrtloN,  When  the*  faeon  ure  unnuiihkI  in  pohnchh  oiiuul  PoInnoii'h  ml  Ion,  the  HyMlwm 
of  equation*  In  reduced  la  two  aiiumlanN  Invtdviim  the  trar,Nvuruc  deflection  w,  nnd  n 
inombruiu'  niroas  function  f  ■  AnnuiiiIii*  the  cxlHtanrc  af  hniUKinic  vllmUlotiH,  the  lima 
viiclulilo  In  cllmlnaiail  liy  (>m|ilayian  n  icchnliiua  nnalanauN  to  tlinl  uacd  liy  Vim  <lcr  Pal, 
LIm  inn  diHiblc  trlponoiiiotrle  nkh’Iom,  NaiuilanN  far  a  h  imply  NU|i|iarn>il  raciuniiului'  pin  it*  urn 
preacnied,  Nmvian'H  itonurtil  ted  method  In  ummI  In  Hnlvlnit  Ihn  rcHulllint  aanllncnr 
almiliratc  miuailanH,  and  ennvomoneo  proved  to  bn  quite  rapid,  Tim  dynamic  roHponac 
curvcN  af  Ihn  plain  arc  prcNnnlcd.  A  buluivlor  Nlmllar  la  Ihnl  af  Duriinii'N  hard  Hprlnp  l» 
evident,  nail  ii  In  found  that  the  aireuH  rcNtilinniH  are  nnnlimmr  funetlonH  af  the  relative 
amplitude  al  I  lie  eenler  of  ll«>  plate.  The  inl'lmmee  of  dm  nondlinciwlonul  paruimilerN  In 
hi  ml  led  and  lllaNirated. 


INTRODUCTION 

Llphlwnlphi  HiraetureH  which  have  III  ah  mrenpth  ami 
Htlffai'HH  praperlldN  fulfill  the  rcquIrcmenlH  of  many 
Ntruelaral  di'Nlpn  pniblenm.  Therefore,  Niindwleh  eonnirue- 
Ilona,  which  are  eharaclerlNlleally  llphiwelphi  and 
eoaiparailvely  rlpid,  am  balaii  iilvnn  liicrepHlntt  eonalder- 
ailon  far  varied  appIleallonN,  nucIi  uh  In  the  jirlmary 
structure  for  lialllalle  aiiHNlk'H  and  -  Npnee  vehleleN, 
Necandary  NtraetureN  Tar  alrpInncN,  and  wall  panels  In 
balldliiK  ceimiructlim. 

In  llm  dcNiun  of  aandwlch  plaieN  lhal  vlhrain  under 
lateral  and  mine  laailinij,  fonmiltm  luiNed  on  the  Klrchhoff 
theory  which  m>||leelH  Hiretehinp  and  Nlmurlnp  In  the  middle 
mirfucc  are  quite  NuilNfnelory  provided  lljm  the  iimplliadeN 
are  Niaall  compared  with  llm  lliiekneHN,  If  (lie  lanpllladeN 
of  imalna  are  of  llm  Name  order  of  mupaliiidd  an  llm 
IhlckimNN,  the  Klrchhoff  theory  may  yield  roHidlN  ilml  are 
conHldcruldy  In  error,  A  more  rluormiH  theory  iluil  taken 
Into  ncrounl  the  effcelH  of  the  dcfnnniillmiH  In  the  middle 
Hurl'ace  mill  llm  irnilNVci'NC  alienr  Nhmilil  be  applied, 

The  Hitmll  miiplllude  vihnitlmiH  of  the  Nlnitlo-mmilwleli 
platen  have  limai  enieiiNlvely  Ntadled  liy  many  Invent  Ipatei'H 
{1-1  /J.  The  lurpe  umpllliide  vlhrul  limit  of  a  Hlmtle-numlwlcli 
plate  have  received  limited  uliemlim,  Va  D derived  a 
Net  of  nonlinear  cquullimN,  dcHcrlblnu  Die  vlhmtioitH  of 
Nimdwich  plaieN,  from  the  varlalional  eqimUoa  of  motion  id’ 
the  nonlinear  (henry  of  climllclty,  Khcloplu  ||lj]  extended 
the  variational  proeeditre  lined  liy  Yu  lo  derive  the  equal  Iona 
id'  nmllon  and  the  hnumlnry  emiilllloiiH  of  Niaulwleh  panelN 
Hidijoelml  to  lartte  diNplimeimmlN  and  turtle  unpIcK  of 
nitiillon, 


The  uforeiiieni  ionvtl  InveNtlpuiituiN  have  lieen  re- 
Hlrk'led  lo  Hlnitlc-aiuiilwleh  plaieN,  h’or  itaillllayer 
reetanttidai'  Niindwleh  plaieN  only  Nlntle  proltlemH  have  lieea 
coiiKlilered,  Anionp  the  Invent Ipulurn  of  Nlntle  prolileniN 
are  I, law  and  Lillie  |j(j]  who  InvcHlIguied  the  licndlnp  of 
mullllayer  Niindwleh  pluU'N  with  Inotropic  I'iiccn  and 
orilioirople  core*.  Wantt  und  Saluma  (Jfl  coitHldcmd  llm 
Nlaile  itablllty  of  Niindwkdt  platen  with  fitotroplt;  faecH  nnd 
oriliolrpple  corea,  A/.ar  |j2j extended  LIuw'h  problem  to  a 
plate  with  orihotmplc  faecN, 

Recently,  mullllayer  Niindwleh  platen  have  been  unetl 
exteiiHively  in  the  nvramtutleal  IndiiHtrlcM  ami  Inillillnit 
construction,  Kor  proper  dcslpn  It  |h  Importuat  in  study 
the  (lyanmlc  belinvlar  id'  imilillayer  Niindwleh  eonNlruetlun. 
ThtiH,  the  preHcnt  paper  NtuiileH  the  free  and  forced 
vllmitloiiN  id'  a  icciniqiulnr  multilayer  Niaidwlelt  plate  al 
finite  amplitude,  (Islap  Ihe  principle  of  eomplemeiilary 
enerpy,  a  nel  id’  povcrnllip  equatioiiH  In  obiulnetl  for 
inu  It  I  layer  nundwlcli  plate  eoitNiNtliip  of  a  fiieen  and  <  n»l ) 
eorcH  havlnp  different  tlileknenNi'N  and  eluHtle  moduli.  If 
the  fueen  of  (lie  plate  are  itHHiimcil  lo  have  equal  PiiIhhoii'n 
ratio,  the  net  of  equutioiiN  In  reduced  lo  u  pair  of  equal  loan 
of  hIxiIi  order  and  finfrih  order  ktviilvinu  the  iruaHverne 
(lefleetlon  and  the  membrane  hi rcNH  limcllon,  Mnnnonle 
vibralloiiH  are  immuued  and  the  lime  variable  In  eliminated, 
Kor  a  Hlmply  NUppnncd  plate  a  double  triitonometrie  Nerlen 
In  unciI  lo  reduce  the  rcimilnliip  noiillnenr  clpcn-vnlue 
problem  lo  a  hcI  of  cable  e(|uuiloiiN,  KipurcH  are  prcNenleil 
which  hIhiw  till'  efl'eetH  of  core  oiiholrnplelly,  core  shone 
modulus,  and  UNpeel  ratio,  on  Ihe  free  riminumee  freipieiiey. 
The  Influence  of  lurpc  umpllliide  on  llm  hIi'ohn  conuI tiinl h 
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lx  «-h|  nl)l  iHhcd ,  'I’ll*'  Hecurncy  of  I  lie  ineihod  is  assessed  liy 
eompuiison  of  sol ut imiH  nltl al ni'il  by  usmp  throe  mill  six 
deflection  uoolTloloiils, 

GENERAL  ANALYSIS 

Consider  ii  iccluimulnr  iiluli'  i*< >11  h I m I  i ii it  nf  n  liiocs  or 
lliIrkm’NH  1 1 ,  to,  ,  . ,  ,  ln,  mill  (n-M  cores  ol1  thicknesses 
li|i  ho,  <  •  .  ,  h||.|  ns  shown  in  Kin,  I.  The  xy  rcl'erem'e 
piano  is  ussmm'il  to  lie  immllel  to  the  mnleiToi'ineil  snrl'iiee 
ol'  the  plute,  mnl  Us  posit  ion  is  chosen  so  Hint  the  firm 
mnitumi  of  the  miiiHl'oriiieil  men  Is  etinttl  in  Kuril,  l.e. 

z.fiJd!u  0  (|> 

*1  I  -  u* 

wlteri!  l<!|  mill  *|  tire  Young's  modulus  nnil  Poisson's  ratio 
ol'  the  I  fiieu,  respectively,  mnl  •/.  \  Is  the  illHtntiee 
men  smeil  IVniii  the  mlilille  |ilmie  of  the  I  III  fine  to  I  he  xy 
plum1. 


Ki||.  I  A  Cross  Sect  Ion  of  ihc  Piute 


The  assumption*  used  in  this  mull, vsls  lire: 

I)  The  fnees  lire  lmimi||eiieiiiiH,  Isotrnple,  unit  ulusile 
thin  pitiles  of  illlTerent  thicknesses  iiml/er  iimterluls,  unit 
they  resist  norinnl  mnl  lipplnm1  shenrlnu  stresses  only. 
Ill  The  cores  lire  orthntrople,  ulusile  itteillu,  uni  I  curry 
only  the  trnnsverse  ihenr  which  Is  uniformly  illsirilmieil 
over  the  thickness. 

Ill)  The  total  llilekness  of  the  plitte  Is  s  inn  1 1  In  oinnpnrlsoii 
to  the  other  illmenslons. 

Iv)  The  effect  of  the  rotntory  unil  lippluno  Inenlns  on  the 

liitmriil  frciitiencles  lire  neidccleil, 

v>  All  the  hoiiils  helween  lltyeru  lire  strong  enough  thnl 

under  loudlags  no  bond  fnllure  will  necur  mill  the  stresses 

cun  lie  trunsmllted  without  discontinuity, 

vl)  The  nmttnllude  of  the  deflection  w  Is  of  the  smite 

order  us  the  thickness  of  the  plute,  hut  sniull  cninpiircd 

with  the  In-plunc  tllmetislons, 

vll)  The  In-plune  dlspliteemenls,  u  mid  v  are  inlinlleslmul. 
In  the  stritin-dlsplueeinenl  relntlons  only  those  nonllnenr 
terms  which  depend  on  w,x  unil  w,v  ure  rctulneil,  All  other 
nonllnenr  terms  ure  neglected. 

Consider  the  different  Ini  plute  element  shown  In  Ftp. 
'I,  The  eiiuul Ions  ilelinhiK  l lie  stress  resullunts  ure: 


[M«'My’M*r]-,?i  ‘i  ‘t  [°i«  •  (rt,  ]’°  (4) 


(°. 

•°y]  [  v.'  TJ».  ] 

■  0  (S) 

[N« 

[ft  'l[°i«  1  °iy 

•  "iny  ]-°  (4) 

plan- 

Kipi ii iljrittm  of  forces  mid  miniuois 
element  lends  to 

mi  u  dilTerentinl 

Vx  +  Nxy'y  "  ° 

(5) 

Vy  +  Nxy'x  "  0 

(6) 

(MjjW.jc  +  W(y),X  W,y  +  ^ 

“  M  w*tt  +  Q  +  Qx*x  +  Qy'y  “  0  (7) 

My*y  +  V*“  Qy  "  *  (8) 

Mx'x  +  Mxy*y  "  Qx  "  0  (9) 

where  it  ciiininii  deslituiiies  ti  purl  Ini  derlvnilve,  unil  ft  Is 
the  muss  per  unit  ureti  of  the  plute. 

Comblnhip  Uiiuntlons  (A),  («>  unil  (7)  results  In 

<Vx  +  °y,y  +  P  "  a  <10) 


P  "  Q  -  ft  w,  +  NxV’*x+  2Nxyw()fY  ♦  Nyw(yy 

(11)' 

The  contpleinenluiy  energy  of  the  plute  Is 

H/f  {  jj  ‘l  [  ^  ' +•}-■  V+  ^  ] 

+^)[^r+^"]},,xdy+ 

*//l  N,  (w,/  +  +  Nytw,y)*  }dxdy 

-jf  { 5fu  +  ?v  +  (  5fWix  +  Yw,y  +  i  )w  +  ^,0 

+  Wy/S}d»  (1 2) 


where  the  firm  Inleitrul  represents  the  eompleuicniury 
enemy  inside  ihc  doinul it;  the  second  intogral  designnle* 
the  work  done  by  the  incinhrnnc  stress  resuliuuls  due  to 
large  delieelloii!  unil  the  third  Integral  is  the  work  dime  by 
the  stress  resultants  on  the  pint  of  the  Imundury  e,|  where 
the  (llspliici'inents  lire  s|ieellied,  (ijX!(  unit  (ljNX  lire  die 
sltetir  nindiill  of  the  I11’  core,  Cl|xv  ts  the  slienr  modulus  of 
the  I'hfnee,  n  unil  h  are  the  plute 'dlnteiiNlons,  The  eitpllnl 
lull'  lellers  Imlleitte  the  total  rcsulliinlH  In  it  specific 
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ky  xy'K 


+M  ,  dy 


vw 


V  Vydy 


NxyKy*xd)' 

Wxdx 


Ny+My.ydy  I 

*  Kilt.  2  DIITi'i'i'iiilul  I'lnln  RU>ni«'iH 

illtwtlnn  iilmiK  Hu'  liiHimlnry.  Kor  oxunitili',  X  rt’pri'KvniM  _  __  . 

Nx  on  x  « o  nmi  x  "  n»  wiillo  li  ix'ihtm'iUx  Nyx <'ii  V  11  ’’  Nl8  XW8M  }  * 

nml  ,v  n  lii  ii,  v,  w,  a  mill  /fun1  ilu1  ni>n«,i,nll/.i>'il  iIIhiiIiiw  *’ 

"It'llIH;  W|W„8*+  W,y8?  +  8 

TIiiin,  ilio  iii'imli'iii  lim'iiuu'H  nni>  of  rlmllnn  ilm  *  » 

1‘iinilliliniH  ivhlcli  vxii'kiiiIkc  tlio  I'mu'llim  V  nl‘  Kniintliin  (12) 

NiilijiH'l  in  tlm  I'liiiHirnlniM  of  KtnintloiiH  l!M)),  liiirmliirlnit 

tlill'lnon  I'liKi'uiitilnii  imiltl|)lli.'VH X|<  tlm  miNllinry  I'lmollunnl  'I'lic  vtinlHliltiu  of  tin 

Will  I'1'  WPllll'II  IIH  Hull.f'H  (Hlllllt lolIMt 


+  }  <J»  —  /  {  U  + 

"(#.„»*  +  + 8?  )  +  «8ra,  +  /9  8lilJ<ii  -o 


Tlio  viiiiIhIiIiik  of  the  hiiiThi'i'  Itili'iirnl  ylolilH  llilrli'i'ii 
KiiIi'p'h  oiniiitlonxi 


la  v  +  //  It  Sflkdxdy  (,8) 

V"i«"  iVVrN-0 

(IB) 

whi'i'o  fl|(  ili'tuiii'H  tlio  I'uiH'tloiiH  ili'l Ini'll* by  I'liiimlloim  (2*H), 
i'i>H|H>i't Ivoly.  Tim  I'Ii'hi  vnrliitlon  of  ilm  mixil limy  fiineiliiiiiii 
vnnlxhi'H!  l.i'.8l  <  0.  CurryliiK  oul  tlio  firm  vurliil ton  of  I 

VvW-Vr  V° 

II  •) 

nml  Inti'iii'iiilnu  by  pnrix,  mu'  olitnlim 

81  "  //  {  tfl  [  if'  *ix“  IV  Xl  *>'.  -  M  ]  8ffl« 

""•a0 

-IlUL  -  x  -  0 
o  *7 

<ir> 

+  |,[^%"xiVViVVil  8ffty 

+  i(‘^-%-Mlt-  Vt>8<ruy  + 

l11  uy 

(ID 

JS ( i  v  mj  )8ti« + Tiv«  ■  x«v  Itj»« 

-IllL  -  X  «  o 

a ,  • 

OB) 

+  ‘  V  X(1I|)8MH  +(Xr  X|31>)8My  +  U8-  X)|(y- 

]y* 

N»  • ,  >  8m, y  4-  [  Wr'Nt’,*1. + V*  ]  8N»+ 

x>-xi«..  -° 

(SO) 

I V“  W  Vy%+  +( w’y ’* ]8Ny +  [  X.“\t »,%“  ^ 

\i»yw'»“  X,, - X,0,,+W^w,J  8N>y+  (  XT-  X||p  j-X|a )  80^ 

N  ”  \»'y  m  ° 

<tl) 

+  (  Xtfy—  X|S>  8Qy  }  dxdy  + 

*»* 

; 

/{X. 8K  +  X..8V +Xll<w,.B*  +  w,  8?  +  82) 

X»  ”  Xll'y—  Ns 1  x  "  6 

(»> 

\  ~  X9’«  “  Xl|i«w>«+  0 


(23) 


x9-  X|Qly-  x||tyW)>  +  -jr.w,/  *0  (24)  ‘Ny“B{FM  W]  +  [»,,+*<«,/]}  + 


Xfl~  V«VS~Xll’y">»“  X»'y~  XI0'»+ vy'«w'y  N»y-Hy  [a’y  +  0’»  ]  +  H«  [  v>«+u*y  +  "••"*»  ]  <»•> 


X  -  XM1  -  X,  =  0 
7  II’  »  12 


X.“  Vy"  X,3“  ° 


0,  -aNU„+«> 


Qj  X  Qy<W,y+/3) 


Since  tlu1  I  ini'  Integmli*  iiuihI  In1  /cm,  one  nhutlnn  llu< 
lnllnwlntt  liinmilnry  ennilillimH  on  tlic  houmlm'.v 


X,  “  u 


xio“  v 


X|(  -  w 


X  m  a 

(?. 


x.»-* 


Combining  Ki|«.  (i!i  -  If)),  (20  -  321  unci  Kqn.  (Li  -  4), 
results  in  the  follow InK  ct|imliniiN  for  Ihc  gonerull/oil 
Icifi'cnt 

My“A[C^.,+  a.J  +  D[v»,+  ilW.y)*]  <»»> 
My-A[°a’»  +  /9.,]  +  ]  <#4J 

Mw“H»[«t>+  +  Hy[  %+%  +  W’,W,y]  (8B) 

**  -  B{Fk  +  i-<w’,>a]+K+-i- <*./]}  + 


[A*B'D]"i?,T^[S*  ’  '  '  ^  ] 


[■•']  -  I*] WK.'] 

[hL>H»'H[  ] “  [**’  ’c  '  ] 

K'a»] 


Subslllutlnn  of  Kq« .  (1)8  ■  40)  Into  Et|s.  (5  -  9) 
t'cbcl ts  in  five  nonlineur  difl'crontiul  equations  which  govern 
the  v limit  ion  of  the  problem  untler  eoiiHitleriUion, 

Bu’«,+  h^*yy+  Hy«.yy  +  <H,+  BF)v1>y  + 

(D  +  Hy )  0  ,  yy  t  Bw,„w, ,,  +  H,  w,  „  w,yy  + 

(Hj+BFlw^  w,yy  -  0  (42) 

Bvlyy+  H,  v ,  „  „  +  Hy  fi  (|u  +  (H,+  BF)  v  l|y  + 
"(0+Hy)a,,y  +  Bw,y  w,yy+  H,  wly  w  n,  + 

(H,+  BF)  w,y  w  ,yy  «  0  (43) 

0y  (  w,„+  o,y )  +  0y(wlyy+  fl,y  )  +  Q  -  /*w,|t+ 
D("’«it  *,,  +  »Im«I(>+b{f  [vty  +±(  w,y  )*] 
+  [«  +  £  (w  .,)*]}  v*,  „  + 

2w,„y  {  Hy(«ly+/Su)  +  H,  (  *,,+  11,,  + 


*■»".*  )  }  +3  {r  [u„  +  t  (  w  i,  )e  ]  + 

[  V I  y  +  i  <  W  I  y  )*  ]  }  w  I  yy  ■  o  <44) 


V4^  +  8  ^  1  ~  *'--)■  L  ( w  ,  w  )  ■  o  »« 

where 


H«  ^»««+  '»y  +  (  H»+  AC  )tf  >«y  +  Hy  y*«* 

+  (Hy  +  0  )«,<r  +  ( Hy+D  )w,  „  w ,  ,  y  4  Hyw,  yw,  M 

"  o,  I  S  +  W,  i  )  -  0  (45) 


L(w  ,  w)  ■  2  [w,„,  w, yy -(«,,,)*  ]  (so 

Klliployiiienl  of  the  mothocl  used  liy  Cheng  M  Cot 
eliminating  the  transverse  shear  re»iilltinl»  yields 


Hj,#,yy  4  Aa  |,(  +  (  H„4  AC  ))9  ,  „y  +  Hy  U , yy 

4  (  Hy  +D)V,yy  4  (Hy+  D  )W,  y  W,,,y  +HyW,yW|yy 
-  Q„  (a  4  Wig)  -  0  (45) 

111  tlu*  static  House,  Eqs,  (42  •  4tl)  agree  with  the 
governing  cqumlons  obtained  by  Wong  and  Snlmmi  M 
using  llneni'  theory, 

REDUCTION  Of  THE  PROBLEM  FOR  A  SPgCIAL  CASE 

h’or  simplicity,  the  luces  of  u  plate  lire  assumed  In 


have  equal  Poisson's  ratios,  r|  ,  ^  «  v  , 

Thus,  Ri|h.  (TJ  •  40)  enn  he  reduced  to  the  following  formt 

M,  «  A  (  at>  +  e/8,  y  )  (47) 

My  “  A  ( /8,  y  +  i/a  ,M  )  (45) 

Myy  "  AlLy.ALL  (  «  ,  y  4  S  ,  ,  )  M 

N»  “  B{  +  <"■»  ]t  ]  +  *’[v»y  + 

•jjtw.y)*]}  (80) 

N»  ■  B{[vty  +  2  (%  ^  ]  +*'[“.«  + 

i  (w’«  )E  ]}  »» 

N, y  -  V)>  4.  u  ty  4»,w,,w,y )  (sa) 

Q„  ■  0,  (w, K  4  a  )  (55) 

Qy  -  0y  (W,y  4  ^  )  (54) 


Introducing  u  stress  function  ^  ,  i,e.,  Nx  -  4*yy< 
Ny  xh' Nxy  =  -^,xy,  und  hy  ellmlnullng  u  tmil’v 

from  Hqs.  (5(1-52)  one  obtains 


Af.-Ky^-K^jv4*  -  [l-  (Ky  + 

-f*4-  >  -<K.  4  + 


l-i/  8x*  T  I- v’'W 

74][-AW.t,  +QHl^,»l] 

where 

L(^,w)«  lhtyyW,yy—  E  ^  |  » y  W  ,  *  y 

+  ^,XyWyy 


(67) 


(65) 


Equations  (55)  and  (57)  are  the  dymnnle  mutlogs  of 
Von  Kitnmtn  miuutlons  for  homogeneous  Isotropic  pint  oh,  in 
the  slullc  senNO,  Eqs.  (55)  und  (57)  ngree  with  the 
equnl  Ions  derived  by  Uung  for  u  single  •  siindwleh 
plate,  By  deleting  the  nonlinour  operntor  L  Rq,  (57)  Is 
redueod  to  tlui  one  obtained  by  Jucnbson  [ft]  for  it  single 
siindwleh  plate, 

SOME  EXAMPLES 

Vibration  of  n  Multilayer  Siindwleh  Plate 

Consider  the  vibration  of  u  simply  supported 
mil  Itl  layer  sandwich  plutc  whose  fares  have  equal  Poisson’s 
ratios.  Taking  coordinate  axes  x  and  y  nlong  the  edges  of 
the  plate,  the  boundary  conditions  ure 


w  ■  B 

W  »  0 


Mx  •*  o  at  x 
My  -  o  at  y 


o  and  x  ■  a 
o  and  y  ■  b 


}<59) 


These  conditions  are  satisfied  If  w,  a,  and  $  lire 
ttiken  In  the  form, 


•  <e 

w  -  a  £  £  wmn  tin  aln  Rfr*-  »ln  art  («oi 

m  n  0 

at  to 

a«  £  £  AW()  ooi-G^-  iln-2^4-  6lnwt  (50 

ffl  H 

fi  ■  HBm  «ln  aoc-1^-  timet  («*) 

W  h 
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By  mibHtllulloil  of  Eq,  (HID  Into  I0<|.  (155),  it  in  found 
tluii  tin1  lullin'  oquiiimn  in  nullHfiud  il’  l!«'  uxprrtwlnn  I'm' 
tlw  hiivkh  functlnn  i »  Itiki’ii  hh 


h’or  it  uniform  liuiil  u  llic  fiiiTinit  luiicliim  inny  lit1 
ottprowtud  in  tlio  form  of  n  iltmlili'  h'mii'ii'i'  Koldun  iik 

.In-^.lnmt  (.4) 

Submllullon  of  Rt|».  (HO)  mill  (HD)  Inin  hlq.  (55) 
run  ill  I K  lit 

j|r  £ ^  £  $ wn^«{(c|) +»P)8[ooi(r-p) -~-ae»U+q)^ 
+  oo»(r+p)^H-oo»(» -q)  J^-|  - 

(rq-  ip)8  [ooi(r-p)  eo*(*-q)  + 

eo«(r  +  p)-^p-oot(»+q)-^]}'  (#6) 


wlioro 

At  m  nfly  A  ,  —  — jj—  W„  , 

rmn  rmn  r*  d  r»  ' 

d  ««  *|+  *,  (ee) 

nn>n  ■»  0|2j4|  •  •  • 

r,(,p,q  ■>  1 ,  2 , 3  ,  . . . 

Stllmlilullon  of  him,  (()())  mid  (S3  •  04)  Into  Kq, 
(57),  into  of  tlw  lilonllty  hIii  a  0  *  D/4  hIii0  -  1/4 

nin  30,  tintl  tiquuilun  of  tht>  eoolTIulontK  of  hIii  «■/  IoiuIh 
lo 

££  ri r mifc-4-/»2n2 )( mR+>t?n* )*-  (Jfl*  + 

1  [  T'+  m*(  y  +  T^71  +  "V  < l+  -££  )  + 

Wfl 

w„  (<,r-.p)'{T, 

+<>'+T^7)(P  +  r)l+  + 

(TI  x)t|[(  p+r  ,2  4- •)*]*} *'0 (p+r)-S-S  Sirt  < q 4* •) 

+(qr  +»p)2{t|  +  (>'+  -j-T^-KP+c)8'*-  P?'  (1+  ( q -•)* 

^-[(p^rjVtq-*)8]  }»ln(p+r)-2^»ln(q-«)2|* 


+  (qr  +  »p)8{T|+(  y+j^;)(p-r)8  + 

^*(1+^.  )(„  +  ,)*+  [(p-r)*+ 

fi*  (  q  +*)8]a}*ln(p-ri-5-i|ln(q4»)-S^-  + 

(qr-»p)*{T  +  ly  +  -p^)(  p  — r-)8-*-/#*  (*  +  -f^p)  (*-»)* 
4|l^  [(P*i‘)8+^e(q-»)8]  }*ln(p-r)-2^-iln(q-i)'^-^ 


r-^v^r- 

4-»*.  o*. 

m  ,  n  ,  p  ,  q  . . .  i  -  0,2,4, 


Kquuthm  (07)  ropromintu  it  doubly  Infinite  liunlly 
of  oqimtiniiH,  In  otteli  of  ilu>  oqunlioitH  of  (ho  ftimlly  Iho 
HiroHH  eooffleloniH  nmy  ln>  ropiuood  by  thi'lt'  viiIuoh  iih 
pivi'n  by  liq,  •  (05),  Tlio  rcHultlnu  oqunlltiiiH  Involve  I  lie 
known  iiornml  iiroHmiro  ouuffliilimiH,  tlio  eubOK  of  Iho 
tlolloolltm  oool'flt'ltqiU,  ttnil  Iho  frequently.  Tlio  mniibor 
of  thoNo  oqunlloiiM  In  oqiml  to  tlio  mmiliur  of  unknown 
ilollotuloii  (’ooffluloniu.  If  Iho  fli'Ht  u|y  iloflocl Ion 
oooffiolonlH  iiro  oniiHltlerodone  oImiIiih  hIn  ouhlo  oiiiihiIiiiih. 
Tlio  nix  ouhlo  oil  mil  Ion  h  nro  unlvod  unlitti  Nowioii'h 
itonomllaod  immIiihI, 

lull  tally,  llio  iiroblom  of  I'roo  vlbrntlotiN  Is  i.'hiihIiIoi'oiI 
(Q*  •  n > . Stimll  vnluoH  uro  iihmIkiioiI  Id  Wjj,  W];j,  W31, 
W33,  Wjb,  mid  VV51  while  llio  I11I1I11I  vitluo  for  A  In 
oxlmolotl  from  llnonr  theory,  Holding  W||  winmuni,  tlio 
viiIuoh  of  Wjjj,  IVjj | ,  Wjjjj (  W|f„  \Vr,|,  mid  A  uro 
oorroolotl  mull  llio  ooiiukuiohih  of  tlio  error  vootor  nro 
within  11  riinuo  of  itllownhlo  onw,  Thu  oonwtlnn  vootor 
l«  oqunl  to  llio  Iiivoi'ko  of  Iho  Jiicohlllll  iiultl'lx  IIiiiok  iho 
error  vootor,  Tlio  eorroH|HiniliitK  Holnlltm  Ik  rooorilod,  By 
oontlmuilly  Ineremonllnit  \V|]  mill  Ntiiriliip  Iteritt loti  for 
ouoh  hioroinonl  front  llio  proviouxly  ohltilnoil  viiIuoh,  tlio 
N'Noiiiinoo  ourvo  mid  ueeoiii|iiiiiyhip  hhIiiiIohh  im>  found, 
llovlnit  olitolnoil  tlio  roHonunoo  ourvo,  tlio  ivkihiiiko  duo  in 
forced  iihi'  Hint  Inn  01111  lie  olilniiiod  by  11  porlurliiilliiii 
loolinlquo.  By  hoUIiik  Wi,  »  1.5  mill  upplyiiiK  11  Kiiuill 
loud  Q*  ,  tlio  rohpoilHo  01111  ho  oimlly  delerni  lin'd. 
y*(x,y)<»  If  llio  roH|iniiHo  Ik  IHO  doprcoH  out  of  plvino 
with  llio  loud,  mid  Q*lx,y»o  If  llio  k'h|ioiiho  In  In 
pliiiHo  with  tlio  loud.  IVItli  Q*(x,y)  hold  omiHiinii,  W||  Ih 
deoremuulod  iih  llorullon  yield*  Kulmeqiicnt  boIiiiIoiih  lo 
llio  I'orood  vlhrutlon  iiroldoin. 


linvinp  omiiiniui  1110  noiicciion  oooiiii'ioiiik, 
inoinhruno  hI'ohh  romilluntH  oviihinlod  ill  I  -■ 

"*  ■  .L  jtfC  *"  T1 
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<  -  -  1  ,  tin  MJL  im  2!*J£. 

'  m«0,a  n«0,2  p*  Tmn  0  6 


Wlll'I'l' 


.  2a*N,  2o*Ny 

N*  TWio^ij'  VjJOTf Sjfoy 

*  2aeN,„  *7C* 

Introduction  of  Kq.  (00)  )nui  I'Sqs,  (A-'d)  end  (A-4) 


yields 


i  (71) 


where 


"« -  { *  Wi  *  } 

:*rfo}  to 

Huvlng  determined  Amn  ami  Dnm,  llu>  expressions 
for  Mj,,  My*  Mx  y*  Qy*  and  ()y  ui  i  *  ^.Tf-  are 

u*_  5  *  +  yn®^* ft* ),„  .i.inifx  _.  b*« 

M*  "  mS,3^  L"lp-^Wmr1*ln-r'»ln-V 

<-&,L 

«?-  ,Ul  ■  1 1  -  Tt 

„? J,., " 1 1  -  -% 


(73) 


where 


*  #,dA 


°r-  ir 


aB  My 
^*!a 


2a*  M 


JUL 


»>  Arr*p  d(t  - 


(74) 


NUMERICAL  RESULTS  AND  DISCUSSION 

The  solution  of  the  two  nonlinear  differential 
equations  governing  the  motion  of  u  multilayer  sandwich 
pinto  with  isotropic  faces  and  orthotm|ile  eorcH  was 
aeeoniiillHhed  hy  ineanH  of  trlitonoinelrie  series.  The 
rosulliiiK  ealiie  equations  were  solved  by  means  ofNewtorfs 
generalized  method  using  the  HIM  0(1(1-50  digital  eomputor 
and  convergence  proved  to  lie  quite  rapid. 

h'iiture  (II)  hIiowh  the  nonlinear  response  as  is 
eonummly  found  for  the  forced  oselllatlon  of  u  slnulo 
degree  of  freedom  Duffing  M  system.  The  points  of 
vert  leal  tungeney  (Jj,  J2*  w  Points  which  give  rise  to  n 
jump  phenomenon  uommonly  found  in  noniineur  vllirutory 
systems, 


h’lgare  (4)  deplols  the  inereused  nonlinearity  in 
the  response  curves  ns  the  aspect  rutin  In  Increased, 
From  tills  one  concludes  that  the  ittemhrtme  influence  Is 
more  significant  In  a  rectangular  plate  than  In  a  square 
plate. 

From  Figure  (4)  it  is  uppercut  that  the  nonllnenrUy 
is  greeter  for  smnller  vulues  of  the  core  shear  modulus  T|, 
Large  vidues  of  Tj  indieale  a  relatively  rigid  core. 
Likewise,  small  vulues  of  T|  eorrespoml  to  e  relatively 
less  rigid  core,  A  reduction  la  the  core  rigidity  places 
Increased  emphasis  upon  the  support  id1  the  plate  by 
membrane  influence,  ’finis  the  nonlinearity  tleereases 
with  an  Increase  of  Tj. 

Figure  (4)  shows  the  effect  of  the  nrtholroplclly,/,  of 
the  core  on  the  resonance  frequency  for  a  fixed  vulue  of 
Tj.  If  T|  Is  fixed  then  (is  is  fixed,  lienee,  a  decrease  In 
Y  corresponds  to  an  Inereuse  in  CL,  This  leads  In  the 
conclusion  t nut  the  shear  Influence  is  mere  iinparlniil,  end 
the  nonlinearity  Is  reduced,  y  ■■■  0,80  Is  n  typical  value 
for  aluminum  ami  stainless  steel  honeycomb  cores,  y  -  0.20 
Is  typical  for  a  material  with  high  orlhotropicily,  and  Y  - 
.a  Is  the  value  for  an  isotropic  core. 


Figures  t5-(l)  show  the  rapid  inereuse  of  the  stress 
resultants  with  amplitude.  The  memhrune  stress  resultants 
are  nonlinear  fund  Iona  of  (he  transverse  defied  Ion 


ooeffieiuniB  W|j,  whuruuN  the  bumllim  mid  trtinnvumu  Nlmur 
mmiltnnU  are  linuar  ftinotionH  or  the  Wjj.  However,  all  the 
ativaa  mmtllunta  are  nonlinear  funclloiiH  of  the  rolalivc 
amplitude  ai  iho  canton  of  Iho  pinto. 


CONCLUSION 

Thu  UNtiumpilon  of  u  flnila  number  of  coufflclontM  In 
thu  Holutlon  of  tlio  oxttmpln  probletmi  IntroduooN  an  error 
Into  iho  Notation*  Am  a  ineuauro  of  tlio  oriw  mHultlng  from 
the  unoof  only  Mix  of  the  equullnna  In  Iho  foregoing  notation* 
the  ronnllN  oblulnod  by  unlng  Ihroo,  and  nix  oqualloiiH  of 
tlio  fttmll.v  um  ttlvon  In  TuIiIom  1  and  2.  Il  In  evident  that 
for  a  Mqiinro  pinto  tlio  roNultN  obtnlnod  by  the  firm  throe  ot 
nIx  (loflootlon  coefflclenlN  arc  In  good  ugroenionl.  llowovor, 
oho  of  iho  firm  three  dofloctlon  ooofflelontN  fora  mctnngulur 
pluto  yloldM  re  a  id  In  that  uro  more  In  orror  than  for  a  Mquum 
plato.  From  a  ntutly  of  t*n  ardor  of  magnitude  of  tlio  flt'Nl 
nIx  dofloctlon  coefficient.'.  i.»  obtnlnod  from  the  nIx  lorniN 
HolutloiiN,  one  oliNorvoH  null  the  find  throe  ooofflolontN 
are  not  noooNNorlly  the  IntgoNi  throe,  For  a  reoinngulnr 
pinto  wIioho  (IlntonNlrin  In  x  •  direction  In  grouter  than  In 
the  y  •  direction,  the  dominant  lorniH  am  Wjj,  W;| | ,  ami 
"fil,  I'no  of  thoNe  three  lerittH  for  u  roetungutar  plate  yloldn 
roNaltN  that  nrt>  In  good  agreement  with  nIx  torma  NolatloiiN. 
However,  all  the  noUiiIoiih  proHonlod  In  (IiIh  paper  were 
IniHotl  on  nIx  lorniN, 

An  a  check  on  the  validity  of  the  proNonl  approach, 
the  nIx  cubic  etiumloiiH  are  unt*d  to  Halve  Iho  free  vibration 
problem  of  n  hninngcneoim  iHoiropIc  pinto,  The  roNiillN 
oblnlnetl  by  the  prcHont  method  and  by  Vanutkl  (2({]  am 
nhown  In  Table  .1,  nml  they  npponr  lo  bo  In  gixitl  ngrcoinenl. 


i 
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TABLE  1 

COMPARISON  OF  SIX  AND  THREE  TERMS  SOLUTIONS  FOR  A  SQUARE  PLATE 

T  ■  10.0,  Q*  ■  0.0,  y  -  0.60,  H  -  6.0,  •»/  0,30 

*  / 


PM 

KB 

*11 

*11 

•'ll 

*11 

*1. 

Si 

s 

0 

A 

0.1009 

0,0000 

0,0000 

0.1000 

1.1400 

0,4000 

0.0001 

0.0007 

0.1M0 

1  .Mil 

0.7000 

0.0011 

0.0011 

0,4141 

1.7111 

1.0000 

o.oooo 

0.0000 

0.M4I 

1.4014 

1.1000 

0,0117 

0.0177 

1.14(4 

1.4144 

1.1000 

0,0100 

0.0111 

1.4140 

1.1441 

0.1000 

0.0000 

0.0000 

0.0000 

0,0000 

0,0000 

0.1000 

1.4404 

0.4000 

0.0001 

0.0007 

0.0000 

0.0000 

0.0000 

0 , 1100 

1.4111 

0.7000 

0.0011 

0.0011 

0,0001 

0.0000 

0,0000 

0.1M1 

1.7111 

1.0000 

0.0017 

O.OOM 

0.0000 

0.0000 

0.0000 

0,1141 

1.4014 

1.1000 

0,0110 

0.0100 

0.0010 

0.0001 

0.0001 

1.1704 

1  .(Ml 

1.1000 

0.0101 

0.0110 

o.onn 

0.0001 

0,0004 

1.4111 

1.1117 

XA.ft.WJLJ- 

COMPARISON  OF  SIX  AND  THREE  TERMS  SOLUTION  FOR  A  RECTANGULAR  PLATE 


1 

x  -  10. 

),  0*  m 

0.0,  y 

■  0.60, 

K  -  6.0 

,  v  -  0 

.30,  pm 

3.0 

■o.  of 
Tin* 

*11 

*11 

*11 

*11 

*11 

*11 

4 

n 

0.1900 

0.0007 

o.oooo 

0.0191 

1.1411 

o.iooo 

0,0114 

0.0070 

0.4114 

4.1744 

1.0000 

0,1044 

0.0114 

0.4440 

4.(111 

1.1000 

0.1141 

0.1144 

1.1141 

7. 1111 

0.1000 

0.0000 

0.0007 

0.0000 

0.0000 

0.0000 

0.0191 

I.MI1 

0.1000 

0.0000 

0.0114 

Q.OOQO 

0.0000 

0.0070 

0.4114 

4.1744 

1.0000 

0.0001 

0,1010 

0.0011 

0.0000 

O.Otll 

0.4411 

4.(104 

1.1000 

0.0017 

0.11(1 

0.0041 

0,0001 

0.1110 

1.1414 

7.1101 

0.1000 

0.0000 

0.0007 

O.OItl 

1.1411 

0.1000 

0.0000 

0.0111 

0.4441 

4.1407 

1.0000 

0.0004 

0.1117 

0 » SOA? 

4.1111 

1.1000 

0.0014 

0  1141 

1.1411 

7.4411 
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TABLE  1 


COMPARISON  OP  PRESENT  AND  YAMAKI  SOLUTION 
POR  A  HOMOGENEOUS  ISOTROPIC  PLATE 


¥  m 

0. 30*  fi ■  1 • 0# 

Q*  ■  0.0 

d 

YAMAKI 

NUIDT 

0.0 

1.00 

1.00 

0.4 

o.m 

0.61 

O.S 

ti.92 

0.91 

1.2 

0.69 

O.BB 

1.6 

0,7* 

0.76 

2.0 

0.71 

0,70 

APPENDIX 

DEPENDENCE  OP  o  AND  0  ON  w 

Sulinlluiliim  of  Fqn.  (47  •  4tl)  mul  Kqn  (SD-64) 
lulu  Kqn.  (H  “  f»,  roHiH't'ilvely,  yloltln 


r?V- 


10,-0.) 

*  Mr 

n-*1 ) 


iSiJLijii  7eA  _  !£x!Llu±1l£jjll1 

(if  v>*  p  (7-7) 


20,  Ov 

A(lfo)®  (l-n) 


(W.y 


*0) 


0 


(A- 4) 


h'lir  n  Hiiusli'-Hiinilwii'h  iilnir  with  l«otni|»ii‘  fnoon  iiiiiI 
i'iiivk  Kt|Ht  <A*2>  mill  (A-4>  loiliiuo  In  I  ho  t‘<|inilitiiiH  nliliiiiii'il 
I iy  •Ini'iilisnii  Til]  • 
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A  DIGITAL  COMPUTER  PROGRAM  POR  AIRCRAFT  RUNWAY  ROUGHNESS  STUDIES 


Tony  G.  Qarardi  and  Adolph  K.  Lohwa»**r 
Air  Fore*  Flight  Dynamic*  Laboratory 
Wright-Patteraon  Air  Fore*  lace,  Ohio 


(U)  Tha  Air  Fore*  Flight  Dynamic*  Laboratory  haa  developed  a 
method  for  determining  the  dynamic  raeponee  of  an  alroraft  to 
runway  roughnaaa  during  take-off  and  conatant  apaed  taxi.  The 
mathematical  model  hae  baan  programmed  for  a  CDC  (600  digital 
computer  and  aaveral  compariaona  have  baen  mad*  between  axperl- 
mental  data  and  analytical  reault*.  Reeulte  of  the  comparlaon 
were  vary  good  and  they  aubatantiata  that  model  almulation*  can 
ba  aubetltuted  Cor  coatly  taxi  teat*  with  lnotrumentad  airplane*. 


INTRODUCTION 

A  major  problem  which  can  occur  during 
take-off  and  taxiing  operation*  of  aircraft  i* 
abnormally  high  acceleration  level*  oauead  by 
the  interaction  between  th*  aircraft  landing 
gear  and  an  axceealvely  rough  runway.  Du*  to 
theca  acceleration* ,  runway*  ara  evaluated  with 
reepaot  to  roughnaaa  in  order  to  lneurt  timely 
pavement  maintenance  to  control  aircraft  atruo- 
tural  loade  and  fatigue.  Alao,  rough  runway* 
affact  crew  member  abllltlaa  by  reducing  in- 
atrumant  readability  and  crew  comfort.  Th* 
objeotlve  of  thee*  avaluatlona  la  to  locate  th* 
rough  area*  of  a  runway  and  reduce  the  air¬ 
craft'*  roaponae  to  them  by  either  grinding  th* 
rough  eraae  down  or  reaurfaolng  them.  Specific 
example*  of  thl*  problem  were  tha  exeeeelv* 
dynamic  reaponae  during  ground  operation*  of 
two  heavy  alroraft  at  two  different  overiaa* 
location*.  In  both  case*  pilot  report*  indi¬ 
cated  *xc***lva  crew  member  dlacomfctt.  A*  a 
retult  of  thee*  pilot  report* ,  both  eirplan** 
war*  lnetrumanted  with  low  frequency  **rvo 
accelerometer*  and  tailed  at  the**  two  loca¬ 
tion*.  In  *acl\  teat,  acceleration  levela 
greater  than  .4g  peait  at  tha  pilot'*  elation 
were  meaaured.  Thee*  levela  exceed  th*  accep¬ 
table  criterion  aa  ahown  in  Figure  1.  which  ie 
a  comparlaon  between  th*  human  tolaranc*  cri¬ 
terion  and  th*  level*  meaeurad  {1].  It  ahould 
ba  noted  that  th*  peak  acceleration  for  the 
flrut  and  eecond  teat  aircraft  war*  .Jig  at  2Ha 
and  .(2g  at  4Ha  reepaot ively.  Employing  the** 
teat*  nault*.  th*  rough  aectlone  of  th*  runway 
for  both  oaae*  war*  identified  and  raoemmenda- 
tiona  of  repair  were  mad*.  Thia  damonatrata* 
that  teat*  of  thia  type  ere  effective  in  loca¬ 
ting  th*  rough  area*  of  a  runway.  However, 
they  require  large  expenditure*  of  both  tim* 


and  manpower.  Thua,  another  lea*  coatly  tech¬ 
nique  to  meet  thia  requirement  waa  needed. 


Figure  1.  Human  Tolaranc*  Vibration  Criteria 

One  auch  technique  involve*  th*  ua*  of  a 
mathamatlcal  model  to  elmulat*  the  alroraft  and 
runway  Interaction.  Th*  feaeibllity  of  thl* 
technique  for  apeclfic  aircraft  wae  proven  by 
th*  Boeing  Company  [2]  in  19(7  with  a  almu- 
latlon  of  a  heavy  aircraft.  Thia  technique 
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gav«  good  results  but  required  hour*  of  computer 
elm  a*  wall  aa  large  amounts  of  highly  datailad 
airplane  data.  In  1970  tha  Loekheed-Caorgia  Com¬ 
pany  [3]  developed  a  technique  for  almulatlng 
another  heavy  aircraft  during  ground  oparaelona, 
Thla  technique  required  laae  than  one  hour  of 
computer  time,  leae  airplane  data  than  tha  pre- 
vloue  program,  but  etill  could  almulate  only  one 
aircraft.  Thee*  technlquae  did,  however,  prove 
tha  faaelbillty  of  the  almulaclon  of  the  air¬ 
craft  and  runway  Interaction. 

the  principle  purpoee  of  thla  analytical 
inveetigaelon,  "A  Digital  Computer  Program  for 
Aircraft  Runway  Roughneee  Studiee",  wee  to 
develop  a  general  airplane/runway  model  capable 
of  almulatlng  any  aircraft  travaralng  a  runway 
profile*,  The  major  advantagaa  of  thia  medal 
over  prevloua  technlquae  are  Chat  It  le  aimple 
to  uee,  requlraa  laae  than  two  minutea  on  a  CDC 
6600  to  almulate  a  typical  aircraft  In  a  take¬ 
off,  end,  of  upmoat  importance,  compare*  vary 
well  with  experimental  data. 


model  le  excited  by  forcea  at  the  landing  gear 
attachment  points,  The  data  required  to  repra- 
■ent  thla  elaatlc  structure  la  the  generalised 
mass  end  frequency  for  each  mode,  the  modal 
deflections  at  the  gear  attachment  polnta,  tha 
center  of  gravity,  a  tall  locution  end  the 
pilot1!  etatlon. 

landing  Pear  Strut l 

A  schematic  of  a  typical  landing  gear 
strut  is  shown  in  Figure  4.  Tha  total  force  In 
a  landing  gear  strut  la  comprised  of  three  forcea. 
These  era  the  elr  apring  (pneumatic  force)  [4], 
the  vlecoue  damping  (hydraulic  force)  [4]  end  an 
internal  at  rut  friction  force  [4],  When  an  air¬ 
plane  ie  atetlc,  eittlng  on  e  ramp,  tha  only 
force  in  the  etrut  la  tha  pneumatic  force.  This 
force  can  be  axpreaaad  aa  follows  i 


^ m  Pao^on*a 

(V0  -  S  A,)1* 


(iaothermal  process)  (1) 
(n*l) 


GENERAL  AIRPLANE/ RUNWAY  MODEL 

Tha  general  modal  ooneiete  of  e  flexible 
eircreft,  lending  gear  etrute  end  tirai,  end  the 
runway  profile.  Thla  general  modal  is  shown  in 
Figure  2. 


Figure  2,  Qansral  Airplane 

Each  eaparata  component  of  the  model  will 
now  be  described  in  the  following  orderi  struc¬ 
ture,  lending  gear  etrute,  tlree,  end  runway 
profile  repraeentetlon. 

Flexible  Sjritgturjj, 

The  flexible  etruoture  ee  ahown  in 
Figure  3  le  modeled  ee  an  eleitlc  atructure 
whoae  motion  le  e  auperpoeition  of  ite  free  vib¬ 
ration  modaa,  weighted  by  time-dependant  general- 
lead  coordinate*,  Thee*  vibration  model  ere 
calculated  mode  shapes  and  frequencie*  of  the 
aircraft  being  modeled.  In  addition,  the  aircraft 
hee  three  rigid  bndy  degrees  of  freedom)  pitch, 
plunge  end  horiiontal  tranalatlon.  The  elastic 
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^STATIC  UNDEFLECTED  FUSELAGE 


Flgur*  3,  Elastic  Structur* 

*  This  work  la  being  dona  for  the  Air  Force 
Waapone  Laboratory 


whara  P|0  -  the  fully  extended  etrut  preeeura 

Vfl  *  the  fully  extended  etrut  volume 

A(  ■  the  pneumatic  piston  area 

8  ■  Strut  atroka 


During  a  taxi  or  take-off  condition,  the 
pneumatic  force  la  tha  largest  of  the  strut 
forcae.  A  plot  of  a  typical  load  ve,  stroke 
curve  ehowlng  tha  magnitude  of  the  pneumatic 
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device  ii  accounted  for  in  thla  modal. 


fore*  at  a  function  of  atroka  ii  ehown  in 
Figure  3.  A a  can  ba  aaan,  tha  pnaumatic  apring 
forca  lncraaaaa  exponentially  aa  tha  piiton  or 
lower  portion  of  tha  atrut  movaa  up  and  com- 

preaaaa  tha  air. 


B  10  IB  10  25  80 
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Figura  3.  Strut  Statio  Load  Stroke  Curva 

Tha  aacond  of  tha  thraa  atrut  forcaa  la 
tha  hydraulic  forca.  Thla  forca  can  ba  axpree- 

aad  aai 


wharai  ph  ■  danalty  of  tha  Hydraulic  fluid 
«  hydraulic  platen  area 

A  »  affactlva  orifioa  araa  (conatant 
oriflca  minua  nataring  pin  araa) 

Cj  ■  orifioa  coafficiant  (uaa  .9) 

S  ■  atrut  piaton  valocity 

From  aquation  (2)  It  can  ba  aaan  that  tha 
hydraulic  forca  la  proportional  to  tha  atrut 
piaton  valocity  aquarad.  Thua,  if  tha  atrut 
piaton  la  not  moving  tha  hydraulic  forca  la 
aaro.  Figura  i  illuatrataa  that  aa  tha  atrut 
piaton  movaa  up  or  down  tha  affactlva  orifioa 
araa  (total  orifioa  ara  minua  mataring  pin  araa) 
changaa.  Therefore,  tha  hydrualic  forca  la  a 
function  of  both  tha  atrut  piaton  valocity  and 
atrut  poaition.  During  taxi  aquation  (2)  ia 
rapraaantativa  of  tha  hydraulic  forca  during 
atrut  conpraaaion  and  axtanaicn. 

Tha  nataring  davlca  which  ia  uaad  to  vary 
tha  affactlva  oriflca  araa  with  atroka,  can  ba 
a  conventional  nataring  pin,  a  fluted  mataring 
pin  or  a  mataring  tuba.  Tha  change  of  tha  af¬ 
factlva  orifice  araa  with  atrut  atroka  for  aach 


Tha  third  and  final  atrut  forca  la  a  fric¬ 
tional  force.  From  a  pravioua  ln-houaa  atudy, 
a  typical  atrut.  friction  forca  during  taxi  and 
taka-off  waa  laaa  than  .6  percent  of  tha  total 
atrut  forca.  Thua,  alnca  tha  frictional  forca 
la  vary  email  it  la  neglected. 


ItElL 

Tha  naxt  component  of  tha  modal  la  tha  tira. 
Thu  analytical  rapraaantatlon  of  tha  tira  forca 
la  aa  followa  t 

FT  -  K,  Td  (3) 

whara  TB  >  tira  deflection 

■  linear  tire  apring  conatant 

Figure  7  ehowe  a  typical  tira  load  deflec¬ 
tion  curva.  Generally,  a  tira  ia  inflated  to  a 
preaaura  auch  that  tha  atatic  daflaction  will 
be  approximately  33  percent  of  ita  aaotlon 
height.  Thla  daflaction  ia  uaad  in  tha  analy¬ 
tic  to  determine  tha  tira  apring  conatant.  It 
ahould  ba  noted  In  Figura  7  that  tha  load- 
deflection  curva  ia  vary  nearly  linear  in  and 
around  tha  atatic  daflaction  area.  During  taxi 
and  taka-off  tha  tira  daflaction  la  in  tha 
linear  portion  of  tha  curva.  Tharafora,  a 
linear  apring  conatant  (KT)  which  it.  tha  alopa 
of  the  load-deflaction  curve,  can  ba  uaad  for 
tha  taxi  analytic. 

Tha  tira  daflaction  la  defined  aa  tha  eum 
of  tha  daflaction  of  tha  unaprung  mate  (atrut 
piaton,  tire  and  wheal  aaaembly)  and  tha  run¬ 
way  profile  elevation. 
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Figure  8.  Runway  Profile 


Runway  Profile  I 
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The  final  component  in  the  general 
model  la  the  runway  profile.  The  runway  pro¬ 
file  data  ia  normally  maaaurad  aa  the  height 
above  eome  datum  line  aa  llluetratad  in  Figure 
8.  Tile  runwey  elevation  profile  (yj,)  ia  then 
tabulated  for  each  nuccaealva  increment  of 
meaaurameni .  The  lnarement  of  horieontal  die- 
tenet,  (x) ,  ia  uaually  two  (2)  feat,  but  a 
one-half  (1/2)  foot  incremental  diacance  ia 
alao  common.  Thia  modal  uaee  data  taken  on  two 
(2)  foot  intervale. 

To  properly  Interface  with  the  other 
oomponenta  of  the  model  it  ia  necaaaary  to  ex¬ 
piate  the  runway  profile  at  a  function  of  time. 
This  can  be  dona  by  flrat  determining  the  run¬ 
way  elevation  profile  ea  e  function  of  dietenca. 
One  approeoh  [3]  ia  to  uae  a  polynomial  equation 
for  fitting  a  curve  to  a  aalactad  number  of 
polnta  on  the  runway,  that  iat 


V(x)-a^  +  a2x  +  a3x2  +  a^x3 . *n,n"’1'  h"li2«3 


All  of  tha  above  oomponenta  of  the 
general  modal  can  now  ha  combined  to  form  the 
detailed  mathematical  modal  ehown  In  Figure  9. 
Tha  detailed  modal  incorporate*  a  flexible 
fuselage  with  one  noae  gear  and  multiple  main 
landing  gear.  The  landing  gear  atruta  can  b* 
conventional,  articulated  end  or  the  double 
acting  type.  Alec,  thia  model  include!  lift, 
thruat,  aerodynamic  and  rolling  drag.  The 
degrees  of  freedom  of  the  modal  era  pitch, 
plunge,  horlaontal  translation  and  up  to  13 
flexible  mode*  of  vibration. 

Rcuation  of  Motion  I 

Tha  differential  aquation*  of  motion 
for  tha  mathematical  modal  war*  dtrlvad  by 
application  of  Hamilton'*  principle  of  minimum 
energy.  Tha  general  form  of  thae*  aquatlona  la 
ahown  below  and  corraapond  to  tha  notation 
ahown  in  Figure  9. 

Rigid  Body  Equation*  of  Motion 


Thia  method  uaaa  tha  slops  and  three 
runway  elevation  point*  to  aolva  for  tha  coef¬ 
ficient*  *1(  *2,  »j,  and  *4. 


y '  (xjl) 

- 

“1 

0  1  2x3  3X: 

I  #1 

y(*x) 

r  1 

V 

1  Kj,  xx2  xx3 

•2 

y(*2) 

I  1 

13 

|  m 

1  x2  X22  x2  3 

*3 

y(*3) 

1 

id 

1  x,  x32  X33  J 

l 

*4 

Tha  alop*  at  tha  beginning  of  a  runway 
aegmant  i*  mad*  to  equal  the  alop*  at  tha  and 
of  tha  pravioua  aegmant,  thua  maintaining  a 
oontlnuoua  alop*  from  on*  aegmant  to  another. 

Thia  technique  providta  a  method  for 
obtaining  tha  analytical  function  y(x)  for  the 
runway  elevation  profile  for  a  aalactad  aegmant 
of  tha  runway.  Tha  proouaa  i*  repeated  aa  many 
time*  aa  naoaaaary  to  oovar  the  total  horiaon- 
tal  dlatanee  required  for  a  apaolflad  problem. 


Z  •  (F,1+F,l+r-j+l.-M)/Mei 

[c.g.  vertical  acceleration] 


*1  -  (7) 

h  *  (Ft2-F*2*W2^M2  W 

Z3  *  0't3-Fi3-W3)/M3  (9) 

[landing  gear  unsprung  miss  acceleration 
8  -  0',iA+ri2»+FTDc1-r.3c)/iyy  do) 

[pitching  accelaratlonl 

X  -  (rT-FTD-FAD)/(M0|+M1+M2-W3)  (11) 


[horieontal  tranalation  accalaratlon] 
where  1 

F,2,  F|2,  Fi3  «  total  landing  gear  at  rut 
forcaa 
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•  LIFT 


DRAG 


Ftl’  Ft2’  *t3  "  tlr*  ^otc•,l 


Mog'  H,xyy 


■  aircraft  nan,  weight  and 
pitching  inertia 


time  rata  of  changa  of  lift  ia  small  comparad  to 
tha  rata  of  changa  of  tha  landing  gaar  forcaa. 


WL.  wa,  W3  ■  unsprung  landing  gaar  waighta 

A,  B,t^  a  momant  araa 

L,  Ft,  FIt),  Fad  a  lift,  thrust  and  tira  and 
aarodynamlc  drag  forest) 
[L,Ff  and  aut  through 
tha  cantar  of  gravity] 

Flaxlbility  Equations  of  Motion 

“i'll  *  ^il^al  +  5i2Ps2+5i3Fs3  “  2tiwiMi’i 
-u^2  Miqi  for  tha  ith  mods  (12) 


Tha  technique  used  for  solving  tha 
coupled  non-linaar  differential  aquations  of 
motion  that  dtecrlba  tha  aimulatad  aircraft  it  a 
three  term  Taylor  Series •  For  example,  tha 
aquation i 

♦I  « 

x  ■  ex  +  tut  (13) 

Tha  three  term  Taylor  Barits  representation  can 
be  written  asi 

K(X+l)‘1‘(l)+,;(I)it  +  *(I)^ 

Where  I  -  1  +N 


where l 

■  tha  generalised  mass 

Sui  fiii  ■  modal  deflections  at  gaar 
J  location  1,  2  and  3 

ui^  ■  modal  frequency 

■  damping  factor 

I  Si 

4ii  4 i i  qi  *  generalised  coordinate  and  time 
derivatives 

Tha  generalised  force  due  to  lift  is  not  included 
in  the  flexibility  aquation  of  motion  because  tha 


Tha  values  for  x,  x  and  x  from  the  previoua  step 
ere  subatitutsd  into  equation  (Id)  and  a  new 
value  for  x  ia  obtained.  Differentiating  aqua¬ 
tion  (Id)  wa  obtain  for  tha  velocity  x,  tha 
expression 

i(«a)"i(t)^(x)<At>  a5> 

The  values  for  x  and  x  art  then  substituted  into 
equation  (13)  and  a  new  value  of  x  is  found. 

This  entire  process  ia  rapaaeed  with  the  new 
values  of  x  and  x  to  obtain  the  next  point  in 
the  solution.  When  compared  to  a  general  Runga- 
Kutta  solution,  which  was  used  on  one  of  tha 
previous  taxi  simulation  programs,  thle  three 
term  Taylor  ssrlas  yielded  the  same  accuracy. 
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Output  Format i 

Th*  results  of  tha  modal  ara  provldad 
•a  both  a  prlntad  output  and  a  tima  history  plot. 
The  prlntad  output  llata  tan  Important  para- 
matara  avary  ona  hundradth  of  a  aacond. 

Figure  10  ahowa  a  photographic  re¬ 
duction  of  a  typical  Calcomp  plotted  time  his- 
tory.  Tnla  figure  depicta  a  eumulated  fighter 
aircraft  taking  off  from  tha  runway  at  taat 
location  one.  Tha  plotted  output  includea 
tltlaa  ahowlng  tha  airplane  ilmulatad,  ita  groaa 
weight,  tha  runway  number  and  lta  location.  Tha 
ordinate  la  the  time  axle  annotated  avary  aacond. 
At  avary  time  annotation  tha  currant  value  of 
aircraft  apaad.  In  faat  par  aacond,  and  tha 
currant  aircraft  petition  on  tha  runway,  In  faat, 
ara  printed  out>  Runway  marker*  (1000  foot 
marker*)  ar*  plotted  on  tha  time  *eal*  to  aid  In 
aircraft  petitioning.  Tha  plot  titled  "No** 

Gear  Track"  1*  a  time  hiatory  of  tha  runway  pro¬ 
file  a*  it  1*  encountered  by  tho  aircraft'*  no** 
gaar.  Thar*  ar*  two  aircraft  acceleration  tima 
hlatorla*.  On*  1*  tha  vertical  acceleration  at 
the  airoraft'a  canter  of  gravity  (CQA).  Each 
tin*  hiatory  1*  banded  by  the  human  tolaranca 
criteria  of  +  .4|.  In  order  to  minimi**  tha 
amount  of  oo7*  required  to  itora  tha  acceleration 
tima  histories,  the  higher  ftaqutney  component* 
war*  affectively  filtered  out  by  limiting  the 
•*mpl*  interval i  All  of  tha  acceleration  peak*, 
however,  ar*  shown  on  the  plot.  It  should  b* 
noted  that  tha  pilot  station  and  eenttr  of 
gravity  acceltration  time  historic*  ar*  not 
always  within  th*  band  of  accepted  human  toler¬ 
ance  criteria.  Thus,  tha  plot  1*  very  useful  In 
that  it  provide*  a  graphical  record  of  th*  level 


of  icotlantlon  and  It  chow*  which  bump*  in  th* 
runway  profile  caused  tha  high  acceleration 
response*. 

Result* i 

Raault*  of  this  analytical  investi¬ 
gation  hav*  bean  compared  to  recorded  experi¬ 
mental  data  of  two  heavy  airplanes  at  two 
overseas  location*.  Figure  11  la  a  plot  of 
pilot  atation  acceleration  versus  distance  down 
tha  runway  for  test  aircraft  on*  taking  off 
from  test  location  on*  *t  273,000  pound*  with 
th*  center  of  gravity  at  23.1  percent  of  tha 
naan  aerodynamic  chord  (MAC).  Th*  solid  lln* 
■how*  th*  analytical  result*  and  thd  dashed 
line  shows  tha  measured  result*.  Tha  teat  and 
analysis  results  indicate  that  on*  area  of  tha 
runway  consistently  produci*  aircraft  accelera¬ 
tions  greater  than  the  ,4g  criterion.  Th* 
location  of  this  rough  area  measured  from  th* 
northeast  and  of  th*  runway  1*  between  3700  and 
1700  faat  a*  shown  on  Figure  11.  Both  curve* 
■how  that  for  most  of  th*  runwny  tha  accelera¬ 
tion  level*  ar*  las*  than  .2g  which  1*  typical 
of  th*  laval*  for  an  acceptable  runway. 

Tha  result*  of  th*  computer  program 
"TAXI"  ware  also  compared  to  experimental  data 
measured  on  a  heavy  bomber  (test  aircraft  two) 
operating  out  of  test  location  two,  Figure  1? 
show*  the  acceleration  time  histories  of  simu¬ 
lated  (top  three  line*)  and  measured  (bottom 
three  lines)  date  for  th*  pilot  station,  eg  at 
a  location  in  th*  tail  FS  1633  respectively  for 
a  400,000  pound  airplane  during  a  constant  speed 
40  knot  taxi.  The  location  nf  th*  rough  section 
of  this  runway  1*  dearly  Identified  at  runway 


i 
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marker  number  three.  The  cimuluted  acceleration 
level*  were  within  six  percent  or  the  measured 
levels  where  the  peaks  occurred. 

A  comparison  os'  simulated  results  to 
measured  data  was  also  made  on  a  lighter  air¬ 
craft.  Figure  13  shows  the  plotted  results  of 
simulated  (top  two  linae)  and  measured  (bottom 
two  lines)  data  on  the  37,500  pound  fighter 
during  a  constant  speed  29  knot  taxi  over  a 
built  up  ramp.  Tha  ramp  was  a  bump  15.5  feat 
long  with  a  maximum  amplitude  of  1.5  inches. 

Tha  simulated  acceleration  laval  at  the  aircraft 
center  of  gravity  was  within  nine  parcant  of  the 
measured  level  at  the  peak. 

Figure*  11,  12,  and  13  demonstrate 
that  the  computer  program  "TAXI"  will  work  satis¬ 


factorily  on  cargo,  bomber  and  fighter  type 
aircraft  respectively. 


Figure  11.  Comparison  of  Mean  Values  of  Experi¬ 
mental  and  Analytical  Results  of 
Test  Aircraft  Number  1 
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Figure  12.  Comparison  of  Simulated  end  Measured  Acceleration  Tima  Histories 
of  Tsst  Aircraft  2  During  a  40  Knot  Taxi  at  Test  Location  2. 
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Figure  13i  Comparison  of  Simulated  and 
Measured  Aocalaration  Tima 
Hlatoriaa  of  a  Fightar  Aircraft 
Travaralng  a  Ramp 

Conclualon l 

In  conclualon)  tha  goala  of  gana rating 
a  ganaral  airplane/runway  modal  capabla  of 
accurately  simulating  practically  any  airplane 
travaralng  a  runway  profile  with  a  minimum  of 
input  data  and  in  a  raaaonabla  amount  of  com¬ 
puter  time  were  fulfilled.  Thraa  aircraft  have 
aucaaafully  baan  aimulatad  with  the  modal  and 
tha  raaulta  compare  favorably  with  available 
experimental  data.  Tha  amount  of  airplane  data 
required  by  tha  program  haa  been  kept  to  a  mini¬ 
mum,  The  computer  time  required  to  aimulate  a 
typical  airplane  taking  off  la  leaa  than  two 
hundred  atconda  and  laaa  than  77700  atoraga 
locations  on  a  CDC  6600  computer. 

The  modal  lmulatlon  compare!  very 
wall  with  experimental  data  in  that  the  rough 
are. a  of  the  runway  were  located  and  paak  pilot 
atation  accelerations  ware  cloaaly  matched. 

A  medal  of  thia  type  hea  many  poaaible 
applications.  Runway  repair!  can  be  simulated 
to  determine  if  the  repair  will  be  effective  in 
reducing  airplane  reiponaa.  Another  application 
would  be  to  determine  the  response  of  new 
system!  to  runway  roughnaaa  in  ordar  to  expoae 
a  potential  roughnaaa  problem  in  the  design 


stage.  Still  another  application  would  be  tha 
evaluation  of  new  pavement  techniques  and 
daaigna.  A  typical  example  la  the  recently 
used  "Slip-Form"  method  of  paving  runways.  This 
modal)  with  minor  modificationa  ahould  lend 
itself  vary  readily  to  these  and  other  future 
applications. 

Tha  present  objective  of  formulating 
a  general  model  has  been  met  and  now  that  it 
haa  euccesa fully  been  demonstrated,  runways  can 
be  evaluated  for  roughness  characteristics  with¬ 
out  a  costly  taxi  test. 
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DISCUSSION 


Mt.  O'Learv  (Boeing  Vsrtol  Division)  i 
Did  I  understand  you  to  lay  that  you  naadad  cha 
input  to  ba  defined  tor  tha  runway  roughneaa? 

In  other  words,  what  la  tha  Input  to  tha 
program? 

Mr.  Oarardli  Tha  input  is  actual  profile 
data  taksn  on  two  foot  intarvals.  Tha  proflla 
la  maaaurad. 

Mr^Qlliiry  i  do  you  have  any  wing  or 
alrplana  aarodynamloa  In  thara.  I  notioad  for 
lnstanoa  that  tha  olao  spring  and  tha  tira 
springs  ars  nonlinaar.  To  rapraaant  tha 
dynamics  of  that  structure  you  almost  naad  tha 
tima  history  of  a  takaoff. 

Mr.  Oarardli  Wa  do  hava  aarodynamloa 
In  It  both  drag  and  lift.  It  la  a  funotion  of 
spaad  as  it  should  ba,  Wa  hava  looatad  tha 
lift  fores  at  tha  eantar  of  gravity  to  off-sat 
tha  problem  of  moments  that  would  have  to  ba 
pilot  Input, 

HU-ft'Amyi  You  say  It  is  a  general 
modal.  Do  you  generally  hava  bottoming 
springs  in  tha  olaosi  I  didn't  aaa  that 
rapraaantad  on  your  olao  spring, 

Mr.  Oarardli  No,  wa  don't,  Wa  hava 
never  run  into  a  problem  where  wa  hava 
bottomed  a  strut  in  simulation. 


Mr.  Lomoraa  (Lockheed,  California  Co,)i 
It  would  seam  to  me  that  there  should  Fa  acme 
application  of  Dr.  Pllkay's  work  to  your  work 
In  defining  clasaoe  of  runway  roughness  which 
would  fsll  within  tha  scops  of  kaaplng  tha 
rasponaa  lavela  below  tha  required  4  g's, 

Mt.  Oarardli  I  think  tha  arass  art 
probably  related, 

peak  acceleration  odour  at""^^^  polnt^as 
tha  peak  roughness? 

Mr.  Oarardli  Generally,  thara  la  a  alight 
time  lag  and  It  depends  on  the  vartleal 
translation  or  tha  pitching  frequency  of  tha 
alrplana, 

Mr.  Thomson  (University  of  California)! 

How  do  you  make  thasa  proflla  measurements  at 
two  foot  Intervals?  What  kind  of  Instrument 
do  you  use? 

Mr.  Carsrdli  Wa  started  out  with  a  rod 
and  level,  but  tha  Air  Force  now  has  a  machine 
that  will  taka  runway  alavation  points  at  five 
miles  i»jr  hour.  It  takas  alavation  points 
avary  alx  lnchea,  digitises  them  and  puts  them 
on  magnetic  tape. 
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This  paper  describes  an  algorithm  lor  determing  the  transient  response  and 
control  functions  of  nonlinear  dynamic  systems  subjected  to  prescribed  time 
dependent  constraints.  The  directional  handling  behavior  of  a  traotor  semi¬ 
trailer  performing  a  prescribed  maneuver  is  computed  using  this  technique. 


INTRODUCTION 


Modern  development  of  the  digital  com¬ 
puter  has  rendered  the  simulation  of  the  dynam¬ 
ic  behavior  of  nonlinear  systems  a  reality.  Us¬ 
ing  mat  hematical  models  and  computer  soft  - 
ware,  the  conceptual  design  of  a  system  can  be 
evolved;  prototype  hardware  can  be  developed; 
and  production  product  can  be  evaluated  for 
function  through  digital  simulation.  Therefore, 
through  the  design,  development  and  production 
stages  of  an  evolving  product,  a  digital  simula¬ 
tion  model  of  a  system's  performance  and 
structural  integrity  can  be  a  vital  asset, 

Often  the  transient  response  of  nonlin¬ 
ear  systems  is  required  to  determine  perform¬ 
ance  and  structural  Integrity.  Present  technol¬ 
ogy  calls  for  the  direct  Integration  of  the  sys¬ 
tem  equations  of  motion  using  a  numerical  in¬ 
tegration  technique  such  as  Runge-Kutta  or 
predictor-corrector  implemented  on  the  digital 
computer.  Direct  integration  of  the  system's 
equations  of  motion  is  usually  a  costly  proce¬ 
dure.  Many  small  time  steps  over  several 
periods  or  duration  of  phenomena  are  required, 
If  the  formulated  i.i'oblem  has  many  interrelated 


state  variables,  then  the  Integration  time  may 
become  prohibitive,  especially  if  multi-runs 
are  required  for  design  or  diagnosis,  For  a 
class  of  problems  involving  tlms  dependent 
open  loop  controls  to  achieve  a  prescribed  sys¬ 
tem  performance,  a  semi-inverse  algorithm 
combining  parameter  perturbation  and  numer¬ 
ical  integration  haa  been  shown  to  have  func¬ 
tional  and  economical  advantages  over  direct 
integration.  Specifically,  this  technique  has 
been  successfully  implemented  in  tractor  semi¬ 
trailer  handling  studies  [  1  ], 

This  paper  is  devoted  to  the  descrip¬ 
tion  of  the  semi-inverse  computational  technique, 
to  its  implementation  on  the  digital  computer, 
and  to  its  application  to  tractor  semitrailer 
directional  handling. 


TECHNIQUE  DESCRIPTION 

The  semi-inverse  technique  is  applica¬ 
ble  to  a  class  of  open  loop  controlled  dynamic 
systems  which  can  be  mathematically  modeled 
by  the  following  set  of  equations: 

q,x,  -  f,(x],x),t,sk) 
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where, 

Xi  *  system  dependent  variables  (re- 
1  sponse) , 

t  *  time , 

Cjj  =  constants, 

pk  «  system  control  parameters  (Input 

K  disturbance), 

(■  *  nonlinear  functions  of  system  vari¬ 

ables  and  oontrol  parameters 

1»J  ■  1,  2,  * . • ,  N 

k  >1,  2,  , . , ,  M 

The  basic  strategy  of  the  semi-inverse 
techniques  is  to  iind  the  system  control  param¬ 
eters,  Sv  (t),  that  impose  a  prescribed  response 
on  a  finite  number  M  of  the  system  variables, 

X< .  The  number  of  prescribed  dependent  vari¬ 
ables,  XM,  must  equal  the  number  of  system 
control  parameters,  Pm*  Wgure  1  schemati¬ 
cally  shows  this  computational  model.  The  com¬ 
putational  technique  Involves  the  use  of  the 
D'Alembert  principle  followed  by  integration  of 
the  unknown  response  variables  at  discrete  time 
instants.  The  steps  involved  in  the  development 
of  a  semi-inverse  computational  model  are  now 
described  in  detail. 


established  by  replacing  the  control  variables 
Pu  (t)  by  their  perturbed  values  pk  (t  +  it)  at 
time,  t+  At,  in  the  system  equations  of  motion, 
equation  (1).  At  time  step,  t  +  At,  the  control 
variables  are  written  in  the  following  form: 

pk  (t  +  At>- Pk(t)+  APk  (2) 

Equation  ( 2 )  is  substituted  Into  the  system 
equations  of  motion,  equation  ( 1 ),  to  obtain  the 
following  set  of  simultaneous  differential  equa¬ 
tions!  t 

qj  Xj  -f  (Xj.Xj.tf  At,  pk+ Apk)  (3) 


The  equations  of  motion  given  in  the 
form  of  equation  (3 )  are  rearranged  to  obtain 
a  set  of  linear  simultaneous  equations  with 
variables  X  (those  not  prescribed)  and  iBk . 
The  form  of  this  set  of  equations  is  shown 
schematically  by  equation  (4); 


C A  ] | y|  ■  |b|  (4) 


where: 

[A  ]  is  a  constant  coefficient  matrix 
evaluated  at  discrete  time  instants  in 
the  computation; 


Prescribed  Response  XM 


I 


Mathematical  Model 


Control  variables  PM  System  response  var¬ 
iables  XM+li ,  t  )Xn 


Figuie  1  •  Semi-Inverse  Computational  Model 
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is  an  unknown  vector  composed 
of  accelerations  and  control 
variable  increments  to  be  deter¬ 
mined  at  discrete  time  Intervals 


The  system  dependent  variables,  Xk,  are 
prescribed  as  a  function  of  time.  This  (ascrip¬ 
tion  can  be  in  a  functional  or  numerical  form . 
For  example,  the  path  of  a  vehicle  center  of 
gravity  can  be  expressed  jin  the  form  of  a  poly¬ 
nomial.  The  velocities.  Xk,  and  accelerations , 
Xk,  are  derived  from  the  dependent  variables, 
Xk,  through  differentiation.  If  the  accelera¬ 
tions,  Xk.  are  given  as  basic  data,  then  inte¬ 
gration  must  be  performed  on  the  problem  in¬ 
put  data  provided  the  physics  of  the  problem  re¬ 
quires  It.  A  set  of  perturbed  equations  are 


e  i  tit 

b  ■  f  (Xj ,  ...  ,  XM  ,VXj,UAt,  (ij ,  ,  • . .  ,  ) 

is  a  oonstant  vector  evaluated  at  discrete  time 
Instants. 


Equation  ( 4 )  Is  used  to  determine  the 
values  of  the  increments  In  control  variables, 
£>Pk,  and  the  unknown  response  variables, 
XMb1,  ...  ,  Xn<  Essentially  this  procedure 
le‘M  Application  of  D'Alemberts  principle  at 
discrete  time  points  in  the  syetem  transient 
response.  The  response  accelerations  are 
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constants,  equation  (5): 


to  find  &.  and  Xi  at  that  time  atep.  The  re* 
quired  control  parameters  are  formed  by  let* 
ting  By,  .  gi,  +  A  Pfc,  The  unpreecribed  var- 
X,  -  D,  M  +  l  <J  sN  (6)  tables,  Xj  and  the  control  parameters  Bk, 

]  }  and  the  pfescribm  trajectories  are  used  to  es  - 

tablish  the  simultaneous  equations  for  the  next 
tor  the  given  discrete  time  point,  and,  are  in-  time  step.  Figure  2  is  a  schematic  repreaen- 
tergrated  using  a  Taylor  series  expansion.  tation  of  the  computational  procedure  used  for 

System  quantities  dependent  on  XM+1 . .  the  semi-inverse  analysis  of  nonlinear  dynamic 

Xj^and  XM  . . X  N  are  obtained  after  systems. 

integration  of  equations  (6). 

AN  EXAMPLE:  TRACTOR  SEMITRAILER 
COMPUTATIONAL  PROCEDURE  HANDLING 


The  computational  procedure  consists 
of  a  series  of  numerical  evaluations  at  discrete 
time  Instants  during  the  elapsed  time  of  the 
system  motion.  It  is  almost  mandatory  that 
this  technique  be  implemented  on  the  digital 
computer.  Therefore  a  brief  description  of 
its  use  on  the  digital  computer  is  given. 

The  input  trajectory  values,  Xk,  Xk,  Xu 
are  determined  as  a  function  of  time.  Experi¬ 
ence  has  shown  that  where  the  trajectory  dis¬ 
placement,  Xj.,  is  used  to  obtain  X^,  and  xk, 
a  mathematical  function  should  be  used.  If 
experimental  data  is  available,  a  curve  fitting 
soheme  should  be  utilised  to  form  the  function. 
Normally  it  is  a  good  procedure  to  print  out 
the  generated  values  of  k  and  xk,  to  assure 
authenticity  prior  to  using  them  in  the  equations 
of  motion.  The  system  Is  sensitive  to  the  val¬ 
ues  of  Xk  since  it  is  the  fundamental  input  to 
the  set  of  linear  simultaneous  equations. 

The  computation  is  initiated  at  time  t  ■  0 
using  the  initial  values  of  the  system  and  the 
computation  proceeds  in  a  step-by-step  manner 
at  time  Intervals,  A  t.  To  minimize  computer 
time  it  is  advantageous  to  select  U.e  largest 
value  of  At  possible  which  will  maintain  numer¬ 
ical  stability.  The  value  of  At  is  dependent  on 
the  dynamic  characteristics  of  the  system.  In 
a  low  frequency  system  such  as  a  tractor  semi¬ 
trailer,  a  time  step  of  0.  OB  sec. was  used  with  a 
requirement  of  about  60  computational  points 
for  a  complete  maneuver.  In  this  example  it 
was  found  that  decreasing  the  siae  of  the  time 
step  had  no  effect  on  the  accuracy  of  the  results. 

Variable  values,  (X,  (t),  X.  (t),  8k(t) ) 
from  the  previous  time  stdp,  t,  are  uses  to 
form  the  constants  in  the  simultaneous  equa¬ 
tions,  equation  (4),  at  time  step,  t  ,■  At.  This 
set  of  simultaneous  equations  is  solved  using  a 
linear  equation  solver  for  the  control  variable 
increments ,  A  pfc ,  and  the  unprescribed  accel¬ 
erations,  xj.  The  values  of  Xj  arc  integrated 


The  semi-inverse  technique  has  been 
applied  successfully  to  the  simulation  of  direc¬ 
tional  handling  of  tractor  semitrailer  vehicles. 
Due  to  the  kinematics  of  the  vehlole  and  the 
tire  aide  force- slip  angle  (ratio  of  the  wheel 
side  velocity  to  its  forward  velocity)  relation¬ 
ships,  a  set  of  ordinary  nonlinear  differential 
equations  result.  The  criterion  for  good  vehi¬ 
cle  handling  is  the  ability  of  the  vehicle  to  ne¬ 
gotiate  prescribed  maneuvers  such  as  Ians 
changes  and  cornering  in  a  stable  manner  with¬ 
in  the  constraints  of  the  road  boundary.  There¬ 
fore,  the  forward  and  lateral  motions  of  the  ve¬ 
hicle  are  prescribed.  The  semi- inverse  meth¬ 
od  is  used  to  find  the  required  driver  controls 
(steering  and  braking)  that  will  yield  the  pre¬ 
scribed  traotor  motions  on  a  given  road  sur¬ 
face  with  specified  environmental  conditions. 
During  the  maneuver  ths  unpreecribed  responses, 
traotor  and  semitrailer  yaw  angles,  are  also 
found  as  a  function  of  time. 

The  equations  of  motion  are  similar  to 
equation  (1)  except  that  ths  position  coordinates, 
Xj  do  not  enter  into  the  formulation. 

CtjXj  -  ft  (Xj,  4,  D)  i, J  ■  1,2, .  •  • ,  (9) 


where 

C  j  j  is  a  function  of  the  vehicle  masses 
and  moments  of  inertia, 

Xj  vehicle  accelerations, 

Xj  vehicle  velocities, 

A  steering  angle, 

D  braking  force 

Ths  problem  is  formulated  as  a  set  of 
four  linear  simultaneous  equations  after  per¬ 
turbing  the  control  variables  (steering  and 
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Figure  2  -  Computational  procedure  for  semi-inverae 
analyaii  of  nonlinear  dynamic  ayatema 
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braking).  From  thii  sat  of  simultaneous  aqua* 
tlons  the  vehicle  yaw  angular  accelerations,  the 
steering  angle  and  the  braking  force  are  found 
as  a  function  of  time.  Figure  3  shows  an  ex¬ 
ample  of  the  results  obtained  from  this  method 
as  applied  to  the  tractor  semitrailer  simula¬ 
tion.  The  prescribed  motions  (12  ft  lane  change 
in  275  ft  at  50  mph)  is  shown  initially  followed 
by  the  steering  angles  required  to  pursue  that 
trajectory.  Succeeding  portions  of  the  figure 
shown  the  resulting  haw  angle  responses  and 
rear  tractor  tiro  slip  angles.  From  this  in¬ 
formation,  ths  drlvsr  control  requirements 
can  be  examined  along  with  the  vehicle  re* 
eponse  resulting  from  the  prescribed  trajec¬ 
tory  in  given  environmental  conditions.  The 
experimental  verification  of  Ihia  method  as  ap¬ 
plied  to  the  tractor  semitrailer  directional 
handling  problem  is  also  shown  In  Figure  3, 


DISCUSSION 

The  semi-inverae  method  haa  been  em¬ 
ployed  successfully  in  all  variable  rsgimea  of 
the  tractor  semitrailer  directional  handling 
problem.  In  fact,  it  haa  been  used  to  establish 
physical  stability  limits  for  cornering  and  lane- 
c hanging  vehicles,  it  was  found  that  the  com¬ 
puter  costs  wsrs  lsss  thin  those  incurred  when 
running  s  comparable  conventional  control- 
response  digital  computer  program. 

In  the  use  of  the  eemi-lnveraa  technique, 
certain  factors  such  as  error  estimates,  de- 
tsrmlnant  singularity  and  control  limits  have 
not  bean  Investigated  in  general.  In  fact  it  ap¬ 
pears  that  these  factors  may  have  to  bo  con¬ 
sidered  on  a  problem  to  problem  baele  because 
of  tits  wide  disparity  In  the  nonlinear  differen¬ 
tial  equation!  encountered. 

The  algorithm  is  dependent  on  the  solu¬ 
tion  of  a  set  of  linear  simultaneous  equations, 
Therefors  the  solution  could  become  tnaocurate 
If  the  determinant  of  the  matrlcies  becomes 
singular  or  near  singular.  In  the  example 
problem  noted  here,  thle  never  presented  It¬ 
self  as  a  problem.  As  a  precaution  It  ecems 
advisable  that  the  determinant  of  the  coeffi¬ 
cient  matrix  of  the  set  of  linear  equations  be 
examined  as  part  of  the  computation  process. 

Error  estimates  that  relate  to  the  chosen 
time  Increment  would  be  useful  in  setting  up  a 
problem  tor  computer  analysis,  To  date  the 
trial  and  error  process  employing  additional 
computer  rune  has  been  utilised  to  obtain  ths 
optimum  time  step  line.  A  good  initial  value 
for  the  time  step  size  can  be  obtained  from  an 
estimate  of  the  maximum  rate  and  period  of 
the  control  parameter, 


In  all  physical  problem*,  there  are  lim¬ 
its  on  the  eontrol  parameter- ranges  resulting 
tn  physical  limits  on  the  ability  to  control  the 
dynamic  variables.  Since  this  algorithm  deter¬ 
mines  the  controls  required  tor  opecified  sys¬ 
tem  responses,  the  problem  of  physical  limits 
of  the  controls  must  be  addressed.  If  the  al¬ 
gorithm  ia  being  used  for  design,  the  control 
parameter  requirements  can  be  determined. 
When  the  algorithm  ia  being  used  for  analysis 
of  an  existing  syetem,  ths  physical  limits  on 
the  control  parameters  must  be  programmed 
Into  the  computational  logic  to  constrain  ths 
rang*  of  controls  and  responses  of  the  system 
during  operation, 
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GUNFIRE-INDUCED  VIBRATION  ON 
THE  A-7E  AIRPLANE 


T,  W.  Elliott 
Nuvul  Missile  Center 
Point  Mugu,  California 


During  the  period  29  September  1969  through  6  Murch  1970  the  U,S.  Navel  Missile 
Center  participated  in  the  Board  of  Inspection  and  Survey  (BIS)  service  acceptance  trluls 
of  the  A-7E  airplane,  During  the  BIS  trials  measurements  were  taken  of  vibration  in¬ 
duced  In  avionics  and  airborne  stores,  These  measurements  were  taken  during  various 
(light  conditions  of  steady  captive  flight,  maneuvers,  and  tiring  of  the  M6IAI  gun,  a  20 
millimeter  cannon.  The  objective  of  these  measurements  wus  to  Investigate  the  nature  of 
the  vibrations  Induced  in  avionics  and  airborne  stores  as  functions  of  flight  parameters 
und  the  firing  of  the  M61AI  gun, 

Examination  of  the  vibration  response  dutu  during  gunfire  revealed  that  three  distinct 
types  of  response  occurred;  (I)  a  discrete  slnewuve  vibration  response  at  the  gun-flrlng 
frequency  und  at  several  higher  harmonics  of  this  frequency;  (2)  a  repetitive  narrowbund 
random  vibration,  approximately  HO  Hr,  wide,  repeating  at  multiples  of  170  Hr;  und  (3)  a 
shaped  random  vibration, 

It  wus  found  that  although  firing  of  the  MftlAI  gun  significantly  Increased  the  vibra¬ 
tional  response  of  various  units,  the  overall  level  of  response  wus  not  significantly  different 
far  the  different  gunfire  rates.  It  was  ulao  found  that  the  peak  values  and  frequency  of 
occurrence  of  the  discrete  responses  of  types  I  und  2  behavior  tended  to  exhibit  an  ex¬ 
ponential  decrease  with  harmonic  number, 


INTRODUCTION 

During  the  period  29  September  1969  through  6 
March  1970  the  ll.S,  Nuvul  Missile  Center  participated  in 
the  Bourd  of  Inspection  and  Survey  (BIS)  service  accept¬ 
ance  trials  of  the  A-7E  airplane,  During  the  BIS  trials 
measurements  were  taken  of  vibration  Induced  in  avionics 
and  ulrborne  stores.  These  measurements  were  taken  during 
vurlous  flight  conditions  of  steady  captive  (light,  maneu¬ 
vers,  und  firing  of  the  M6IAI  gun,  a  20-mllllmeter  can¬ 
non,  The  objectives  of  these  measurements  were  (1)  to 
determine  vibration  levels  thut  exceed  specification  or  that 
might  be  potentially  damaging  to  avionic  equipment  und 
missiles,  und  (2)  to  Investigate  the  nature  of  the  vibrations 
Induced  In  avionics  und  airborne  stores  as  a  function  of 
flight  parameters  und  tiring  of  the  M6IA1  gun.  This  paper 
Is  concerned  with  the  results  of  the  investigation  focused 
on  objective  (2), 


DESCRIPTION  OF  MEASUREMENTS 

The  A-7E  alrplune  (Fig,  I)  Is  a  slngle-pluce,  currier-  or 
land-busud  light  attack  ulrplune  with  limited  all-weather 
uttack  capability,  The  A-7E  has  an  airframe  structurally 
equivalent  to  the  A-7A  und  A-7B  ulr pianos  but  Incorpo¬ 
rates  advanced  radar,  navigation,  and  weapon  systems. 
A-7E  BU  No.  156739  was  the  prime  test  ulrplune  for  the 


guided  missile  trials  and  the  only  airplane  used  for  the  vi¬ 
bration  measurements.  A-7E  BU  No.  156739  wus  repre¬ 
sentative  of  production  ulrplunes  except  for  details  of  alrplune 
wiring.  It  wus  manufactured  for  use  in  eontruetor  develop¬ 
ment  testing;  therefore  production  wiring  techniques  were 
not  used  In  Its  manufacture  although  major  systems  were 
representative  of  production  airplanes, 

Vibration  dutu  were  acquired  before  and  during  firing  of 
the  M6IAI  gun  ut  high  und  low  airspeed  ul  altitudes  of  5,000 
feet  and  20,000  feet  MSL.  The  gun  was  fired  at  both  the  high 
fire  rate  (6,000  rounds/minute)  and  the  low  lire  rate  (4,000 
rounds/minute).  Vibration  dutu  were  also  obtained  while  the 
gun  wus  fired  during  u  full-power  dive  und  high-speed  pullout. 
Table  I  Hats  the  flight  conditions  obtained  during  these  tests. 

Vibration  response  levels  were  tneusured  on  the  follow¬ 
ing  equipment: 

1,  AN/APQ-I26((J)  forward-looking  radar  transmitter, 
In  the  nose  (Isolated) 

2,  AN/AVQ-7(U)  head-up  dlspluy  (HUD)  unit,  in  the 
cockpit 

3,  Air  data  computer  (ADC),  In  the  weapons  bay 
(Isolated) 

4,  AN/APQ-126IU)  forward-looking  radar  command 
computer,  In  the  weapons  bay 
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(WEIGHT  SHOWN  IS  MAXIMUM  LOAD  FOR  INDIVIDUAL  PYLON) 
Fig,  1  -  Three-vlow  drawing  of  A-7E  ulreruft 


TABLE  I 

Flight  Parameters  of  Vibration-Response  Measurements 
on  A-7E  Airplane 


Required  Flight  Parameters 

Flight  Conditions 
Attulned 

Gunfire  Rule 

Speed/Altitude 

Altitude 

(Feet) 

Mach 

No, 

Low/low 

5,000 

0.34 

Low/high 

20,000 

0,45 

Hlgh/low 

5,000 

0,76 

4,000 

Rounds/Mlnute 

High /high 

20,000 

0,74 

Dive 

20,000 

300 

(Initial) 

KIAS 

Pullout 

8,000 

(flnul) 

0.84 

Low/low 

5,000 

0,34 

6,000 

Low/ltlglt 

20,000 

0.48 

Rounds/Mlnute 

Hlgh/low 

5,000 

0.75 

Hlgh/hlgh 

20,000 

0,75 

5.  AN/ASN-9l(V)  tuetlcul  computer  net,  In  the  wcup- 
on#  buy 

6.  AN/AVQ-7(V)  heud-up  dUpluy  tilgnul  dutu  proc¬ 
essor,  In  the  weapons  buy  (isolated) 

7.  Armament  station  control  unit  (ASCU),  In  the 
weupons buy 

S,  WALLEYE  wtmpon,  on  pylon  ututlon  2 

9,  SHRIKE  weapon,  on  pylon  ututlon  3 

10,  SIDEWINDER  weupon,  on  pylon  ututlon  4, 

The  dutu  were  recorded  on  u  1 4-truclt  magnetic  tupe  re¬ 
corder  curried  In  an  Inutrumentutlon  pod  on  pylon  ututlon 
I,  Tuble  2  lu  u  llut  of  the  equipment,  locating  the  accel¬ 
erometers, 

For  eane  of  describing  vibration  response,  the  accel¬ 
erometers  were  separated  Into  vurloua  groups  as  defined 
In  Table  3 ,  Salient  variables  were  axes  of  accelerometers, 
locations  In  the  aircraft,  and  gunfire  rates. 

Also  lluted  In  Table  3  are  the  number  of  available 
dutu  points  for  each  group,  Other  groupings  ure  possible, 
but,  It  Is  believed,  the  grouping  In  Tuble  3  provides  the 
most  useful  Information  that  cun  be  obtained  without  re¬ 
ducing  the  number  of  dutu  points  to  u  level  where  stalls- 
tlcul  confidence  Is  lost, 


RESULTS 

General 

Five  separate  nights  were  made  to  obtuln  the  dutu  re¬ 
quired,  Two  flights  were  mode  to  obtuln  dutu  during  the 
four  conditions  of  straight  and  level  flight  before  and  during 
4,000  rounds/minute  gunfire  rate,  Two  flights  were  made 
to  obtuin  data  during  the  four  conditions  of  straight  and 
level  flight  before  und  during  ft, 000  rounds/minute  gunfire 
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TABLE  2 

Accelerometer  Locutions  lor  Measurements 


Accelerometer 

No. 

Measurement 

Hi  roc  lion 

Aircraft  Subsystem 
(Unit) 

1 

2 

3 

Longitudinal 

Vertical 

Lule  ml 

Command  computer  unit 
(forward-looking  radar  assembly) 

1 

6 

Longitudinal 

Vertical 

Lateral 

Kndar  transmitter  unit 
(forward-looking  radar  assembly) 

■  7 

8 

9 

Longitudinal 

Vertical 

Lateral 

Weapons  delivery  system  computer 

1(1 

11 

12 

Longitudinal 

Vertical 

Lateral 

Air  data  computer 

13 

M 

13 

Longitudinal 

Vertical 

Late  ml 

llond-up  display 

16 

17 

18 

Longitudinal 
,  Vertical 
Lateral 

Signal  data  processor 
(heml-up  display  unit) 

19 

21) 

21 

Loitgitudltml 

Vertical 

Lateral 

Armament  h tut  Ion  control 

i 

22 

23 

24 

Longitudinal 

Vertical 

Lateral 

SIDEWINDER  weapon 
(at  missile  station  38 1 

23 

26 

27 

Longitudinal 

Vertical 

Lateral 

WALLEYE  weapon 
(at  missile  station  23) 

28 

29 

30 

Longitudinal 

Vertical 

Lateral 

SHRIKE  weapon  i 
(at  missile  station  14,3) 

TABLE  .1 

Accelerometer  Groupings  and  Number  of  Data  Points 


Group 

Data 

Point* 

No. 

Accelerometer*  Description  (No*,) 

1 

All  (1  to  )0) 

264 

2 

All  Vartlcal  (2.  ),  8,  II,  14.  17. 20,  2).  26,  29) 

88 

3 

All  Longitudinal  (1,  4,  7,  10,  13,  16,  19,  22.  23,  28) 

88 

4 

All  Lateral  (3,6,  9,  12,  13,  18,  21,  24,  27,  30) 

88 

3 

All  «t  >1,000  Round* /Minute  Gunfire  lUtv  (I  to  30) 

136 

6 

All  at  6,000  Round* /Minute  Gunflte  Rate  (1  to  30) 

I0B 

7 

All  None  (4,  3,  61 

30 

8 

All  Ray  II,  2,  3,  7  to  12.  16  n>  21) 

130 

9 

All  Cockpit  (13,  14,  13) 

20 

10 

All  Store*  (22  to  30) 

84 
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rate,  One  flight  was  made  to  obtain  data  during  the  ma¬ 
neuvers  at  eueh  gunfire  rate.  Unfortunately,  because  of 
pilot  error,  data  were  not  obtained  during  maneuvers  for 
6,000  rounds/minute  gunfire  rate,  Table  4  Is  a  aummury  of 
the  mix  g-levels  meusured  by  all  accelerometers  under  all 
flight  conditions  during  this  program,  and  Indicates  the  In¬ 
crease  in  vibration  response  level  due  to  firing  the  gun. 

Table  4  was  examined  to  determine  whether  one  of 
the  straight  and  level  lllgltt  parameters  seemed  to  be  dom¬ 
inant  in  Inducing  the  highest  level  of  response.  As  a  result 
of  the  examination,  data  are  presented  in  Table  5  to  show, 
for  each  group,  the  number  of  uccelctometers  that  hud  the 
highest  vibration  response  In  each  of  the  four  conditions  of 
straight  and  level  flight  before  anti  during  gunfire.  The  vi¬ 
bration  levels  ut  the  two  different  gunfire  rates  are  not  dis¬ 
tinguished  in  Tuble  5  since,  in  general,  the  response  was 
highest  at  the  same  flight  condition  for  each  gunfire  rate, 
From  Tuble  $  It  can  be  seen  that,  In  general,  the  condition 
of  high  speed-low  altitude  Induced  the  highest  vibration 
response  level  during  normal  captive  flight  (before  gunfire), 
During  gunfire,  however,  no  such  trend  existed,  This  Im¬ 
plies,  in  essence,  that  there  Is  no  generalised  dependency  of 
vibration  response  level  during  gunfire  on  the  flight  condi¬ 
tion  of  the  ulrplunc. 


Gunfire 

Bxumlnutlon  of  the  vibration  response  dutu  recorded 
during  gunfire  revealed  three  distinct  types,  The  first,  and 
most  predominant  type,  which  shall  be  culled  type  I  be¬ 
havior,  consisted  of  u  dlscreij  sine-wave  vibration  response 
at  the  gun-firing  frequency  and  ut  several  higher  harmonic* 
of  this  frequency,  This  spectrum  was  superimposed  upon 
the  low-level  broadband  random  vibration  of  normal  cap¬ 
tive  night.  Fig.  2  Is  un  example  of  the  type  I  behavior, 

Thu  second  typo  of  response,  which  shall  he  culled 
typo  2  behavior,  was  characterized  by  a  repetitive  narrow¬ 
band  random  vibration  with  an  upper  bund  limit  of  170  Hz, 
repeating  ut  multiples  of  tills  upper  frequency  superimposed 
on  the  low-level  broudhund  vibration.  The  Intensity  of  the 
narrowband  tended  to  Increase  from  the  lower  band  limit 
to  u  peuk  at  the  upper  band  limit.  Fig,  3  is  un  example  of 
this  behavior, 

The  third  typo  of  response,  which  Nhull  be  culled  type 
.1  behavior  und  muy  be  considered  u  speclul  case  of  type  2 
behavior,  wits  u  random  vibration  characterized  by  a  low 
level  from  20  to  80  Hz,  und  un  approximately  flat  very  high 
level  from  80  to  160  to  170  Hz,  followed  by  a  tuil-olTof 
approximately  3  db  per  oetuve  to  about  1,000  Hz,  where  It 
leveled  off  below  20  to  80  Hz,  Some  of  the  highest  vlbru- 
tlonul  response  levels  were  characterized  by  type  3  behavior, 
Fig.  4  Is  an  exumpie  of  the  type  3  bchuvlor,  Table  6  shows 
where  lltcau  different  types  of  behavior  occurred, 

The  dutu  were  exumined,  counted  to  determine  the 
frequency  of  occurrence  of  each  type  of  response  in  each 
group,  und  summarized  In  Tuble  7,  Tuble  7  also  contains 
u  column  lubeled  "%"  where  this  number  represents  the 
contribution  of  the  frequency  of  occurrence  of  a  response 


type  to  the  totul  number  of  dutu  points  from  Tuble  3 
(l,c„  175/264  -  66,4%), 

It  can  be  seen  from  Tuble  7  that  the  type  I  bchuv¬ 
lor  wus  the  dominant  response.  Type  I  behavior  also 
showed  a  slight  affinity  for  the  longitudinal  direction, 
showed  u  large  tendency  to  occur  during  gunfire  at  the 
4,000  rcundu/mlnute  rule,  and  ulwuy*  occurred  In  the  nose 
und  cockpit.  It  cun  be  seen  that  type  2  hehuvlor  occurred 
only  in  the  weapons  buy  und  stores,  showing  u  large  tend¬ 
ency  for  the  stores.  It  ean  also  be  seen  thut  the  type  3 
behavior  occurred  only  during  gunfire  at  the  6,000 rounds/ 
minute  rate  und,  us  with  type  2  behavior,  only  In  the 
stores  und  weapons  buy. 

A  further  examination  of  the  dutu  not  evident  In 
Tuble  7  revealed 

1 .  That  type  2  behavior  In  the  atores  occurred 
only  on  the  SIDEWINDER  und  SHRIKE  missiles 
(never  on  the  WALLEYE) 

2.  That  type  2  behavior  occurred  only  during  gun¬ 
fire  at  the  6,000  rounds/nilmite  rate  except 
during  maneuvers 

3.  That  type  2  bchuvlor  always  occurred  on  these 
two  stores  during  maneuvers,  und 

4.  That  the  flight  condition  of  low  speed-high  alti¬ 
tude  Induced  the  highest  number  of  liurmonlcs, 

This  examination  ulso  revealed  tliut  the  ulr  dutu  computer 
In  the  weapons  buy  wus  the  only  other  unit  to  exhibit 
tills  type  of  response,  Finally  It  wuh  noticed  thut  type  2 
behavior  occurred  only  ut  high  ultltudc,  and  thut  type  3 
behavior  occurred  only  ut  low  altitude. 


ANALYSIS  AND  DISCUSSION 
General 

The  dutu  wus  subjected  to  two  different  types  of 
unulyses,  un  unulysls  of  vurluncc  und  a  statistical  bchuvlor 
analysis,  The  rms  g-levels  measured  on  each  uccclcronicter 
during  euvlt  gunfire  rate  were  subjected  to  un  unulysls  of 
vurlanee.  The  Independent  vuriubles  used  were  low  and 
high  levels  of  speed  mid  altitude  und  the  dependent  vuri- 
uble  wus  rms  g-lcvcl,  Thus  u  2  x  2  unulysls  of  variance 
tuble  wus  used  In  eucli  Instance  to  determine  which,  If 
any,  of  the  primary  purumetcru,  speed  und  altitude,  most 
significantly  affected  the  rms  g-lcvcl  of  vibrational  response, 
The  dutu  for  each  accelerometer  were  ulso  subjected  to  an 
analysis  of  variance  by  using  the  parameters  of  normal 
euptlve  flight  und  one  gunfire  rate  In  eucli  unulysls,  Thus 
u  4  x  2,  or  In  some  cuses  u  3  x  2,  unulysls  of  vurlanee 
tuble  wus  constructed  whereby  the  dutu  In  one  column 
were  the  measured  rms  g-levels  for  ull  runs  during  norinul 
captive  flight  und  the  dutu  In  the  second  column  were  the 
meusured  rms  g-levels  for  ull  the  runs  ut  one  gun  lire  rale, 
Thus  u  determination  could  he  mude  of  how  slgnlflcmi'ly 
tiring  of  the  gun  uffccted  the  rms  g-lcvcl  of  the  vibrational 
response  during  the  straight  and  level  conditions  of  flight. 


74 


(nos  g-Lrrcts)  (20  to  2,000  Hz) 


**  *«  iX 

._Lll 
|  5 

*»|s 


till 

nil 


0.55 

fO 

»n 

© 

|  K  Cl 

2.10 

1.00 

0 

WM 

0.56 

* 

© 

JR 

d 

© 

— 

nj 

«? 

0 

8 

19  0 

ft' 

© 

<£\ 

d 

rr\ 

N 

<N 

rn 

q 

?! 

© 

— 

•*f 

O 

T 

0 

8 

— 

5? 

© 

f1? 

O 

$ 

O 

0.5T 

« 

d 

wJ 

ft 

ft 

ft 

— 

d 

V 

d 

ft 

d 

8 

ft 

d 

& 

2 

0.71 

fc 

© 

in 

n 

d 

?? 

© 

ft 

0.31 

© 

ft 

d 

ft 

n*v 

© 

ft 

© 

© 

M 

q 

© 

m 

m 

d 

83 

ft 

0 

ft  < 

0.32 

§ 

4 

d 

* 

o' 

K 

0 

??  * 

© 

v©  I  •  ro  >o 


$  ($  r 

o  o  o' 


8f;s 

odd 

£  g  3 

O  M  W 

R  8?  S 

O  ©  -I 


ft  ft 

fh  f— 

1-58  I 

R  8 

r-i  ri 

8  R 

m 

■n* 

m  •«• 
■*r  vA 

P—  WM 

r— 

»—  FH 

O 

•*r  '© 
r-i  f-1 

ft 

m  m 
ri  '*r 

8  8 

rr 

m 

r-  00 

d  d 

© 

©  © 

g  10 

fA,  — 

1228 

1-15 

1-39 

P  8  $  £ 

Id  f/i  »T5  MS 


a  he  a 


£  $  2  !Q 

3  W  ^  (ft 


?2? 
©  —  — 


??2 
©  M  — '  , 


SJ  Sq  S 

o  o  d 


tt  O  IT 

r-;  9  h 

■-  K*i  F* 


^  <0  « 

o  6 


NA  yf  IA\ 

9  ^ 

©  © 


tf.  tn  m 
0v  ►-<  r-t 

O  IM  o  I 


S  ft  $ 

n  «■)  « 


$  ft  $  *  n 

©odd© 

n  i*-  ^  oo  m 

SO  V  09  K  S 

^•^  —  00 

®>  *9  ^  fc> 

©  3  ~  O  d  ; 


3  2  5  &  Ri 

HH  -  [  M  O  d  I 


ft# 

S||  2 


III 

Jj 


*  *  $  $  8  $  a?  ft  8  8  8 

"OOOfNOO  ^ 

ft  ft  5?  8  a  f?  $  s  $  s 

o  o  o  o  tm  o  o  o  »j  d  o 

^  C5  *  S  te  ^  3  ft  $  ft 

ft  ft  ft  ft  8  ft  s  8  8  «  a 

o  o  o  o  —  o  o  o  —  d  o 

ft  3  ft  3  ft  ft  ft  ft  ft  S  « 

ft  ft  ft  t  ft  ft  8  ft  2  S  S 

U-ooot-o©  o  -^  ©  d 


3  1*  $  ft  8  ft  ft  ft  <8  8  8 

I-  O  O  O  M  O  o  do^Nft 


ft 

ft 

8} 

N 

ri 

O 

1 

©  1 

©  . 

© 

ft  ftl 

O  — 

QO 

F- 

Ift  ft 

F— 

ft  $  ?  k  m 

o  d  d  d  ©  | 


i-  *  95  S 

O  m  M  «\ 


$  $  fc  3 

dodo 


si  n  8  2 

-  ■*»•  «■>  •* 


a  ft  r  a 

o  ©  o  0 


8  f?  8  P, 

O  pr  fi-s  <*n 


ft 

o  wool 


ft  ft  3  8 

o  fft  M  N 


3  3;  9  ft 

OOO  o 


ft  sb 


R  69  8R 

000 


ft  2  ft, 
©  —•  — 


KS«, 

©  o  d  I 

ia  (r\  iA 

T  «?  q 


W  Sq  3 
do© 


I:  §  R 

d  *-i  M 


q  q  q 
©  ©  — 


aj  s  a 

©  N  *-l 


s?? 

^ 

W"V  m 
5s  H  I- 
©  *-"  o 

2  8  « 


h»|5  SB  te  s. 


R  ft  ft  ft  9 

«  -  w  ci  O 


^SUI? 

o  d  6  d  o 


35  3  ft ft  5 

—  .-4  ©  © 


ft  &  s8  si 


{A  VO  SO  N 
h}  iri 

O  *-  •—  f- 


ft  0!  ft  ft 
dodo 


'  £>  P  *  S 

©WWW 


83  ft  19  ft  ft! 

oo-oo, 


ft  8  2  %  ft 

o  ©  —  ©  d 


sss^1 

©Id  o'  o'  o 


ft  8  8  ft 

o  w  o  d 


53  S  S 


0000 


H  ?!  N  N  S 


fc  «  »  a 


■  gim 
liillli 

j  .iB 

;  sissi  ii* ii 
sisiSS'  m  IR 

I  'ill!  I1S.I  Hir 

M.'ffi.lH'  T 

** 

iJL  j 


mill  ■■ 

ssissrss 

■ill 


iSSti  I 


liiiiiin iiiiimiiiimmmirmT . 

ACCELERATOR  LOCATION:  AIR  DATA  COMPUTER 


DIRECTION  OF  MEASUREMENT:  LATERAL 


AIRSPEED:  200  KIAS 
!  ALTITUDE:  20,000  FEET  MSL 


E»»STIII»IItWii  »MM a H r> -  • 

iMniiiiiiiiiiiiiiiiiiunci 

■iiHiiiimiiiimmtttnMHl 


IIIIIIIIIIISSESil!| 


inns 


ir  »  ove  *  nv 


iiiidfliiniii!  fi.aifliif. 


1 1 * 


l'. 


1,120 

FREQUENCY  (HERTZ) 


:j>  It 

I  11 ,16 


e>’t  as 
I  8  7 


I., 


tilt1’  Itttl 
«*!t:  lUSSl 
1*81  >88l| 

ujjiiiyi  i  lis^iiuse 

- *m| 

- I1BIB8  •  i  SBIll 

_ Illlll lillSill 

■liiiniiiiiiimiimiiisiMBiiifiiil 


iOttlBMBMBBM’*  I*. 
MiRiPiiiiPiiPiiBBm 

iuisSSEiSSiiiHiSBii 

uimuiiiiiiiiiuu 


1,820  2,080 


Fig,  3  -  Typiciil  vlbrutlon  spectrum  oT  type  2  belmvlor 


I  t-4  ■<  -  *•  -  *■  j.a*4  >#**•  +  +  -»«  ±A--~| 


ACCELERATOR  LOCATION:  SHRIKE  MISSILE 


DIRECTION  OF  MOVEMENT:  LONGITUDINAL 


AIRSPEED:  208  KIAS 


ALTITUDE:  8,000  FEET  MSL 


*ani 

_  ,_s*BBiL» 

lx  lainni* 


■  •  •  11 ft  •*  *  V  R  ft  *  *1  (I  I  '  till  • 

•  .  .  -lV  -  #  r  •*  Rf»»-  ¥p«»  -»  «l»«: 

-  .sU.  -.*?  ;«LAlf  .  ‘if  *£fcri|  *t*rN««BB»»«ft«»*BHgBI  PtjjRfli 

liiilK 


Jinn 

ft5  :6Jlia*sgJlaMSI8 

tin.'  SiiOi 

tjtf*  IIMRfc  ill 


M 


|« *e*i  id* < -4» M P»ft  4**  ******** <•-»*♦*  •*** 

lHSSS«JSI*SUS!!tlSS»FJ5ESiI(Sft*^S55Si 


Has 

3*!e 


iiim  nas a 


■  linj 

tfiiMftiiii  iiiimv 

’*w  nimiiii*  ir 


MBPS! 

<3  ‘iB  'IPfl  |g 

**  If  III II 


htitiiiittieiHiiiiuMiiiiiiimiiiiinusiitii’tt'ii 


liiniaiiiiii  #{» 


T40  100  ~  860  1,120  1,230  17440  1 ,600  1,700  1,920  2,080 

FREQUENCY  (HERTZ) 
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TABLE  7 

Frequency  of  the  Three  Different  Typei  of  Responae 


Group 

No. 

Frequency  of  Response 

Type  1 

Type  2 

Type  } 

Frequency 

% 

Frequency 

% 

Frequency 

% 

1 

175 

66.4 

31 

11,7 

10 

3  8 

2 

57 

65,0 

12 

13,6 

4 

4,5 

3 

69 

7B.5 

8 

9.1 

2 

2,3 

4 

49 

53,6 

11 

12.5 

4 

4,5 

5 

123 

78,9 

16 

10.3 

0 

0,0 

$ 

5? 

43,1 

13 

13,9 

10 

9,3 

7 

30 

100,0 

0 

0,0 

0 

0.0 

B 

93 

71,5 

8 

6.2 

4 

3,1 

9 

20 

100,0 

0 

0,0 

0 

0,0 

10 

32 

38,1 

23 

27,4 

6 

7.2 

The  statistical  behavior  analyaia  of  typei  1  and  2  be¬ 
havior  wai  a  counting  and  averaging  procedure,  From  the 
reduced  data  the  peak  g-valuei  of  the  discrete  ilne-wave 
vibration  and  narrowband  vibration  were  determined,  Theie 
data  were  analyzed  to  determine  the  average  value  and 
itandard  deviation  of  the  value  of  the  tint  apikc  (a  normal 
diatributlon  wai  aaaumed),  Then  the  average  value  waa 
aialgned  a  value  of  1,0  and  the  average  value  of  all  the 
harmonica  determined  and  normalized  to  the  average  value 
or  the  firat  spike.  Thla  preaented  a  qualitative  analyaia  of 
the  general  behavior  of  each  group  of  accelerometers, 
providing  a  quick  companion  In  the  difference  in  behavior, 
The  frequency  of  occurrence  of  each  fundamental  aplke 
and  harmonic  waa  determined  and  preaented  in  a  pictorial 
form  to  determine  the  general  nature  of  the  probability 
of  occurrence  of  each  aplke.  These  data  arc  preiented  in 
terma  of  the  percentage  of  poailble  ocourrencea  (frequency 


of  occurrenee/total  number  of  data  points)  for  each  aplke 
to  ihow  probability  of  occurrence. 

Analyaia  of  Variance 

During  Gunfire:  The  reaulta  of  the  analyaia  of 
variance  of  the  data  recorded  during  gunfire  are  given  in 
Table  8,  The  numbera  in  the  blocka  of  Table  8  repreaent 
the  number  of  aoceierometeri  in  each  group  the  data  from 
which  paired  aome  level-of-aigniflcance  teat  but  would  not 
pail  a  higher  teat,  The  data  wua  allghtiy  more  affected 
by  altitude  than  apeed.  Fewer  than  half  of  the  acceler- 
ometer  data  would,  however,  paaa  any  level-of-aignllkance 
teat,  and  of  thoae  that  did  moat  would  paaa  only  a  70% 
teat.  Thla  indicates  that  the  level  of  vibrational  reiponae 
is  not  largely  affected  by  changes  In  apeed  or  altitude  In 
the  regloni  covered  In  thla  meaaurement  program. 


TABLE  8 

Reaulta  of  Analyaia  of  Variance  of  Data  Recorded  During  Gunfire 


Group 

No, 

Speed 

Altitude 

Total 

Data 

Points 

70% 

90% 

95% 

Total 

70% 

90% 

95% 

Total 

1 

10 

2 

1 

13 

a 

2 

3 

16 

48 

2 

4 

0 

1 

5 

3 

0 

1 

4 

16 

3 

5 

2 

0 

7 

4 

2 

1 

7 

16 

4 

1 

0 

0 

1 

4 

0 

1 

5 

16 

5 

5 

1 

1 

7 

5 

1 

2 

8 

21 

6 

5 

1 

0 

6 

6 

1 

1 

8 

27 

7 

3 

0 

0 

3 

3 

0 

1 

4 

6 

8 

1 

1 

6 

6 

0 

2 

8 

26 

9 

71 

0 

0 

2 

0 

0 

0 

0 

4 

10 

i 

1 

0 

2 

2 

2 

0 

4 

12 

Effect  uf  Clunl'irc:  The  results  of  the  ultulysls  of 
vurlunee  to  determine  the  effect  of  gunfire,  given  in  Table 
9,  are  distinctly  different  from  tile  previous  data,  Here 
almost  all  the  ucccleromctor  dutu  pussed  some  level-of- 
significance  test  (48  out  of  54)  and,  more  importuntly, 
more  than  one  half  (30  out  of  54)  of  the  dutu  pussed  the 
95%  level-of-slgnlflcunoe  test.  In  only  2  out  of  the  iO 
groups  did  less  thun  one  hull'  of  the  dutu  pass  the  95%  level, 
and  In  ull  groups  more  than  one  hull'  of  the  data  pussed  the 
90%  level  of  significance,  Thus,  In  general,  firing  o f  the 
gun  significantly  Increuses  the  levd-of-vlbration  response 
over  that  of  normal  captive  flight,  The  dutu  of  Tuble  4 
provide  un  Indication  of  how  much  the  level  Is  Increased 
for  each  uecelerometer  because  of  firing  of  the  gun, 

Statistical  Behavior  Anulysls 

Type  I !  Discrete  slne-wuve  vibrutlons  ut  the  gun- 
firing  frequency  (fundumcntul)  und  ut  severul  harmonies 
ubove  (up  to  the  15th  hurmonlc  In  some  cases)  consti¬ 
tuted  type  I  behavior,  the  discrete  sine  waves  being 
superimposed  upon  u  broudbund  random  vibration  due  to 
normal  tllght,  In  this  section  the  broudbund  random 
uspect  will  be  Ignored  und  attention  directed  to  the  dis¬ 
crete  slne-wnve  portion  of  type  I  behavior, 

From  the  reduced  records,  the  peuk  g-vulues  of  the 
slne-wuve  vibration  at  the  fundamental  were  investlgutcd, 
On  the  assumption  of  u  normal  distribution,  the  average 
vulue  und  stundurd  deviation  of  the  fundamental  were  cal¬ 
culated  tor  ouch  group  (Table  10),  The  90%  und  95% 
values  wore  ulso  calculated  (Table  10).  These  values  und 
the  normalised  behavior  putterns  provide  u  complete  de¬ 
scription  of  the  discrete  slne-wuve  portion  of  the  type  I 
behavior. 

It  cun  he  seen  from  Table  10  that  the  vertlcul  direction 
hud  the  highest  response  of  the  three  directions,  The  longi¬ 
tudinal  direction  was  noticeably  lower  In  response  Indicating 
that  gun  recoil  Is  not  a  significant  exciting  force.  The  lat¬ 
eral  direction  hud  the  lowest  response.  Table  10  ulso  Indl- 


TABLE  10 

Definition  of  Fundamental  Response  of  Type 


1  Behavior 


Average 

Magnitude 

R  (g-Pcak) 

Standard 
Deviation 
u  (g-Poak) 

X  i  1,65 tt 
(g-Penk) 

R  +  2,33  ft 
(g-Pcak) 

0,5235 

0,6347 

1,574 

2.007 

0,6943 

0,8887 

2,161 

2,765 

0,5370 

0,5014 

1,374 

1.715 

0,3014 

0,4636 

1,066 

1.382 

0,5097 

0,6216 

1,535 

1.95B 

0,5753 

0,6681 

1,678 

2.132 

0,1026 

0.O77B 

0.311 

0,364 

0,5724 

0,6516 

1.648 

2.091 

1.4205 

0.6404 

2.477 

2.913 

0,1899 

0.0919 

0,342 

0.404 

cutes  that  the  response  u!  6,000  rounds/minute  firing  rate  Is 
slightly  higher  thun  tlrat  at  4,000  rounds/minute;  however, 
the  difference  Is  small  uml  probably  not  significant. 

One  other  unanticipated  result  found  In  Table  10  wus 
tliut,  of  the  four  aircraft  mounting  arcus  Investigated,  the 
nose  equipment  hud  the  lowest  response  of  ull,  This  wus 
not  expected  since  tills  equipment  is  located  next  to  und 
closest  to  the  gun  muzzle  and  would  normally  he  expected 
to  have  the  highest  response.  The  cockpit,  which  Is  located 
behind  the  nose  und  further  from  the  gun  muzzle,  hud  the 
highest  response  of  all  groups  Investigated.  This  Indicates 
tliut  cockpit  equipment  is  the  most  affected  by  firing  of  the 
gun.  Hutchinson  und  Musson  (reference  I  )  uuuly/.cd  vibra¬ 
tions  Induced  by  gunfire  and  concluded  that  vibration  re¬ 
sponse  Is  highest  ncurcst  the  gun  muzzle.  This  wus  not  the 
case  here  and  muy  Indicate  that  gun  recoil  forces  are  signif¬ 
icant  In  the  cockpit  equipment.  However,  the  dutu  did  not 
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Icml  Itself  to  un  Investigation  of  this  hypothesis,  The  re¬ 
sponse  of  the  stores  wns  iilso  very  low,  uhout  the  sume  as 
llie  nose  equipment,  Indicating  that  ulrhortte  stores  are  not 
very  suseeptlhle  to  type  I  heluvlor  during  firing  of  the  gun. 

The  average  peuk  vulue  of  the  sine-wave  vibration  for 
all  iluta  (group  I)  at  the  fundamental,  or  gun-flrlng,  fre¬ 
quency  was  assigned  a  value  of  1.0,  und  the  uveruge  peak 
value  of  cuch  harmonic  was  calculated  and  normalized  to 
the  fundamental,  The  frequency  of  occurrence  of  the 
fundamental  und  each  harmonic  wus  determined  und  con¬ 
verted  to  u  percentage  of  occurrence.  In  Pig,  5  the  nor¬ 
malized  pattern  Is  presented  for  type  I  behavior  of  group 
I,  und  In  Pig,  6  the  frequency  of  occurrence  In  percent 
Is  presented  for  euclt  harmonic. 


Pig.  S  Illustrates  a  predominant  feuture  of  the  behuvlor 
patterns  of  all  groups,  tliut  of  un  upproximute  exponential 
decay  In  the  peuk  vulties  of  each  hurmonlc,  Reference  I 
concluded  that  vibration  at  thu  higher  harmonics  tended  to 
to  become  more  random  tliun  sine  wuve  us  evidenced 
from  untplitude  histogram  records  of  the  higher  harmonics, 
This  wus  attributed  to  nominal  fluctuations  In  the  gun  firing 
rate  und  harmonics,  The  decuy  in  peuk  values,  noted  hero, 
could  provide  unother  explumitlon  In  tltut  the  lower  peuk 
vuluus  ut  the  higher  hurmonlus  would  become  masked  by, 
or  hidden  within,  the  broadband  random  vibration  leading 
to  the  type  of  umplltudc  histograms  shown  In  reference  I, 
The  sumo  upproximute  exponential  decuy  Is  noted  In  the 
datu  of  Pig,  6,  Indicating  that  the  probability  of  observing 
u  response  ut  u  higher  hurmonlc  decreases  with  Increasing 
harmonic  number,  It  Is  noted  that  responses  wore  recorded 
ut  I  Sf  (1,000  Hz  for  4,000  rounds/mlmite  und  1,500  Hz 
for  6,000  rounds/mlmite),  indicating  that  equipment  will 
respond  ut  high  frequencies  to  gunfire,  ultliougli,  from  Pig, 

6,  It  Is  seen  that  responses  ubovo  Of  occur  less  tliun  5%  of 
thu  time. 


The  datu  for  groups  2  to  10,  analyzed  by  the  sume 
method,  ure  shown  In  Pigs,  7  to  24,  These  dutu  are  not 
discussed;  however,  the  sume  features,  as  previously  dis¬ 
cussed,  cun  be  seen  to  occur. 

Type  2:  This  behavior  wus  characterized  by  a  repet¬ 
itive  nurrowbund  random  vibration,  with  un  upper  bund 
limit  of  170  Hz  repeating  ut  multiples  of  this  frequency, 
The  data  for  type  2  behuvlor  were  reduced  In  the  sume 


munner  us  for  type  I  except  that .  becuuse  of  the  low 
number  of  occurrences,  they  were  unaly/.ed  for  group  I 
(overall)  only,  Pigs,  25  und  26  show  the  normalized  be¬ 
huvlor  pattern  und  the  frequency  of  occurrence  of  the 
harmonics  for  type  2  behuvlor.  From  Pigs.  25  und  26 
the  sume  upproximute  cxponentlul  decuy  cun  be  seen  us 
wus  uppuront  In  type  I  behuvlor.  From  Fig.  25  It  Is 
seen  thut  responses  were  observed  out  to  I  Of.  It  is 
noted  thut.  ulthough  the  higher  harmonics  occur  approx¬ 
imately  1%  of  the  time  In  group  I,  for  group  10,  where 
most  of  the  type  2  behuvlor  wus  noted,  these  harmonies 
occur  neurly  3  to  4%  of  the  time,  Indicating  thut  they 
should  not  be  neglected  when  describing  the  vibrational 
response  of  uirhorne  stores, 

Tuble  1 1  gives  the  uveruge  vulue  and  standard  devia¬ 
tion  of  the  peak  of  the  fundamehtul  narrowband  for 
group  I  und  for  each  unit  thut  responded  with  type  2 
behavior,  Prom  Table  1 1  It  is  noticed  that  the  values  of 
the  peuk  ut  the  fundamental  Increases  with  distance  from 
the  gun  muzzle;  l.e.,  the  ulr  dutu  computer,  which  Is  the 
furthest  unit  of  these  three  from  tlte  gun  muzzie,  hnd  the 
highest  response,  und  the  closest  unit,  the  SIDEWINDER, 
hud  the  lowest  response,  This  is  contrary  to  most  theo¬ 
ries  predicting  thut  the  closer  the  unit  to  the  gun  muzzle 
the  higher  the  response,  No  explanation  Tor  this  behav¬ 
ior,  however,  wus  found. 

Type  3;  The  dutu  for  type  3  huhuvlor,  which  may 
be  considered  u  speclul  cuse  of  type  2  behuvlor,  were 
unnlyzed  to  determine  the  characteristics  of  the  peak  of 
thu  nurrowbund  random  vibration  ut  the  fundumentul, 

This  peuk  vulue  uppeured  to  be  the  only  uharucterlitlc 
thut  varied  significantly  from  record  to  record  or  from 
the  churucterlatlcs  shown  In  Fig,  4,  Tuble  12  gives  the 
uveruge  vulue  and  standard  deviation  of  the  peuk  of  the 
fundumentul  nurrowbund  for  group  I  (overall)  and  for 
each  unit  that  responded  with  type  3  behavior,  The  90% 
und  95%  vulucs  were  ulso  calculated  and  given  in  Tuble 
12,  us  wus  done  for  types  1  und  2  behuvlor.  Since  no 
hurmonlus  of  the  fundamental  occurred,  no  behavior  put- 
tern  spectrum  figures  were  derived,  und  Table  12  and  Pig. 
4  udequutely  describe  the  type  3  behuvlor.  From  Table 
12  the  sunte  phenomenu  observed  In  type  2  behuvlor 
emerges:  the  ulr  dutu  computer  uguln  Itus  the  highest  re¬ 
sponse,  Since  types  2  and  3  behavior  occurred  ut  differ¬ 
ent  ultltudcs  und  only  during  gunfire  ut  6,000  rounds/ 
minute  rate,  there  ure  two  possible  explanations:  (I) 
peculiarities  exist  In  unit  or  uccelerometer  mounting,  or 


TABLE  II 

Definition  of  Fundamental  Renponno  of  Type  2  Behavior 


Locution 

Average 

Magnitude 

K  (g-Pcak) 

Standard 
Dev  hit  ion 
(/  (g-Pcnk) 

X  i  1 ,65  <i 
(g-Peak) 

X  i  2.33 w 
(g-Pcak) 

Overall 

0.8442 

0,6972 

1.995 

2,469 

Air  Data  Computer 

1.8750 

0,3535 

2.458 

2.699 

SHRIKE 

0,7633 

0,1649 

1,035 

1,148 

SIDEWINDER 

0.1827 

0.033B 

0,242 

0.266 

TABLE  12 

Definition  of  Narrowband  Peak  of  Type  3  Behavior 


Location 

Average 

Magnitude 

X  (g-Peak) 

Standard 
Deviation 
n  (g-Peak) 

X  +  1 ,65rr 
(g-Peak) 

X  +  2.33  « 
(g-Peak) 

Overall 

0,8910 

0.4817 

1.686 

2,013 

Air  Data  Computer 

1.3725 

0.3895 

2.015 

2,280 

SHRIKE 

0,3700 

0,1321 

0,788 

0,878 

(2)  the  input  excitation  for  theie  sensitive  unita  it  pre¬ 
dominantly  either  uoouitlc  or  mechanical  and  the  excita¬ 
tion  for  the  other  unita  li  predominantly  the.  other  form. 
However,  there  are  no  known  data  to  verify  either  of 
theie  poulble  explanation!  and  thli  would  be  In  conflict 
with  the  finding*  of  reference  I . 


CONCLUSIONS 

On  the  baala  of  the  data  dlicuaied  in  this  paper,  the 

following  conclualonn  are  drawn: 

I.  The  meuiured  vibrational  reiponie  that  occurred 
during  firing  of  the  MSIAI  gun  on  the  A-7E 
aircraft  can  be  claiilfled  at  three  distinct  typei 
of  behavior.  Type  I  behavior  li  a  dlicrete  sine- 
wave  vibration  reiponie  at  the  gun-flrlng  fre¬ 
quency  and  at  several  multiples  of  the  gun-flrlng 
frequency  (harmonica)  superimposed  upon  a  low- 
level  broadband  random  vlbrutlon,  Type  2  behavior 
Is  a  repetitive,  narrowband,  random  vibration,  80 
Hi  wide,  rising  quickly  to  a  peak  and  upper  limit 
at  170  Hi,  This  nurrowband  random  vibration 
repeated  at  multiples  of  170  He  (hurmoniei)  and 
wus  superimposed  upon  u  low-level  brondbund, 
random  vibration.  Type  3  behavior  la  an  approxi¬ 
mately  Out,  high-level  narrowband,  random  vibra¬ 
tion  80  Hi  wide,  with  an  upper  limit  of  160 


to  170  Hz.  Thli  random  vibration  decreased  In 
level  at  a  rate  of  approximately  3  db  per  octave 
from  1 70  Hz  to  1 ,000  Hz,  where  the  data  levels 
off.  (This  can  be  considered  a  special  .case  of 
type  2  behavior,) 

2,  Firing  of  the  M6IAI  gun  on  the  A-7E  aircraft 
significantly  increases  the  vibration  response 
level  of  the  various  units, 

3,  The  vibrational  response  of  units  showing  types 
2  and  3  behavior  during  firing  of  the  MblAl 
gun  on  the  A-7E  aircruft  tends  to  Increase  with 
distance  from  the  gun  muzzle, 

4.  The  peak  values  and  the  frequency  of  occurrence 
of  the  discrete  slne-wsve  vibrations  of  type  I 
behavior  tend  to  decrease  exponentially  with 
harmonic  number. 

5.  The  difference  in  vibrational  response  of  units 
on  the  A-7E  aircraft  nt  the  two  rates  or  gunfire 
Is  insignificant. 
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Fig.  S  -  Vibration  Spectrum  for  Type  I  Behavior,  Group  1 
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Fig.  6  -  Vibration  Spectrum  for  Type  I  Behavior,  Frequency  ol  Occurrence,  Group  I 
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Fig,  8  -  Vlbrutlon  Spectrum  for  Type  1  Behavior,  Frequency  of  Occurrence,  Group  2 


i 

» 


i 


84 


nm  tt  7T  r  n  ro  in  ih  ro  nr  ui 

HARMONIC  NO, 

Fig,  9  -  Vibration  Spectrum  for  Type  1  Behavior,  Group  3 
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Fig.  10  -  Vibration  Spectrum  for  Type  I  Behavior,  Frequency  of  Occurrence,  Group  3 
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Fig,  1 3  -  Vibration  Spectrum  for  Type  1  Behitvior,  Group  5 
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Fig.  20  -  Vibration  Spectrum  for  Type  I  Behuvlor,  Frequency  of  Occurrence,  Group  8 
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FI#.  2(i  -  Vlhrutlon  Spcdrum  for  Type  2  Behuvlor,  Frequency  of  Occurrence,  Group  I 
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APPLICATIONS  OF  STRAIN  CAGES  TO  BALLISTIC  PROBLEMS 


Paul  D,  Flynn 
Pltman-Dunn  Laboratory 
Frankford  Arsenal 
Philadelphia,  Pennsylvania 


Thla  papar  describee  several  ballistic  firoblama  In  which  external  sur- 
fact  (train  gaga  measurements  were  uaad  to  datamlna  internal  balliitic 
pressures,  to  dataot  project ilai  in  gun  barrel*  for  the  purpoit  of 
synchronising  other  inatruraentation  eueh  a*  flaih  X-rays,  end  to  etudy 
varioue  balllitio  phenomena.  A  brief  review  of  the  (train  gage  method 
it  given,  but  the  emptied*  it  on  novel  application*  which  may  be  of 
general  lntareet  to  balllatloiant  and  to  the  ihoek  and  vibration 
conammity. 


INTRODUCTION 

Electrical-resistance  (train  gage*  have 
been  uaad  in  balllitioe  ever  aino*  thi*  type 
of  gage  became  available  commercially  in  the 
early  1940's,  e.g,,  aae  Reft.  [1,2],  The 
principal  advantages  of  (train  gage*  are  their 
nominal  oo*t,  negligible  alia  and  weight,  and 
*a*e  in  mounting  by  ualng  adhealvea.  The 
chief  dleadvantaga  la  that  the  gag*  output  la 
proportional  to  the  (train  in  the  part  on 
which  the  gag*  la  cemented,  and  a  relation 
between  the  (train  and  the  balllitio  parameter 
of  lntereit  1*  required, 

High  preeauraa  beyond  the  rang*  of  avail- 
able  piezoelectric  praaiur*  transducer*  were 
determined  from  (train  gage*  on  a  caliber  0.60 
high  velocity  launcher.  During  firing, 
eevaral  chamber*  (thick-walled  tube*,  OD  • 

2,5  in,,  wall  ratio,  v  •  OD/1D  ■  2)  were  over- 
etralned  and  autofrattaged  lo  that  olaitlo 
behavior  waa  attained  at  praaiurai  up  to  about 
120  kpil.  Strain  gag*  lnatrumantation  wai 
developed  for  a  llght-gi*  gun  to  datarmin* 
chamber  preieuvee,  pi* ton  velocltlai,  and 
praeauree  in  the  contral  breech  (OD  ■  7  in., 
w  »  4,3),  The  central  breech  deformed 
plHtlcolly  in  moat  round*,  and  praaiure*  aa 
high  aa  800  kpil  were  eatimated  on  the  bail* 
o,  the  alaatlc  (train  recovered  during  un¬ 
loading. 

Strain  gagei  were  cemented  on  varloui 
laboratory  teat  barrel*  to  obtain  precis* 
reference  time  eignal*  for  synchronising  flaih 
X-rays,  An  adjustable  strain  gaged  hoe*  clamp 
waa  uaad  aa  a  simple  transducer  for  detecting 
projectiles  in  gun  barrels  during  firing,  and 
this  device  eliminates  the  cementing  of  (train 


gages  on  each  barrel.  These  and  other  exam¬ 
ples  based  on  our  experience  with  high 
velocity  guns  and  ammunition  totting  are  given 
in  the  following  Motion*. 

TEST  PROCEDURES 

Under  oertaln  conditions,  Internal  ballis¬ 
tic  pressures  can  be  determined  from  external 
strain  gag*  measurements.  With  this  non¬ 
destructive  technique,  eh*  gun  la  not  weakened 
by  drilling  and  tapping  for  a  pressure  gege, 
and  this  is  especially  Important  at  high 
pressures. 

Tube  with  Internal  Pressure.  From  Lam/ ' s 
solution,  the  circumferential  and  radial 
stresses,  og  and  o,,  in  an  elastic  thick- 
walled  cylinder  subjected  to  static  Internal 
pressure,  p,  are  [3J 

C1  +  b“  /t*  >  * 

(1) 

°r  ■pr4V  (l  ‘ 

where  a  and  b  are  the  inner  and  outer  radii  as 
shown  in  Fig,  1,  The  axial  stress,  o, ,  de¬ 
pends  on  the  end  conditions. 

At  the  outer  surface,  r  ■  b  so  that 

s9  ■  Ja^p/lb"  -  **),  at  ■  o,  (2) 
From  Hooke's  law 

ss  ■  E(«g  +  u*g)/(l  -  ),  (3 ) 

where  E  is  Young's  modulus  and  p  is  Pole  sun's 
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Fig,  1  -  Thick-walled  tuba  with 
Internal  pressure 


ratio,  and  than  fora 

P  “  -y--1'  i  i  l  yt'  1  <*0  +  !■“*>»  (4) 

whara  w  ■  b/a  •  od/ID  la  tha  wall  ratio, 

Hanca,  the  atatlc  Internal  preaaure,  p, 
can  ba  detarmlnad  by  maaaurlng  the  atralna, 
to  and  c  ,  on  the  outer  surface  of  an  elaatlo 
thlck-wallad  cylinder.  Equation  (4)  oan  be 
uged  to  calculate  balllatlc  praaauraa  ao  long 
aa  tha  loading  la  quaal-atatic ,  the  material 
raaponda  alaatlcnlly,  and  the  gun  approxlmntea 
a  thick-walled  tuba. 

Strain  Gaga  Circuit a.  Potentiometer  cir¬ 
cuit?  [4]  were  uaed  to  measure  the  dynamic 
atralna  ao  that 


(5) 


where  Rg  la  the  gage  raaiatance,  Rh  la  tha 
ballast  realetance ,  F  la  tha  manufacturer 'a 
gage  factor,  AV„  la  tha  voltage  change  acroaa 
tha  gage,  and  la  the  ateudy-atatw  gage 
voltage. 


CALIBER  0.60  HIGH  VELOCITY  LAUNCH]', R 


Experimental  setup.  Figure  2  la  an  over¬ 
all  view  of  t Vie  gun  and  hypervelocity  teat 
facility  which  can  be  uaed  to  fire  projectllca 
In  controlled  atmoapherea  From  high  vacuum  to 
100  palg,  In  a  terminal  balllatlca  program, 
lncvaaaed  propellant  chargea  wore  uaed  to 
obtain  higher  projectile  velocities,  Thla 
produced  auch  high  balllatlc  preaaurea  that  a 
preaaure  tranaducer  waa  blown  off  the  chamber. 


We  wero  aaked  to  monitor  the  strain-time 
rosponsc  of  several  chambers  and  to  determine 
the  highest  pressure  at  which  the  gun  could 
operate  and  remain  dimensionally  stable. 

Tubular  chambers  were  machined  from  surplus 
30  mm  test  barrels  having  nominal  dimensions 
of  1.25  In.  ID  and  2.5  In.  OD.  An  "exploded" 
view  of  Chamber  No.  1,  ?  in.  long,  Is  given  in 
Fig.  3,  Holes  wore  drilled  and  tapped  for 
mounting  a  Kistlor  quartz  pressure  transducer 
(Model  607A)  and  a  Frankford  Arsenal  plesoelcc- 
trlc  gage  [5],  Three  chambers  without  pressure 
gage  holes  wave  alto  fired t  No.  2,  7  in.  long) 
No.  3,  5  In.  long]  and  No,  4,  9  In,  long. 

After  loading  each  chamber  with  propellant,  a 
heavy-duty  nut  waa  used  to  acrew  the  chamber 
onto  the  caliber  0,60,  smooth  bora,  11.3  ft. 
launch  tube. 

Comparison  of  Preaaure  Cages,  chamber  No. 

1  via  used  to  compare  tha  praaaurt-tlme  records 
obtained  from  strain  gages  with  those  obtained 
from  quarts  tranaducer*  at  preaaurea  up  to 
73,000  pal,  The  preieuraa  obtained  from  the 
strain  gages  differed  somewhat  from  the  Klstler 
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TAD  US  1 

Caliber  0.60  High  Velocity  Launcher,  Chamber  No.  2 


Outside  Diameter  j 

Round 

Charge 

<‘0>m»x 

(£e  ^max 

P 

OD 

4  (OD) 

(‘O^rae 

1HR 

grain* 

lie 

kpei 

in. 

in. 

M-e 

2.5178 

70 

6962 

1630 

1410 

400 

77 

2 . 517b 

0 

0 

71 

6962 

1600 

2600 

560 

- 

2.5191 

0.0013 

520 

72 

6962 

1800 

1960 

520 

106 

2.5191 

0.0013 

520 

73 

6962 

4895 

1500 

300 

2970 

470 

- 

2.5209 

0.0031 

1230 

74 

6962 

4895 

1500 

300 

2270 

5l0 

’23 

2*5211 

0,0033 

1.310 

and  Frankford  Areanal  gagaa,  and  thle  wai  due 
co  dleturhancea  introduced  Into  the  etrain 
field  by  the  holee  for  the  praaeure  gagoe.  For 
the  same  propellent  charge  and  projectile,  Che 
preaeurei  calculated  from  liq,  (A)  uelng  (train 
gagee  on  Chamber  No.  2  vere  in  good  agreement 
with  the  valuae  obtained  from  the  Kiatlar  gaga 
on  Chamber  No.  1.  Thle  raault  aatabliahed  the 
validity  of  Eq.  (4)  for  Chamber!  No.  2-4. 


High  Preaaurea  and  Autofrattaga.  Table  1 
givee  the  preaaure  and  the  out aide  diameter  of 
Chamber  No,  2  for  a  teat  aequence  of  lncreaaing 
propellant  oharga.  Round  71  produced  a  large 
increaao  in  («q)max  11  compared  to  Round  70, 
and  permanent  deformation!  and  realdual  circum¬ 


ferential  etralna,  (cg)tsi,  vere  obtained. 

After  Round  72,  which  wai  a  repeat  of  Round  71, 
no  change  In  diameter  waa  obiervad,  A  higher 
charge,  Round  73,  produced  additional  realdual 
atralna,  but  when  repeated,  Round  74  gave  prac¬ 
tically  no  change.  Thua,  thle  chamber  waa  over- 
atralned  and  autofrettaged  In  two  atagea,  and 
the  etrain  hletory  during  theie  teata  la  ahown 
achematlcally  in  Fig.  4.  The  daehed  llnee 
indicate  apparent  or  flotltloue  preeeuree 
correeponding  to  the  (*n)mtxi,  in  Round*  71  and 
73.  The  difference*  betwean  tha  (to^ix'i  in 
Rounda  71  and  72  and  al*o  in  Round*  73  and  74 
are  aqual  to  the  change*  in  realdual  eireumfar- 
ential  etrain. 
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Fig.  4  -  Preaeure-ltrain  hietory,  Chamber  No.  2 

thle  elementary  theoretical  value,  and  thia  waa 
due  to  (train  hardening  and  other  factor*. 

LIGHT  GAS  GUN 


Similar  axperimant*  were  parformad  on 
Chambara  No.  3  end  4,  The  average  value  of  the 
maximum  preaaure  at  which  Chamber!  No.  2-4 
operated  with  dimenaional  atability  wai  122,000 
pel,  Aeeuming  an  alaetlc-plaetio  material  and 
the  maximum-ahaar  theory  of  yielding,  it  can  be 
shown  L6]  that  a  thick-walled  tube  becomes 
fully  plaatic  at  e  praaeure,  puit,  given  ■ 

Pult  “  °yp  •  ln  w>  W> 

In  the  chamber*  teated,  w  ■  2,  a,.  ■  124,000 
pal,  ao  that  p  j,  ■  86,000  pal.  yTha  operating 
preeaurea  reached  in  theee  experiment*  exceeded 


Experimental  Setup.  The  velocity  limita- 
tlona  o?  conventional  propellant  guna  are  wall 
known  L7],  Varioua  method*  hev*  been  uaad  to 
obtain  higher  valooltlea,  end  light-gee  guna 
are  in  rather  wida-apreed  ua*  [8J.  Figure  3  le 
a  photograph  rf  a  ( leton-compraeslon  llght-gae 
gun  in  the  hypervel )olty  ranga.  Th#  flret 
■action  of  the  lighc-gaa  gun  conelated  of  a  40 
mm  breach  machauiam,  chrmbar  and  barral  from  a 
aurplua  naval  anti-aircraft  gun,  The  barrel 
wee  modified  to  that  it  could  be  coupled  to  a 
pump  tubo  (56  in.  long,  4,00  in.  0D,  1.63  in. 
ID).  A  central  breech  or  high-preeeure  lection 
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Fig.  S  -  Light-gas  gun 


TABUS  2 
Light  Oil  Dun 


Helium 

Powder 

Chamber 

Piston 

Dlametare  at  P2 

Round 

Pressure 

Charge 

Prasaure 

Vslocity 

OD 

ID 

pmax 

pal* 

grama 

kpsi 

ft/ssc 

in. 

in. 

kpsi 

6.94B 

1.628 

8 

300 

22  7 

13 

1B00 

6.933 

1.633 

300 

9 

200 

227 

14 

1700 

6.961 

1.685 

370 

10 

100 

227 

14 

1700 

5,975 

1.723 

610 

11 

300 

227 

13 

1800 

5,976 

1.727 

320 

12 

500 

227 

14 

1700 

6,976 

1,727 

210 

13 

300 

159 

6 

1300 

5,976 

1.727 

130 

14 

300 

318 

40 

2300 

6,993 

1.776 

800 

<13  in.  long,  7  in.  OD)  provided  the  transition 
from  th*  1.63  in.  ID  pump  tub*  to  a  nallbar 
0.60,  smooth-bora  launch  tuba  (73  in,  long). 

Strain  Cana  Inatrumentatlon.  in  ordar  to 
optimise  tha  performance  of*  tha  gun  in  tha 
range  of  projectile  impact*  of  lntarait  to 
Frankford  Aracnal,  (train  gage  instrumentation 
wae  developed  to  monitor  tha  dynamic  behavior 
of  tha  gun  L»].  Chamber  praeeurai  ware  deter¬ 
mined  from  circumferential  and  longitudinal 
(train  gagas,  (ce)p,  and  (*s)pi,  cemented  on 
the  outer  surface  of  tha  barrel  at  prsesur* 
station  Fl  midway  between  the  breech  and  first 
clamp.  An  avarage  piston  velocity  was  obtained 
from  circumferential  strains,  (c9)yi  and  (tgjyj, 
at  velocity  stations  VI  and  V2  on  the  pump  tube, 
12  in.  apart,  aymmntrlcally  placed  with  reipsot 
to  tha  eacond  clamp.  Strains  (c$)p2  and  (t,)™ 
were  measured  on  the  outer  surface  of  tha  hlgn- 
preesure  section  at  pressure  etatlon  P2  which 
wae  located  2  in,  before  the  internal  transi¬ 
tion  from  1.63  in,  to  caliber  0,60, 


Table  2  lists  the  helium  pressures  and 
powder  charges  used  in  Rounds  8-14,  and  Fig,  6A 
shows  typical  strain  va.  time  traces,  The  cir¬ 
cumferential  strain  (Cg)pi  increased  rather 
smoothly  end  wet  similar  to  a  pressure-time 
curve.  The  longitudinal  strain  (*g)pi  increased 
too,  but  high  frequency  oscillation!  due  to 
longltudlnel  waves  in  tha  gun  wert  superimposed 
on  this  trees.  Both  the  (c0)v^  end  ( *□  >v2 
traces  exhibited  a  suddan  increase  at  the  piston 
moved  past  tha  velocity  stations  on  th*  pump 
tubs,  These  trees*  war*  recorded  on  a  second 
oscilloscope,  Fig.  6B ,  using  t  delayed  and 
faster  eweep  in  ordar  to  obtain  a  mors  accurate 
measure  of  the  piston  velocity,  Th*  circumfer¬ 
ential  strain  <cq > p2  on  hlgh-praitura 
■action  was  also  racordad  on  two  oscilloscopes, 
Figs,  6A,H,  Impact  of  tha  piston  produced 
rather  large  longitudinal  and  circumferential 
etralne  in  the  gun  at  seen  at  later  times  on 
the  trees*  in  Fig,  6A,  e.g.,  (sr)pl  lncrsasad 
abruptly  and  want  off  scale  where**  (On,  de¬ 
creased  sharply  because  of  coupling  through 
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Fig.  6  -  Strain-elm*  trace*,  Round  11 
Folnon'a  ratio. 


Chamber  Preeaur*.  Tha  (train*  (tg)pl  and 
(«„)-,  war*  used  in  Eq.  <4)  to  calculata 
chamfer  pranurai,  Tabla  2,  Tha  chamber 
praaauraa  ware  Independent  of  helium  prat  aura 
and  lnoreaaad  rapidly  with  lncreaalng  charge, 
Whan  a  standard  40  ran  projectile  weighing  890 
grama  la  fired  with  a  atandard  charge  of  318 
grama  of  SPDN  8709  powder,  tha  chamber  praaaur* 
la  43,900  pal.  For  cumparlacn,  a  chamber 
praaaur*  of  40  kpal  waa  obtained  in  the  light- 
gaa  gun  whan  ualng  tha  earn*  charge  and  a  pla¬ 
ten  of  820  grama. 


Platon  Velocity.  Platon  valocitiaa ,  Table 
2,  vara  calculated  by  dividing  tha  12  in,  bate 
Una  by  tha  tima  interval  batwaan  the  rlaaa  in 
tha  (<g)yi  and  (ae)y2  trace*.  It  la  interact¬ 
ing  to  not*  that  tha  value*  obtained  ware 
Independent  of  helium  praaaur*  and  varlad 
linearly  with  oharga, 


High  Praaaur*  Paction.  Tha  central  breach 
wa*  measured  before  and  after  each  teat,  and 
tha  outaide  and  Inald*  diameter*  at  (train 
gag*  atation  P2  ar*  Uatad  In  Tabla  2,  Tha 
pressure*  developed  in  the  central  breach 
during  Round*  8-11,  14  produced  permanent 


deformation*  ao  that  Eq.  (4)  waa  not  applicable. 
In  order  to  eatlmata  tha  maximum  praaaur*, 

Pmax>  developed  during  compreaaion  of  the 
helium  and  Impact  of  the  piaton,  < )tnax  tt<> 
replaced  by  the  alaatlc  circumferential  (train 
recovered  during  unloading,  (t§)ti.  Alao, 
t,  waa  naglactad  since  It  waa  smell  compared  to 
tg.  With  theae  approximation*,  Eq.  (4)  become* 

Pmax  “  ^~T~±  *  ■nhrr  •  (*0>al*  <7> 

and  maximum  preaaurea,  Table  2  and  Fig,  7,  wore 
calculated  ualng  value*  of  w  baaed  on  the  dl- 
manalona  after  each  tact.  Although  tha  data  In 
Fig.  7  are  vary  limited,  thla  type  of  graph  la 
uaaful  for  aalactlng  operating  condition*  of 
tha  Ught-gaa  gun, 

SYNCHRONIZATION  SYSTEMS  USING  STRAIN  CAGES 


Several  method*  of  detecting  projectile*  In 
gun  barrala  ar*  available,  On*  method  Involve* 
drilling  the  barrel  and  Inaertlng  a  probe  or  a 
preaaure  tranaducar,  Such  modification*  to  tha 
barrel  may  dlaturb  the  phenomena  under  lnveatl- 
gatlon,  Tha  atraln-tlm*  trace*  from  the  gagea 
on  the  pump  tub*  of  the  Ught-gaa  gun  showed 
that  they  can  bo  uaad  to  etudy  the  motion  of 
the  piaton  In  tha  tuba,  Thla  auggeated  that 
(train  gagea  oould  ba  uaad  to  obtain  a  algnal 
for  aynchronlelng  other  lnatrumantatlon. 

Cage*  Cemented  on  Barrala.  Strain  gages 
hava  been  uaad  on  M14  and  M16  riflaa  to  ayn- 
chronlae  and  obtain  flash  X-ray  pictures  of  the 
bullet  In  tha  barrel,  In  thla  work,  tha  trigger 
level  of  the  oscilloscope  waa  adjuated  so  that 
It  would  aveap  on  tha  (train  algnal.  Tha  A 
gate  waa  fed  from  the  oscilloscope  to  a  thyra- 
tron  whoa*  output  wa*  uaad  to  start  a  delayed 
trigger  amplifier  of  tha  flaeh  X-ray  unit. 
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Fig.  8  •  Exparimentsi  ntup  for  flash  X-rays, 
strain  gagas  csmanted  on  cast  barrel 


Fig.  9  •  Strain  gaged  hose  damp 

Flash  X-rays  can  also  bs  used  to  obtain 
pictures  of  projectiles  near  the  muszle  where 
photo-optical  methods  using  visible  light  are 
not  applicable  because  of  the  muzzle  flash.  In 
Fig.  8,  circumferential  strain  gages,  3.3  In, 
from  the  muesle,  ware  cemented  on  a  j,77mm  test 
barrel  (OD  ■  1.163  In.,  w  *  3,12)  to  detect  the 
projectile  end  synchronize  flash  X-rays,  ortho¬ 
gonal  views  were  obtained  using  special 
beryllium  tubes  for  soft  and  hard  X-rays  to 
study  flechattes, 

Strain  Gaged  Hose  Clamp.  An  adjustable 
strain  gaged  iiose  clamp,  Fig.  9,  can  be  used  as 
a  simple  transducer  on  a  gun  barrel  to  detect 
the  projectile  In  the  barrel  during  firing,  The 


hose  damp  can  bo  removed  and  put  on  other 
barrels  ,  and  It  does  not  affect  the  performance 
of  the  weapon.  Feaolblllty  testa  on  the  3,77 
mm  barrel  In  Fig.  6  showed  that  the  strain 
gaged  hose  clamp  can  be  uged  to  synchronize 
flaeh  X-rays  in  the  muzzle  balllztlc  region 
with  a  reproducibility  of  the  order  of  one 
microsecond.  The  simplicity  of  the  strain 
gaged  hose  clamp  and  accompanying  Instrumenta¬ 
tion  make  It  very  attractive  for  ballistic 
Investigations  and  applications. 

DIRECT  MEASUREMENT  OF  <CB  +  pt^) 

In  responss  to  a  rsquest  from  tha  Small 
Caliber  Ammunition  Modernization  Program 
(SCAMP),  consideration  was  given  to  the  use  of 
strain  gages  for  the  determination  of  chamber 
pressures  In  ammunition  testing.  Heretofore, 
we  had  measured  eg  end  c  Independently  In  our 
laboratory  experiments,  but  for  ammunition 
tasting,  It  ssemsd  that  a  direct  measurement  of 
(c-  +  u*E)  would  greatly  simplify  the  data 
reduction  for  chamber  pressures.  From  Eq.  (3), 
the  measurement  of  (eg  +  p«t)  la  equivalent  to 
measuring  the  circumferential  stress  In  tha 
tube  at  the  outer  surfeoe, 

The  techniquei  of  using  stress  gage*  or 
special  stress-strain  gages  ere  well  known  [10], 
but  commercially  available  gages  of  these  types 
art  relatively  large  and  have  low  resistance. 

We,  therefore,  looked  Into  the  possibility  of 
using  a  combination  of  circumferential  and 
longitudinal  atrain  gagsa  to  obtain  (c0  +  uer). 
It  was  found  that  three,  1000  a,  circumferen¬ 
tial  gagei  (ED-DY-123AC-10C)  and  two,  350  a, 
longitudinal  gage*  (ED-DY-125AD-350)  wired  in 
aeries  and  aonnsetad  Into  a  potentiometer  cir¬ 
cuit  will  give 

l  +  Ra/Ru  AV- 

(te  +  Q.2Bte)  -  1,20  • - =* - -  (g) 

8 


Fig.  10  -  (t0  +  U«E)  ve.  time, 
5.36  mm  test  barrel 
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TABLE  3 

40MM  High  Velocity  Launcher,  12  ft.  Smooth  Bor* 


Round 

Propellant 

Projectile 

grama 

preaaure 

pal 

Velocity, 

ft/aec 

Type 

Grama 

Casa 

Predicted 

Maasurad 

142 

SPDN  8709 

100 

Partially 

213 

47 , 100 

6350 

6360 

1MR  6962 

330 

filled 

133 

SPDN  8709 

100 

Full 

209 

55,500 

6710 

6700 

IMR  4996 

200 

IMR  6962 

170 

136 

SPDN  8709 

100 

Full 

209 

69,900 

6900 

6970 

IMR  6962 

370 

69 

SPDN  8709 

250 

Extended 

191 

63,100 

6830 

6880 

IMR  4996 

300 

3,3  in. 

72 

SPDN  8709 

200 

Extended 

197 

81,300 

7020 

7140 

IMR  4996 

350 

3  in. 

whir*  ths  notation  la  tha  aama  a*  in  Eq.  (3). 
Than  gagaa  ata  manufactured  by  Micro-Maaaura- 
mentl,  Romulue,  Michigan,  and  aaeh  gaga  hat  an 
aotlva  aria  of  1/8  x  1/8  in,  and  a  tranavaraa 
aanaitivlty  coafflclant  of  3.17.. 

Strain  gagaa  wara  uaad  on  a  modified  5.36  mm 
aoouraoy  taat  barrel  to  determine  chamber 
praaauraa  at  tha  cata  mouth  petition  and  port 
praaauraa.  At  each  axial  location,  circumfer¬ 
ential  gagaa  wara  mounted  at  0°,  120°,  240°  and 
longitudinal  gagaa  wara  mounted  at  90°  and  270°. 
Typical  atraln-clma  tracaa  are  ahown  in  Fig,  10. 
At  tha  chamber,  it  ahould  ba  noted  that  tha 
ballistic  rite  time  waa  long  compared  to  tha 
time  required  for  atraaa  vavee  to  traval  radi¬ 
ally  through  tha  wall  of  tha  teat  barrel,  l.a., 
tha  dynamic  raaponaa  of  tha  clrcumfarantlal 
atraaa  to  tha  internal  preaaure  waa  quaai- 
atatic.  On  tha  dalayad  and  faster  aweap  for 
tha  port,  tha  high  fraquancy  oaclllatlona 
corraapond  to  tha  period  of  radial  waves,  and 
the  deviation!  from  tha  baaa  line  era  apparent¬ 
ly  due  to  longitudinal  affaota  which  wara  not 
completely  eliminated  by  tha  atrain  gaga  cir¬ 
cuit,  Mavarthalaaa,  this  combination  of  gagaa 
aaama  to  be  extremely  affective  for  detecting 
tha  paaaaga  of  tha  projectile  in  the  bore  under 
tha  gagaa,  and  we  plan  to  uae  thla  method  for 
difficult  aynchronlaatlcn  problems,  Further 
work  is  in  prograae  for  SCAMP  on  the  use  of 
atrain  gagaa  for  ammunition  tasting , 

40MM  HIOH  VELOCITY  LAUNCHERS 

In  raaponaa  to  a  request1  from  Plcatlnny 
Araonal  for  terminal  ballietlca  data  on  cubaa 
weighing  2000  and  3000  gralna,  surplus  40mm 
qaval  anti-aircraft  guns  wara  selected  for  uae 
as  high  velocity  launchers  under  laboratory 
conditions,  Work  began  with  a  standard  gun 
having  a  rifled  barrel  6,3  ft.  long,  Strain 
gagaa  wara  uaad  to  monitor  tha  dynamic  raaponaa 
of  tha  gun  and  to  datarmlna  chamber  preaeuraa. 
Observation!  of  tha  longitudinal  atreai  wave* 
aaiiatad  in  the  daalgn  of  a  rigid  gun  mount,  A 


aerial  of  firings  wara  made  to  establish  ex¬ 
perimentally  ohambar  praaauraa  and  projectile 
velocities  for  various  props  Hants  and  charge 
weight*,  By  using  a  alow  propellant  adjacent 
to  tha  primer,  next  a  madlum  speed  propellent, 
and  than  a  feat  propellant,  w*  obtained  a  charge 
which  filled  tha  case  and  did  not  exceed  tha 
maximum  allowabl*  ohambar  preaaure  during  fir¬ 
ing,  Thus,  wa  wara  able  to  modify  th*  praaaura- 
tlma  ourvaa  so  aa  to  maximlsa  tha  propellant 
oharga  and  tha  projectile  velocity ,  Next,  tha 
component!  of  tha  llght-gaa  gun  (Fig.  3)  wara 
rearranged  in  order  to  obtain  a  40  mm  powder 
gun  with  a  smooth-bora  barral,  1,630  in,  ID,  12 
ft,  long.  Tha  combination  of  strain  gagas 
described  in  tha  previous  section  la  now  being 
used  to  measure  (c9  +  u*t)  for  chamber 
praaauraa, 

Standard  operating  conditions  of  a  40  mm  gun 
with  a  rifled  barral  arai  propellant  charge, 
SPDN  8709,  318  gram* |  projectile,  890  gram*! 
expansion  ratio,  6.4j  chamber  preaaure,  43,900 
pal!  mueala  velocity,  2890  ft /sac.  Using  tha 
Frankford  Arsenal  interior  ballietlca  curve* 

[11]  for  tha  standard  40  mm  gun,  th*  predicted 
velocity  la  2720  ft/iso.  Thla  auggaatad  that  a 
factor  of  2890/2720  •  1.06  ahould  ba  applied  to 
tha  velocity  graph  whan  used  for  40  mm  gun*, 
Using  this  correction  factor,  Table  3  glvaa  a 
comparison  of  predicted  and  maasurad  velocities 
for  typical  firing*  of  tha  40  mm  smooth-bora 
gun  which  has  an  expansion  ratio  of  10,6,  The 
chamber  praaauraa  aa  determined  from  strain 
gagaa  wars  uaad  to  obtain  pressure  factors  in 
th*  vtloclty  calculation*.  Two  independent 
ayatams  wara  uaad  to  ttaesure  th*  projactila 
velocities,  One  system  uaad  flash  X-rays,  and 
tha  other  amploysd  a  photo-optloal  system  with 
two  lilt  lmagai  which  war*  recorded  by  a  atraak 
camera.  In  general,  tha  predicted  and  maasurad 
velocities  differed  by  laaa  than  27„ 

CONCLUDING  REMARKS 

Although  th*  method  of  using  external  strain 
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gages  to  determine  Internal  preeiurei  li  well 
known,  the  application  of  this  method  while  the 
chamber  was  being  overetralnad  and  autofretcaged 
ai  In  the  caliber  0,60  high  velocity  launcher 
appeara  to  be  new,  Tranelent  atraln-tlme 
record*  coupled  with  micrometer  meaiuremente 
before  and  after  firing  enabled  ue  to  eetablleh 
dimensionally  stable  and  safe  operating  condi¬ 
tion*  at  preature*  above  thoae  at  which  Initial 
yielding  occurred. 

In  the  llght-gaa  gun,  chamber  preaaurea  and 
platon  velocities  were  obtained  readily  from 
strain-time  records,  whereas  th*  calculations 
for  maximum  pressures  In  th*  central  braech 
Involved  eeverel  simplifying  assumptions.  The 
velocity  measuring  system  showed  that  external 
strain  gagsa  can  ba  used  to  datset  projsotilss 
In  gun  barrtli,  Thla  led  to  the  uee  of  strain 
gagas  cemented  on  barralc  and  to  the  develop¬ 
ment  of  th*  strain  gaged  hose  clamp, 

Tha  direct  measurement  of  (e.  +  p«E),  which 
was  prompted  by  the  need  for  Improved  strain 
gage  technique*  for  ansmmition  testing,  simpli¬ 
fies  tha  determination  of  ohamber  pressures. 

This  method  it  now  being  uiad  on  the  40  iroi  high 
voloaity  launcher,  and  the  predicted  and  maaaur- 
ad  projectile  valoeltlas  ate  in  good  agr'eemant, 
Thla  technique  also  provides  a  signal  which 
appaara  to  ba  especially  suitable  for  triggering 
and  aynchronlslng  other  instrumentation  such 
as  flash  X-rays, 
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STRESS  WAVE  MEASUREMENT  TECHNIQUE 

A.  J.  Kalinoweki 
I IT  Research  Institute 
Chicago,  Illinois 


A  technique  ie  presented  for  measuring  the  shock  wave  induced 

.  .  .  ..dynamic  state  of  stress  in  a  solid  medium.  The  ..technique  eon- 

-■■■J  elate  of  implanting1 a  fluid -f tiled  spherical  bladder  (stress) 

:;.gage):  in  the  a, tressed  .medium. end  mq.nitorihg  the:; center,  fluid • 
pressure  with  a  fluid  pressure  transducer  positioned  at  thd  ’ 
sphere ' center'..  A. .means  is  presented  for  inserting  the  fluid 
pressure  reading"  int]6  . the.. era'dsiint.'free  field  state  of  ' 
stress  via  system  transfer  function!  ■  "  '  ■  ■' 

i'  \r  The  results  of  a  series  of  experiments  Is  presented  "that -dem-.' '■'] 

onstratee  the  validity  of  the  technique  The  experiments 
consist  of  loading  a  solid  block  of  me*-  rial  (including  the 
embedded  fluid  bag  stress  gaga)  with  took  tube  generated 
<  step. wave.  The  tranaiant  stresses  In  v  block  determined  by 
.  the  fluid  bag  stress  gage  concept  are  compared  to'  an  indepen¬ 
dently  determined  measure  of  the  block  .atresa.  The  results 
of  the  experiment  demonstrate  the  reference  state  of  streai 
and  the. measured  stress  to  ba  in  good  agreement. 


INTRODUCTION 

Tha  instrumentation  of  high-explosive 
field  taste  requires  aocurete  measurements 
of  the  free  field  tranamittlng  madia  mo- 
tlone  (dieplacement ,  partiole  acceleration 
histories)  and  of  tha  free  fiald  stats  of 
straas.  Our  primary  concern  is  to  develop 
■  maana  for  determining  the  state  of  stress 
existing  in  the  free  field.  The  accuracy 
of  tha  atreaa  measurement  depends  upon  the 
response  characteristics  of  the  transducer, 
calibration  procedure,  and  tha  embedding 
technique  used  to  place  the  gage  in  the 
transmitting  medium. 

Fluid  Bag  Stress  Pasta 

The  research  effort  described  in  this 
paper  foouaes  on  a  new  (trees  measuring 
device  referred  to  as  a  fluid  bag  stress 
gage,  This  stress  gage  concept  cone  lata 
of  a  fluid-filled,  thih-wallad,  flexible 
sphere  (bladder)  and  two  fluid  pressure 
transducers  mounted  on  a  small  stcmllka 
probe  (Figure  1).  The  item  ii  located 
within  the  central  region  of  the  strata 
gaga  and  ie  cantilever  supported  at  the 
surface  of  the  sphere  by  a  bon,  The  in¬ 
itially  pressurised  spherical  bladder  la 
flexible  enough  to  conform  to  email,  out- 
of-roundnaaa  irregularities  that  may  exist 
during  embedding  yet  la  stiff  enough  to 
maintain  lta  spherical  shape  (aay  under 
its  own  weight)  during  embedding  handling 
procedures.  Dynamic  fluid  praeaurs  data 
are  electronically  passed  to  soma  remote 
aboveground  recording  station  through  a 
atreae  gage-to-rscordar  cable  network. 


(a)  The  Assembled  Stress  Cage 


(b)  Exploded  View  Gage  Housing  Assembly 
Figure  1  Fluid  Bug  Pressure  Gege 


The  fluid  bag  stress  gags  is  intended 
to  convey  various  levels  ox  Inform cion 
about  the  state  of  stress  existing  in  the 
free  field.  Each  level  of  information  de¬ 
pends  on  the  amount  of  a  priori  knowledge 
of  the  free  field,  For  example,  tha  gage 
conveys  the  most  information  about  the 
free  field  stress  state  when  it  is  known 
that  the  primary  input  is  made  up  of  a 
plane  dilatational  stress  wave.  In  such 
a  case  the  full  three-dimensional  state  of 
stress,  is  determinable,  In  , the.  case,  where . 
the  input  consists  of  multi-input  P-  and 
S-wavaa  resulting  from  reflections  off  of 
complex  geological  layers  exiating  in  the 
free  field,  the  stress  gage  will  give  the 
average  of  the  three  normal  stress  . compo¬ 
nents  (i.e, ,  the  media  pressure)  existing 
in  the  dilatational  portion  of  the  multi11 
wave  input.  . .  , 

Tha  fluid  bag  stress  gage  first  maa- 
suree  the  dynamic  fluid  pressure  within  1 
the  bladder  at  a  center  and  off-center  po¬ 
sition.  Depending  on  the  stiffness  and. 
mass  properties  of  the  fluid  relative  to 
tha  transmitting  madia ,  a  portion  of  the 
inoidant  wava(s)  will  be  reflected  sway 
from  the  fluid  Inclusion  and  s  certain 

Portion  will  refract  into  the  fluid.  It" 
s  the  refracted  portion  which  results  in 
the  Internal  fluid  pressure  waveforms, 

Care  must  be'  taken  in  selecting  the  physi¬ 
cal  properties  of  the  fluid  (i.e.,  density 
and  wave  spaed  (or  equivalently  bulk  mod¬ 
ulus))  so  that  a  large  enough  fraction  of 
the  incident  wave  refracts  Into  the  fluid 
to  ensure  tha  pressure  transducer  is  reg¬ 
istering  refracted  pressute  and  not  noise 
in  the  Instrumentation.  Tha  final  step 
is  to  invert  the  canter  and  off-center 
pressure  readings  into  the  free  field 
state  of  stress  through  the  system  trans¬ 
fer  function.  By  system  transfer  function 
we  refer  to  the  harmonic  response  versus 
frequency  relationship  between  an  incident 
input  wave  and  the  fluid  pressure  reeding 
at  some  point  in  the  fluid. 

Other  Stress  Gages 

For  completeness,  other  stress  gages 
that  have  been  used  to  measure  the  dynamic 
state  of  stress  in  solid  media  are  dis¬ 
cussed.  Experimenters  have  bean  interest¬ 
ed  in  free  field  soil  stress  measurements 
for  over  SO  years,  Tha  Goldback  cell,  one 
of  the  first  to  be  widely  used ,  was  re¬ 
ported  in  the  literature  in  1916.  The 
earliest  gagas  were  bulky  and  suitable  on¬ 
ly  for  the  measurement  of  static  pressures 
in  large  earth  masses,  Over  the  years, 
the  development  of  new  instrumentation 
techniques  has  permitted  the  achievement 
of  more  compact  gages  with  improved  fre¬ 
quency  response. 

More  recently,  because  of  the  need  to 
measure  shock  response,  piezoelectric  ma¬ 
terials  have  been  used  ass  sensing  element..' 
They  were  first  used  for  fluid  pressure 


transducers  and  were  limited  to  short 
duration  pulses  because  of  the  capacitive 
nature  of  the  circuitry.  With  improved 
instrumentation,  piezoelectric  gages 
have  been  used  for  slowly  varying  stress 
measurements  in  soil  (Ref.  1).  Piezo- 
resistive  semiconductor  material,  which 
has  some  advantages  over  piezoelectric 
and  other  sensors,  has  been  used  in  stress 
gage  applications  (Ref.  2,  3  and  4).  Im¬ 
proved  sensitivity,  simple  instrumentation 
■  requirements  (l.e.  ,  , resistance  bridge) 
and  suitability,,  for  both  static  and  dynam- 
:  ip  measurements  are  It; is  ..key  advantages ... 

This  paper  is  not  "the  first  to  em¬ 
ploy  a  loaded  flexible  fluid  container  as 
a  stress  maasurihg  devics.  For  example, 
Raf.  10  reporta  a  fluld-f Iliad  disk  shaped 
■gags.  It" has  the  drawback  of  having  uni¬ 
directional  response  characteristics  and 
poor  imbedding  properties  relating  to  gage- 
mad  iiitn  contact.  References  11  through  14 
give  similar  fluid-filled  gage  concepts 
that  have  bean  tried. 

Other  than  the  fluid  bag  gage,  the 
moat  recant  stress  gage  to  appear  is  the 
oue  ball  atraaa  gaga  (Raf.  5).  It  appears 
to  have  been  In  the  development  stage  at 
about  tha  same  time  as  the  fluid  bag  con¬ 
cept  (Refs,  6  and  7).  Tha  cue  ball  gaga 
conaista  of  a  stiff  solid  spherical  In¬ 
clusion  in  which  strain  gagas  are  embedded 
in  three  quadrants  internal  to  tha  aphere, 
Tha  gage  haa  baan  shown  to  work  well  for 
static  problems  but  according  to  Ref.  5  it 
haa  not  worked  adequately  in  dynamic  en¬ 
vironment*.  Tha  calibration  procedure  for 
converting  the  strain  measurements  within 
the  free  field  makes  no  use  of  the  dynamic 
system  transfer  function  (or  in  their  ter¬ 
minology,  dynamic  influence  coefficient 
relating  free  field  stress  to  strain  (or 
atraaa)  in  the  solid  aphere).  These  in¬ 
fluence  coefficients  era  frequancy  depen¬ 
dent  and  the  uee  of  the  zero  frequency 
Influence  coefficients  (static  values)  for 
dynamic  calibration  la  questionable  in 
high-frequency  rich  free  field  environ¬ 
ment  a.  A  further  problem  area  encountered 
with  the  cue  ball  gage  la  that  embedding 
the  sphere  in  the  tree  field  and  maintain¬ 
ing  good  contact  over  the  duration  of  the 
dynamic  teat  la  a  potential  problem, 
Whereas  with  tha  fluid  bag  gage,  the  flex¬ 
ibility  of  tha  bladder  allows  some  lati¬ 
tude  in  conforming  too  small  out  of  round¬ 
ness  Irregularities  that  may  arise  during 
the  embedding  procedure. 

THEORETICAL  BASIS  OF  GAGE  FLUID  PRESSURE- 
TO-MEDIUM  STRESS  INVERSION 

Mathematical  Description  of  Inversion 

Here  wo  address  the  problem  of  em¬ 
ploying  the  center  pressure  messurement 
inside  the  fluid  beg  to  estimate  informa¬ 
tion  about  the  state  of  strasa  (time  his¬ 
tory)  existing  in  the  free  field. 
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Before  proceeding  to  the  mathematical  de¬ 
tails  of  the  method,  the  assumptions  on 
which  the  inversion  process  is  dependent 
are  liatedt 

a  The  free  field  medium  is  homogeneous 
in  the  neighborhood  of  the  fluid  bag 
gage  (say  lO-gage  radii). 

e  Tha  free  field  medium  can  be  charac¬ 
terized  by  a  linear  elastic  solid 
whose  elastic  constants  are  known. 

e  The  gage  fluid  can  be  characterized 
by  an  inviscid  acoustic  fluid, 

e  Good  normal  contact  is  maintained  ba- 
. twean  th#  gage  bladder  and  solid  free 
field  madia  (or  grout). 

•  The  dilatational  stress  content  of 
the  incoming  free  field  is  planar 
(or  epherical). 

e  The  total  center  fluid  pressure  can 
be  accurately  meaeurad. 

e  The  orientation  (angla  ^  of  tha  in¬ 
put  wava  ia  known  relative  to  a  aet 
of  fixed  ground  coordinates  (a.g, , 
see  Figure  2  for  orientation),  If 
thia  la  not  known  then  the  free  field 
dilatational  atraas  atata  is  estab¬ 
lished  only  to  within  an  unknown  ro¬ 
tation  of  tha  stress  atata  relative 
to  the  ground  coordinates. 

The  consequence  of  violating  any  of  these 
assumptions  is  discussed  later. 


Surfs oa 


V* 


Vy’  “ao 


co«2vdJ- 


x,y,»  nituril  coordtnitss  for  iphsrs  trinifir 
function 

x',y',«'  ground  coordlnitas  for  orlsntition  of  gigs 
rslatlvs  to  ground  smpUesmsnt 


Figure  2  Relationship  between  Local  Sphere 
Coordinate  and  Ground  Coordinate 


In  the  development  to  follow,  we  will 
refer  to  the  following  variables 

a  »  Cavity  radiuB 

P°(t)  ■  Total  fluid  pressure  response  at 
origin 

p -j ( t )  "  Fluid  pressure  dilatational  re¬ 
sponse  contribution  at  the 
point  (g) 

pnpC't)  “  Total  fluid  pressure  response  at 
*  the  point  (a) 

P^j(t)  -  Dilatational  input  pressure  (ex¬ 
isting  in  free  field)(i.e.,  sum 
of  normal  stresses  -5-  3) 

c  ..  -  Dilatational  w&ve  speed  in  solid 

medium  (1) 

c.,  -  Dilatational  wava  speed  in  aolid 

medium  (2) 

cu1  ■  Shear  wave  speed  in  solid  medium 
81  (1) 

t  -  Nondlmenslonel  time  (transit 
radii  ,  t  "  t  c^/a) 

a  ■  Nondimens  lone  I  time  (transit 
radii,  o-(jsa/cdl) 

£  ■  NondimenBional  circular  frequency 

(f  ■  a/2ff)  M  * 

A(a,r,0)  ■  System  admittance  (or  transfer 
function)  representing  the  har¬ 
monic  pressure  response  at  any 
point  in  the  fluid  (r,0)  to  a 
unit  harmonic  dilatational  input 
wave 

r-r/a  ■  Nondimens ional  radial  spherict  \ 
coordinate 

0  ■  Angular  spherical  coordinate 

In  Ref,  7  it  is  shown  that  the  re¬ 
sponse  at  the  center  of  a  fluid-filled 
Bpherlcal  inclusion  due  to  a  harmonic 
plane  shear  wave  input  is  identically  zero 
for  all  values  of  the  nondimens ional  driv¬ 
ing  frequency,  o.  Since  the  general  tran¬ 
sient  response  can  be  constructed  by  the 
proper  summation  (Fourier  Integral)  of  all 
harmonic  responses, it  follows  that  the 
transient  origin  pressure  response  is 
likewise  zero.  Consequently,  the  dynamic 
pressure  response  at  tha  origin  is  due 
only  to  the  dilatational  component  of  the 
free  field  input.  The  center  pressure 
reading  is  very  special  in  that  it  un¬ 
scrambles  the  shear  and  dilatational  re¬ 
sponse,  Of  course  if  there  is  no  shear 
wave  content  in  the  input  to  begin  with, 
there  is  nothing  to  unscramble  and  all 
points  in  the  fluid  respond  only  to  the 
dilatational  input.  In  Ref.  6,  the  rela¬ 
tion  between  output  (fluid  bag  pressure 
response)  and  input  (free  field  pressure) 
is  given  by 
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Output-input  for  P-wava 
(center  point,  0) 

00 

P°(T)  -J  Pd(^-T')  Yd0(T')  dr' 
with  (1) 

Yd0(-r')  ' / M-2irf,O,0)  e27rifT'  df 


Output-input  for  P-wave 
(off-center  point,  g) 

00 

Pfid<T)  mJ Pd(T-T')  »d|(T'>  dT1 
with  (2) 

Yd?(T')  -f A(-2fff,r,8)  a2*1*1'  df 


where  Ydo(T  )  »  Y<ja(T  )  may  be  viewed  ae 
the  traneient  pressure  reepome  to  a  unit 
impulse  input  pressure  for  the  center  and 
off-center  points  respectively.  The  cen¬ 
ter  and  off-center  transfer  functions 
A(a,0 ,6)  and  A(a,r,0)  are  defined  by  the 
following  aquations  (Ref.  6)  and  repre¬ 
sent  the  response  to  a  unit  harmonic  in¬ 
put  ,  p  -  l.e"lu)e 

loa-ia 

A  (a,0  ,0)  — lae  -n -  (3) 

c  p[l  -4 /(ft2)]  H(a) 

where 


HM 

and 


P  1 


A(a,r  ,0)  - 


where  the  mode  constant  CL  is  determined 
from 

cn  "  [Ell  e32  E4  +e31  E42  E1  +  E41  E12  E3 
"E1  E32  E41  *  E42  E3  E11  “  E4  E12  E3l]/ 
[E42  E31  E13  +  E41  E12  E33  ’  E13  E32  E41 
”E42  E33  Ell] 

with 

-  -in(2n+l)[njn(a)-ajn+1(a)] 
«i2--in(2n+l)jn(a) 

E3  * -in(2n+l)  [(n2-n-a2T«2/2)  Jn(a) 

+  2«W«>] 

E4  -  -in(2n+l)  [(n-1)  Jn(a)-ajn+1(a)] 


Eu"nhn<a^0'hn+l(a) 

E2l"hn(a) 

E31  -  (^-n-o2^2/2)  hn(a) +2ahn+1(a) 

E41  -  (n-1)  hn(a)-ahn+1(a) 

E12*-n(n+l)  hn ( aE ) 

E22--(n+l)  hn(aTt)  +  aE  hn+1(aE) 

E32  -  -n(n+l)  | (n-1)  hn(oiE)-aE  hn+l(aE)] 
E42’,-(n2-l  -cA2/2)  hn(ol«)-alt  h^telc) 
El3-njn(ac)-ac  ln+l(«c) 

E23-jn(oc) 

E33“*°2^2  Va°^2P 

The  variables  jn(  )  denote  spherical 
Besael  functions  of  the  first  kind: 
hn(  )  a  Jn(  )+inn(  )  denote  spherical 
Henkel  functions  of  the  first  kind;  n«(  ) 
is  the  spherical  Neumann  function;  ana 
Pn(coa6)  denotes  zeroth  order  Legendre 
polynomials  of  the  first  kind. 

The  transfer  functions  given  by 
Eqs.(l)  and  (2)  are  for  an  incident  dila¬ 
tations  1  wave  impinging  upon  the  fluid- 
filled  aphara  along  tha  negative  z  axis 
defined  by  the  local  coordinate  system 
(x,y ,z)  shown  in  Figure  3.  The  spherical 
coordinates  r,9,s  (defined  relative  to 
the  aat  x,y,z)  are  the  natural  coordinates 
for  the  solution  which  display  the  solu¬ 
tion  in  its  most  convenient  mathematical 
form. 


Figure  3  Orientation  of  Input  Plane  Waves 

Given  the  center  fluid  pressure  mea¬ 
surement  p°(t) ,  we  can  solve  Eq.(l)  for 
the  free  field  dilatations  1  pressure, 
p|(t).  In  some  applications  this  is  all 
we  may  wish  to  know  about  the  input.  If 
additional  information  about  the  state 
of  stress  is  required,  this  can  be 
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determined  from  the  elasticity  equations 
at  the  dilatational  wave  front  (Ref.  6) , 
namely 


fTi<T>d  ■■  *'°o<T>  * 


■  4(t)  - 


where 


-vl1 


(5) 


o(T>  "3Pd(^) 


1-v 


P^> 


§[l-4/(3R2)] 


(1+~>P°(t-1+c) 

pc 


+(1  -~)P°(T-l-e)-(l-i)  i  • 
pc  pc 


The  atreaies  (o*)d ,  (oy)d  era  shown* 
in  Figure  2  in  the  local  spherical  coordi¬ 
nate  notation  for  a  P-wave  input  wherein 
that  principal  straaa  components  are 
aligned  along  the  plane  wave  front  as 
shown,  Upon  rotating  the  element  clock¬ 
wise  (90«y»d)  deg,  the  element  la  aligned 
with  the  ground  coordinataa.  Tha  corre¬ 
sponding  rotated  stress  components  are 
presented  in  Figure  2. 


•J  ( T,2+2t'-c‘2)  p°(T-l*T')dT'  (6) 

-c 


which  is  diacusaad  in  Ref,  6,  Evan  ex¬ 
pression  (6)  involves  the  evaluation  of 
an  Integral,  however  the  unknown  no  longer 
appears  inside  an  integral  equation  with 
infinite  limits  and  thus  can  be  handled 
with  ease. 


Later  we  have  the  need  for  proceaaing 
some  experimental  data  at  an  off-center 
position  in  the  fluid-filled  cavity.  This 
is  tha  only  reason  we  have  included  Eqs. 
(2)  and  (4)  and  we  emphasise  that  these 
equations  are  not  needed  in  the  normal 
scheme  for  inverting  the  fluid  prasaure- 
to-free  field  stresses. 

It  is  noted  that  Eqs, (3)  can  be  eval¬ 
uated  without  knowledge  of  tha  dilatatlon- 
al  wave  angle  tfd  in  tha  case  of  a  plana 
wave  or  without  knowledge  of  tha  source 
in  the  case  of  a  spherical  input  dilata¬ 
tional  wave.  If  tha  orientation  of  the 
element  relative  to  a  aet  of  ground  coor¬ 
dinates  is  desired,  knowledge  of  the  wave 
orientation  V'd  must  be  known,  Experimen¬ 
tal  methods  for  determining  fa  are  pre- 
aented  in  Ref a.  6  and  7.  Briefly,  the 
most  practical  of  theaa  mathods  la  one 
which  conalata  of  placing  a  sat  of  motion 
sensing  gagas  in  the  free  fiald  about  20 
fluid  bag  gaga  radii  away  from  tha  straaa 
gaga.  By  measuring  arrival  times  of  the 
impinging  free  field,  the  orientation  of 
tha  input  wave  can  ba  determined , 

Numerical  Evaluation  of  Inversion  Formulae 

The  evaluation  of  the  dilatational 
portion  of  tha  free  fiald  input  requires 
tha  numerical  computation  of  the  Convolu¬ 
tion  integral  aquations  such  as  Eqs.(l) 
and  (2).  In  general,  tha  analytical  eval¬ 
uation  of  these  integrals  la  vary  compli¬ 
cated,  and  only  In  tne  caaa  of  evaluating 
Eq.(l)  are  we  able  to  obtain  an  analytical 
expression  for  tha  solution.  For  this 
special  case,  the  solution  to  Eq.(l)  Is 
given  by  the  relation 


i  '  1  "  _  1 

Where  (c^d  i»  normal  to  the  plane  of 
the  paper. 


It  can  be  ahown  that  if  no  addition¬ 
al  dilatational  shock  wavea  are  encoun¬ 
tered  (beyond  tha  Initial  ona),  then 

Pd(T>  — •p'V  +  c  -  1)/A0  as  t — ►  »1 

which  Implies  that  tha  Input  and  output 
waveforms  ara  exactly  tha  sama  (for  long 
time)  except  for  a  1/A0  multiplier  where 
An  1>  determined  from  the  low  frequency 
limit  of  Eq.(3),  namely 

A»'A(M'°)  ,'[w/<«“)|  [i+«W] 

Consequently  for  Iona  time  (which  may  be 
eevaral  transit  radii)  tha  calibration 
procedure  la  very  simple,  wherein  wa  need 
only;  to  compute  A0  end  ahlft  tha  time  axis 
by  c  -  1. 

Although  one  may  uaa  tha  straightfor¬ 
ward  relation,  Eq.(6)  to  solve  for  the  di¬ 
latational  pressure  input,  pj(t)  ,  wa  se¬ 
lected  to  use  the  finite  Fourier  transform 
technique  for  evaluating  p4(t).  Tha  rea¬ 
son  for  this  la  fourfold! 

e  In  tha  event  that  at  soma  future  data 
ona  wishes  to  Include  tha  Impedance 
mismatch  of  tha  grout  or  of  the  pres¬ 
sure  transducer  Into  tha  overall 
transfer  function  between  tha  fluid 
pressure  and  free  field  media,  the 
finite  Fourier  transform  technique 
could  handle  this  situation  with  rel¬ 
ative  as  as  (whereas  Eq.(6)  could  moBt 
likely  not  be  altered). 

e  The  numerical  computation  scheme  em¬ 
ploying  tha  feat  Fourier  transform 
(FFT)  algorithm  to  implement  tha  fi¬ 
nite  Fourier  transform  la  computation¬ 
ally  more  efficient  than  evaluating 
Eq .  (6)  by  aoma  integration  schema. 


CT3af.P3»Mm»r'..'Wr  ir-rauuauj  ~ awenmrmin— 
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•  A  olur  pictur?  of  tha  raqulrad  data 
aarapling  racaa  In  conjunction  with 
tha  fraquancy  raaponaa  aanaltlvity  of 
tha  gaga  ayatam  la  maintained. 

a  A  conalatant  numerical  schema  can  be 
usad  for  both  tha  evaluation  of  tha 
cantor  and  off-center  raaponaa  Eqa. 

(1)  and  (2). 

In  tha  remainder  of  this  subsection 
we  concentrate  on  the  numerical  computa¬ 
tion  of  the  Fourier  Integral  and/or  Four¬ 
ier  tranaform  Integrals  round  In  Eqs.(l) 
and  (2).  In  particular,  we  employ  tha 
finite  Fourier  transform  technique  on  Its 
aaaoclatod  officiant  algorithm  (usually 
rafarrad  to  as  tha  FFT) .  Tha  FFT  is  only 
a  term  uaad  to  describe  an  algorithm  for 
officiant ly  computing  tha  finite  Fourier 
tranaform.  This  relatively  now  tochniqua 
first  appeared  In  literature  In  1963 
(Ref.  8)  and  was  Initially  used  to  rapid¬ 
ly  avaluata  comp  lax  Fourlar  aarlaa.  Later 
It  waa  recognised  that  tha  technique  could 
alto  ba  efficiently  used  to  avaluata  Four¬ 
ier  intagrala  and  convolution  integrals 
(Ref.  9) .  We  draw  upon  tha  contents  of 
Ref.  9  for  tha  FFT  methodology  used  to 
solve  Eqe.(l)  and  (2).  Tha  details  of 
Its  application  are  lengthy  and  particu¬ 
lar  attention  must  be  paid  to  tha  range 
of  validity  of  tha  technique,  we  praaent 
only  a  vary  brief  sketch  of  tha  method 
and  refer  the  reader  to  Ref.  6  for  the 
finer  details  and  a  computer  program  which 
automatically  processes  the  experimental 
fluid  pressure  data  into  free  field  stress 
calculation. 


The  Fourier  transform  pair  of  a  gen¬ 
eral  aperiodic  function  is  given  by 

transform 

$?[x]  xa(f)  -  J*x(t)  e“2fflftdt 


inverse 


*<t)  -  J 


a(f)  e2*1£tdf 


The  functions  x(t)  and  a(f)  appear¬ 
ing  in  Eqs . (7)  are  defined  on  the  rangu 
-«<t<»  for  x(t)  and  -w<f<«  for  a(f). 
For  our  physical  applications  t  can  be 
viewed  as  the  time  domain  and  f  as  tha 
frequency  domain.  For  convenience  we  de¬ 
note  the  infinite  Fourier  transform  pair 
of  Eqs. (7)  by  the  notation 

x(t)-e-*a<f) 

The  Infinite  transform  pair  given  by 
Eqs, (7)  apply  over  an  infinite  domain 
time  and  fraquancy  domain,  For  functions, 
aay  Xp(t)  ,  that  are  periodic  over  a  fi¬ 
nite  time  domain,  T,  there  exists  a  rela¬ 
tionship  similar  to  the  infinite  pair  and 


is  given  by 

N-l 

ap(naf)  -  jr  ]T  xp(jAt)e‘2fflJn/N  s  JC(nAf) 
transform  J"1 
N-l 

T  Xp(jdt)  -  Y,  apfnAfJe4,2*1^1*  m  Jf(jAt) 
inverse  n“° 

where  N  la  the  total  number  of  frequen¬ 
cies  that  synthesise  xp(t) ,  At  is  the  time 
sampling,  Af  Is  the  frequency  sampling, 
(J,n)  are  dummy  indices,  T  la  the  period 
or  the  xp(t)  function,  F  is  the  frequency 
range,  and  i-y-1.  Analogous  to  tha  In 
finite  tranaform  pair,  wo  use  the  nota¬ 
tion 

T  Xp(jAt)  *-*ap(nAf) 
or  the  equivalent 

X(JAt)— *I(nAf> 

The  Jf,5T  terms  can  also  ba  written  in 
the  canonical  form  usually  found  in  most 
literature  on  finite  Fourier  transforms. 
Finite  Fourier  transform  pair: 

N-l 

*n<naf)  -  $  XKjUdt)  .-2fftJn/N 

J-0  (8) 

N-l 

*(JAt)  -  JX<nAf) 

n»o 

The  purpose  for  tha  barred  upper  case  no¬ 
tation  in  Eqs. (8)  is  to  preserve  the  sym¬ 
metry  of  the  transform  (l.e.,  avoid  car¬ 
rying  along  the  troublesome  T) .  The  sub¬ 
script  p  on  the  expression  aD(nAf)  and 
xp(JAt)  is  to  emphasise  the  fact  that 
these  functions  are  periodic  over  tha 
range  F  and  T  respectively,  The  sampling, 
interval.  At,  of  the  time  function  and 
the  sampling  interval  of  the  frequency 
function,  At,  are  Interrelated  through  N, 
T,  and  F  by  the  relations 

■  use  ■  r  "  S 

For  physical  systems,  the  impulse 
solution,  )  ot  Vda(T')  decay  to  es¬ 

sentially  sero  after  a  finite  amount  of 
time  has  passed.  Taking  advantage  of 
this  fact,  we  are  able  to  apply  the  fi¬ 
nite  Fourier  transforms  pair  to  problems 
involving  infinite  domain,  provided  we 
truncate  tha  infinite  limit  integrals  at 
the  proper  point. 

It  can  be  formally  shown  that  upon 
taking  the  infinite  Fourier  tranaform  of 
Eq.(l),  there  results 


cff)  -  «(f).b(f) 

whir* 

p°<T>*-*  C(f) 
Vd|<T)*— *h(f) 
pJ(T)*~*  «(£) 


Th*  countirparc  of  the  above  for  th*  fi¬ 
nite  Fouriar  transform  is 


Z(nAf)  ■  T  X(nA£)  I(nA£) 


(9) 


whir*  P(nAf}  is  th*  finite  Craps  form  of  ths 

i»( 


fra*  field  input  pressure,  pi’(i 
is  the  finite  transform  of  tna 


j(t),  and  B(nA£) 

- ..is  impulse 

Since  th*  Fouriar  trans* 
-  --  ....  ...pulse  solution  is  th*  trans¬ 
fer  function  .of  tha  system,  w*  may  direct¬ 
ly  us*  Eq.(4)*for  J(nAf), 


solution,  Yde(T). 
form  of  th*  Tmpuli 


Tha  negative  frequency  portion  of  Eg. (A) 
must  be  extended  into  the  second  half  of 
tha  frequency  domain  and  divided  by  T. 
Tha  raaaona  for  doing  this  are  explained 
in  Ref,  6, 


For  forward  problem  types  where  we 
are  given  pJ(t)  and  we  wieh  to  determine 
th*  response  p°(i) j  we  proceed  by  substi¬ 
tuting  Eq .  (9)  into  the  second  of  Eg.  (8), 
w*  obtain  th*  p°(x)  time  domain  solution, 
The  reader  is  referred  to  Rtf,  6  for  th* 
range  of  validity  of  this  solution  and 
how  the  range  of  validity  may  be  extended 
by  using  overlapping  segments  of  the  pl(x) 
function. 


A  similar  procedure  may  be  used  to 
•olve  inverse  problem  types  (integral 
equations)  where  we  are  given  p°(x)  and 
we  wish  to  determine  ptKr) .  We  proceed 
by  tcanapoaing  Eg, (9)  to  obtain 


Tk(ndf)  ■  ."'flfaAfl 


T  *(nAf> 

end  then  operating  on 3(nAf)  with  Che  second 

ft  Eqe,  (8)  (i.e.  ,  replace  Xn  in  Eq  .  (8>  with 
(nAf)  to  obtain  the  free  field  input  py(x). 


The  same  type  calculation  diacuaead 
above  for  solutions  to  Eq.  (2)  csn  also  be 
applied  to  Eq.(l)  in  the  earns  manner.  To 
illustrate  the  accuracy  of  the  FFT  type 
solution,  we  consider  an  example  calcula¬ 
tion  relative  to  the  forward  solution  of 


Figure  4  Convolution  FFT  --  Exact  Solution  Transient  Response  Solution  Comparison 
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Eq.(l),  A  comparison  la  shown  In  Figure  4 
between  the  exact  solution  (employing  an 
exact  theory  solution,  Ref.  6)  and  tne  so¬ 
lution  to  the  above  problem  using  the  FFT 
technique. 

EXPERIMENTAL  VERIFICATION 
The  Experiment 

The  experiment  apparatus  consists  of 
a  stubby  solid  cylindrical  block  which  is 
located  at  the  end  of  UTRl's  2  ft  shock 
tuba.  The  block  is  mads  of  a  plastic-like 
material  which  consists  of  an  epoxy  rasin 
aotivsted  with  an  aromatic  polyaraine,  Tl.e 
material  exhibits  good  linear  elastic  prop¬ 
erties  and  its  dynamic  responss  is. nearly 
strain  rate  insensitive,  Tne  spherical 
fluid  bag  pressure  gage  is  embedded  in  the 
central  region  of  tne  block  at  illustrated 
in  Figure  5.  The  block  is  loaded  with  a 
nominal  20  to  40  pal  flattop  pressure  wave 
by  means  of  a  compression  chamber  release 
device  located  at  the  end  of  the  tube.  The 
inherit  of  the  experiment  was  not  only  to 
measure  the  pressure  in  the  free  field 
(i.e.,  the  solid  test  block)  but  to  mea¬ 
sure  certain  information  regarding  the 
free  field  shear  stress  content.  The  pre¬ 
sence  of  the  off-center  fluid  pressure 
transducer  waa  to  obtain  backup  informa¬ 
tion  about  the  off-center  fluid  pressure 
response  and  is  not  normally  needed  as 
part  of  the  regular  gage  makeup.  We  focus 
our  attention  on  the  center  fluid  pressure 


transducer  and  its  ability  to  relate  to 
the  free  field  state  of  stress  and/or 
pressure  in  the  block  via  the  system  trans¬ 
fer  function. 

A  diagram  showing  the  Instrumentation 
system  and  the  location  of  various  trans¬ 
ducers  within  the  test  block  are  shown  in 
Figure  6.  The  transducers  denoted  by  L0 
and  La  are  the  two  fluid  pressure  trans¬ 
ducers  mentioned  previously.  These  mea¬ 
sure  the  transient  pressure  waveforms  ex¬ 
isting  in  the  fluid  during  the  shock  tubs 
experiment.  The  transducers  denoted  by 
A21  end  A23  art  strain  gages  whoss  purpose 
was  to  maatura  tha  ralativa  arrival  times 
of  tha  free  field  incident  wave  for  the 
sole  purpose  of  determining  the  dllatatlon- 
al  wava  In  the  block.  Tha  transducers  de¬ 
noted  by  Li  end  L2  are  the  air  pressure 
gages  which  are  imbedded  in  tha  shock  tube 
wall.  The  results  of  these  gages  are  used 
to  datarmina  the  free  field  state  of  pres¬ 
sure  loaded  into  tha  block.  These  mea¬ 
surements  represent  our  independently  de¬ 
termined  raferanca  state  against  which  the 
spherical  fluid  bag  gage  results  can  be 
compared. 
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Figure  5  HTR1  2-ft  Shock  Tube  Facility 
with  Model  in  Test  Position 


Figure  6  Block  Diagram  of  Initrumentatlon 
System  and  Sketch  of  Transducer 
Location! 


no 


A  series  of  tests  employing  either 
glycerin  or  water  aa  the  gage  fluid  ware 
conducted  using  the  apparatus  described 
herein,  The  results  of  a  typical  test 
(employing  glycerin  as  the  gage  fluid) 
are  illustrated  in  Figure  7.  The  curve 
marked  with  the  symbol^,  is  the  indepen¬ 
dently  determined  experimental  free  field 
pressure  in  the  solid  block.  This  is  de¬ 
termined  from  the  measured  reflected  pres¬ 
sure  tube.  The  relation  between  the  nor¬ 
mal  reflected  shock  tube  pressure,  pr(-r) 
and  the  pressure  in  the  block,  pj(T)  , 
is  simply  °  m 

Pd<T)m  "  Pr<1)<1+Vl>/[3<1-Vl)] 

where  Vi  is  Poisson's  ratio  of  the  solid, 
This  relation  ia  valid  prior  to  the  ar¬ 
rival  of  the  edge  effect  waves.  The  curve 
marked  0  la  the  fluid  prasaura,  p°(x)  , 
measured  by  the  canter  pressure  transdu¬ 
cer  (at  location  Lp)  within  the  fluid  bag. 
It  is  noted  that  it  has  roughly  «  one- 
third  overshoot  at  the  arrival  of  this 
input  wave,  This  overshoot  is  expected 


and  la  mainly  a  result  of  the  mismatch  in 
Impedance  that  exists  between  the  fluid 
and  solid.  The  curve  marked  Q  represents 
the  solid  media  pressure,  p7|(t),  that  was 
computed  from  the  fluid  bag  gage's  solid- 
fluid  Interaction  transfer  function  by  the 
FFT  numerical  technique,  As  can  ba  seen 
from  the  figure,  the  comparison  between 
the  independently  determined  reference 
state,  pbCx^  ,  and  the  fluid  gage  deter¬ 
mined  pressure,  p^j(t) ,  ia  very  good. 

During  the  early  portion  of  the  wave 
arrival  within  the  fluid  (say  first  20 
Usee)  ehs  pressure  response  at  the  center 
of  the  fluid-filled  sphere  la  not  the  same 
as  an  off-center  point.  This  ia  a  conse¬ 
quence  of  the  fluid-solid  Interaction 
aspect  of  the  problem.  The  object  of  the 
raaults  shown  in  Figure  6  are  to  demon¬ 
strate  the  consistency  between  the  com¬ 
puted  free  field  input  pressure,  p^t), 
end  the  measured  off-center  fluid  response 
pL(T)  (i.o,,  with  tho  off-center  trans¬ 
ducer  located  in  position  l^  in  Figure  6. 
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Figure  7  Free  Field  Dilatatlonal  Pressure  in  Solid 
(FFT  computed-to-experimental  comparison) 
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Figure  8  Off-Center  Fluid  Pressure  (FFT  computed-to-experlmental  comparison) 


In  other  words  If  the  fluid  gage  has  prop¬ 
erly  computed  the  correct  free  field  pres¬ 
sure,  then  we  should  be  able  to  compute 
(using  the  fluid-solid  interaction  trans¬ 
fer  function)  an  off-center  fluid  pressure 
response,  p^j(r) ,  which  is  in  agreement 
with  the  measured  off-center  fluid  re¬ 
sponse.  By  comparing  the  o-j(t)  and  p*r(  r) 
curves  (denoted  by  Q  and  @ respectively) 
in  Figure  8.  we  see  that  very  good  agree¬ 
ment  is  achieved,  except  for  a  small 
amount  of  numerical  noise  in  the  early 
portion  of  the  p'd(f)  curve.  We  wish  to 
emphasize  that  this  last  exercise  involv¬ 
ing  the  off-center  gage  is  only  a  demon¬ 
stration  of  the  validity  of  the  fluid- 
solid  interaction  transfer  function  and 
the  verification  of  the  ability  to  con¬ 
vert  free  field  pressure  into  fluid  pres¬ 
sure  or  vice  versa, 

The  curves  presented  in  Figure  9  are 
photographs  of  the  oscilloscope  records 
taken  during  the  glycerin  fluid  experi¬ 
ment.  The  fluid  transducer  records  were 
only  used  up  to  the  point  where  relief 
waves  from  edge  effects  entered  into  the 
problem.  The  point  in  time  at  which  the 
planar  form  of  the  input  in  the  block 
ceases  to  exist  is  shown  in  Figure  10, 

The  dimensions  of  the  block  were  specif¬ 
ic 


lcally  designed  to  maximize  the  viewing 
time  before  the  edge  effects  arrive  at 
the  cavity,  This  point  can  be  observed 
by  noticing  the  sudden  dropoff  of  pressure 
in  the  trace  after  about  80  usee,  For 
reference  purposes  we  included  the  time 
records  of  the  shock  tube  pressure  and  the 
block  embedded  strain  gages  used  for  de¬ 
termining  the  wave  speed  in  the  teat 
block , 

SENSITIVITY  OF  THE  FLUID  BAG  GAGE 


Assumptions  governing  the  validity 
of  the  fluid  preasure-to-rree  field  stress 
calculations  were  listed.  Quantitative 
information  regarding  the  consequence  of 
violating  each  of  these  assumptions  can 
be  viewed  as  a  study  of  the  sensitivity 
problem.  Therefore  we  comment  only  on 
those  assumption  deviations  which  have  a 
clearly  understood  effect  on  the  sensitiv¬ 
ity  of  the  gage  performance. 

Variation  of  Media-Fluid  Characteristics 


There  are  two  aspects  to  this  prob¬ 
lem:  variations  in  the  values  of  the 
ggaterial  elastic  constants  affecting  c. 

,  and  v^;  and  variations  of  the  material 
ehavior  from  the  assumed  linear  behavior. 
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Test  Number:  61 

Applied  Pressure:  19.9  psi 
Inclusion  Fluid:  Glycerin 

Probe 

Configuration:  PCB  Piezotronics 


(Shook  tube  pressure  record) 
Horizontal:  50  usec/div  L2  100  |isec/div 

Vertical:  Lj  9.62  psi/div  L2  9,32  psi/div 


(Strain  gage  record)  (Fluid  bag  transducer  record) 

Horizontal:  A21  20  nsec/div  Horizontal:  L0  50  usec/div  L  50  usec/div 

A23  20  uaac/div  Vertical:  L0  10.10  pai/div  £(  10.64  pai/div 


Figure  9  Experiment  Time  Records 
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Figure  10  Valid  Region  of  Experiment 
Free  of  Edge  Effects 


The  solution  trsnsfer  functions  ars 
comp lica tad  functions  of  tha  material 
constant  ratios  "p,  c,  vj,  thus  it  is  very 
difficult  to  make  general  comments  about 
tha  sensitivity  of  tha  dynamic  response 
to  changes  (or  uncertainties)  in  these 
constants.  The  study  rsportad  in  Ref.  7 
covered  this  problem  in  some  detail  for 
3,  range  of  parameters  of  cf“0.2-*2.0; 
p  ■  1.0  — >,2.7  i  and  v^  ■  0.25  -*0.40.  No 
cases  ware  found  where  small  changes  in 
the  material  constants  resulted  in  a 
highly  nonproportional  change  in  the  sys¬ 
tem  response  either  for  the  P-wave  tran¬ 
sient  step  or  transfer  functions  solu¬ 
tions.  However,  because  of  the  nonlinear 
nature  of_the  solution  functional  depen¬ 
dence  on  o,  c.  vi ,  one  should  still  treat 
each  problem  individually  and  for  example, 
reproceas  the  raw  experimental  data  with 
several  perturbations  about  the  base  case 
best  estimate  for  the  parameters, 


One  other  way  to  observe  the  materi¬ 
al  sensitivity  is  to  examine  how  certain 
key  features  of  the  system  response  (eith¬ 
er  steady  state  or  transient)  vary  with 
the  material  parameters.  For  example 
simplified  algebraic  expressions  for  the 
maximum  transient  center  fluid  response 
(early  time  overshoot)  to  a  P-wave  unit 
step  input  impinging  on  the  fluid-filled 
cavity  is  given  by 


l  p[l-4/(3lc  Z>J  r 

?0  •  [coth’l(p  c)]  /c, 

E  “  (2(l-vl)/(l-2v1)] 1/2 


Similarly  the  maximum  high  frequency  limit 
a-»«  for  the  unit  amplitude  input  har¬ 
monic  response  to  the  same  problem  de¬ 
scribed  above  is  given  by  (Ref.  7) 


p°(o — ►«)  ■ 


and  Che  low  frequency  rsaponee  a— *0  Is 
giv*n  by  Ref.  7 


p[l-4/<3k2)]  P0<1 

[l-4/(3lc  z)l  P0>1 


For  example  these  results  illustrate 
that  for  cp'*1''l  (a  hard  inclusion)  all 
three  aapecti  of  the  responses  discussed 
above  either  are  weakly  dependant  or  to¬ 
tally  independent  on  the  value  of  c. 

Since  c?  is  directly  related  to  the  young's 
modulus,  Ej.,  of  the  materials,  this  has 
soma  bearing  on  tha  behavior  of  tha  gage 
for  nonlinear  material  stress  strain  laws. 
This  point  is  discussed  further  in  the 
next  subsection. 


Material  Behavior 


The  fluid  pressura-to-stress  calcula¬ 
tions  inversion  process  has  been  derived 
on  the  basis  that  the  solid  media  in  which 
the  gage  is  embedded  can  be  represented 
by  a  linear  elastic  stress  strain  law 
cha racterized  by  a  constant  Young's  modu¬ 
lus  Ei  and  Poisson's  ratio  v^,  Further 
the  fluid  was  assumed  to  behave  linear 
elastically.  We  need  not  concern  our¬ 
selves  with  nonlinear  variations  of  the 
fluid  behavior  for  it  will  behave  linear¬ 
ly  for  tha  range  of  pressures  up  to  say 
3000  psi.  The  solid  media  nonlinear  mate¬ 
rial  problem  is  a  more  complex  problem, 


Nonlinear  Elastic  Behavior;  In  this 
problem  the  stress  state  is  assumed  to  be 
a  nonlinear  function  of  strain  state, 
however  upon  release  of  the  load,  the  un¬ 
loading  path  retraces  the  loading  path 
(i.e,,  no  plastic  unloading  or  hysteresis 
is  present) .  In  other  words  the  tangent 
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modulus,  El, Is  not  a  constant  but  a  func¬ 
tion  of  the  state  of  strain.  In  the  pre¬ 
vious  subsection,  we  have  shown  that  the 
transfer  functions  for  "hard"  fluid  in¬ 
clusions  (i.e.  ,  pc«l)  are  weakly  depen¬ 
dant  on  c.  But  Z  is  related  to  the  solid 
media  tangent  modulus,  E^,  by  the  relation 

—  2  m  ®1  (l“v 

*2  (l+v1)(l-2v1)p 


Gage-to-Medium  Contact 

It  is  important  that  the  sage  be  in 
contact  with  the  solid  medium  during  opar- 
ation,  A  measure  of  the  gage  bladder 
flexibility  is  realized  by  considering  an 
unburled  free  bladder  subject  to  a  net 
outward  radial  internal  pressure,  Apj . 

The  relation  between  this  pressure  arid 
the  net  radial  outward  displacement,  nr , 
is  given  by  the  relation, 


where  is  the  bulk  modulus  of  the  fluid. 
Thus  for  a  fixed  >*2»  v,,  p,  a  weak  depend- 
dence  of  the  fluid  response  on  c  implies 
a  weak  dependence  on  the  fluid  response 
on  the  stress-strain  law  tangent  modulus 
via  the  prior  equation.  The  conjecture 
is  that  for  hard  inclusions,  the  gage  sys¬ 
tem  would  continue  to  provide  a  suffi¬ 
ciently  accurate  fluid  prnssura-to-stress 
inversion  even  though  different  points  in 
the  solid  media  (in  the  neighborhood  of 
the  gage)  are  at  a  different  stresa  level 
(hence  at  different  c  levels),  The  basis 
of  the  conjecture  is  that  the  response  is 
Increasingly  independent  of  c  for  increas¬ 
ingly  harder  inclusions  (i.e..  decreasing- 
ly  lower  pc  values).  The  conjecture  muRt 
also  be  tempered  with  the  fact  that  wa  are 
assuming  all  other  assumptions  regarding 
the  inversion  of  presaure-to-stress  are 
ma  inta  inert , 

Nonlinear  Plastic  Behavior:  In  this 
case  the  stress  state  in  the  solid  media 
is  assumed  to  be  a  nonlinear  function  of 
the  strain  state,  however  hysteresis  is 
present  during  unloading  of  the  stress 
state.  The  unloading  path  implies  a 
stress  dependant  tangent  modulus  as  in  the 
previous  discussion  thus  the  previous  sub¬ 
section  comments  on  a  hard  Inclusion  being 
independent  of  the  tangent  modulus  holds 
here  as  well,  The  hysteresis  has  a  more 
serious  effect  than  mentioned  above  in 
that  during  the  unloading,  portions  of  the 
gage  bladder  surface,  originally  in  con¬ 
tact  during  loading,  may  be  separated 
(leave  a  small  void)  from  the  solid  media, 
Short  of  making  a  separate  study  of  this 
particular  problem,  we  cannot  make  any 
routine  statements  regarding  the  effect 
of  hysteresis  on  the  gage  response  except 
that  obviously  separation  of  a  portion  of 
the  media  from  the  gage  is  not  desirable, 
however  any  quantitative  statements  re¬ 
garding  what  percent  separation  causes 
what  percent  error  in  the  response  cannot 
be  made.  There  is  a  built-in  flexibility 
mechanism  within  the  gage  to  account  for 
separation  to  some  degree,  namely,  the 
partial  ability  of  the  gage  to  conform  to 
irregularities  in  the  madia  out-of- 
roundneas,  This  is  discussed  further  in 
the  next  section  on  contact. 
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where  Bb jvbjEb>hb  mean  «dius  of  the 
spherical  bladder,  Poisson's  ration, 
young's  modulus  and  thickness  of  the 
spherical  bladder  respectively.  For  ex¬ 
ample,  the  stress  gagas  for  the  study 
are  (?r«0.178  in.  for  every  10.0  psi,  Ap^ , 
pressure.  This  means  that  the  gage  can 
fill  out  to  meet  a  0,178  radial  gap  that 
might  inadvertantly  occur  between  tha  gaga 
and  media.  The  above  formula  indicates 
that  by  manufacturing  gagas  with  lowar  hb 
and  Efe  values,  this  flexibility  can  even 
ba  increased  more  than  it  is  now.  How¬ 
ever,  if  it  is  too  flexible  tha  bladders 
will  not  remain  spherical  under  their  own 
weight.  They  will  collapse  like  an  unin- 
f  la  tad  balloon  rather  than  maintain  a 
spherical  shape  such  as  a  basketball  shell. 
The  advantage  to  leaving  the  gage  flexi¬ 
bility  more  on  tha  atiff  Bide  is  that  em¬ 
placement  procaduras  are  made  more  easily. 
The  tradeoff  disadvantage  is  that  in¬ 
creased  stiffness  reduces  the  good  con¬ 
tact  advantage, 

Knowledge  of  Planar  Input  Angle 

The  praasure  inversion  process,  for 
tha  determination  of  the  dilatational  in¬ 
put  contribution,  will  correctly  predict 
the  input  waveform  even  if  the  presumed 
value  V'd  la  erroneous.  That  is,  we  would 
have  the  correct  pressure  input,  pa(t). 
but  the  orientation  of  the  dilatations  1 
free  field  stress  components  relative  to 
the  ground  coordinates  would  only  be  in 
error . 


Multiwave  Inputs 

The  pressure-to-stress  inversion  pro¬ 
cess  will  work  the  best  when  we  know  cer¬ 
tain  a  priori  knowledge  about  the  Input. 
However  what  happens  when  the  wave  en¬ 
counters  complicated  geological  starts 
that  are  comprised  of  several  layers  of 
drastically  varying  material  properties? 
The  input  is  no  longer  a  clean  P-wave. 

The  input  impinging  on  the  gage  is  more 
likely  to  be  a  complicated  multiwave  mix¬ 
ture  of  P-  and  S-wave  reflections  that 
resulted  from  multireflections  off  of  the 
layered  media.  Such  a  multiwave  input  to 
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Che  gage  will  result  in  a  net  pressure 
reading  that  represents  the  sum  total  re¬ 
sponse  to  all  P-wave  Input  for  the  center 
response.  In  such  situations,  unscram¬ 
bling  P-wave  pressure  contributions  is 
not  possible.  The  center  measurement 
does  however  still  provide  some  very  use¬ 
ful  information  about  the  dilatational 
component  of  the  free  field  stress  state. 
The  center  pressure  measurement  is  inde¬ 
pendent  of  the  incoming  wave  orientation, 
and  as  discussed  earlier,  independent  of 
the  planar  or  spherical  shape  of  the  im¬ 
pinging  P-waves.  Thus  upon  inverting  the 
center  pressure  reading.  p°(t) ,  into  the 
calculated  free  field  dilatational  pres¬ 
sure,  pi(r)  ,  we  can  interpret  the  pld[T) 
calculation  as  the  correct  free  field  av¬ 
erage  dilatational  stress  (i.e,,  p^(x) 
“"Rax)  +  (4)  +  (4)1  +  3)  but  we  cannot 
give  any  information  about  tha  individual 
stress  components  that  make  up  the  average. 

Experimental  Fluid  Pressure  Measurements 

Two  types  of  fluid  pressure  transdu¬ 
cers  were  considered  during  the  course  of 
the  program,  the  PCB  Piezotronics  probe 
and  the  Seneotec  probe,  With  the  excep¬ 
tion  of  the  very  early  time  range  Just 
after  the  arrival  of  the  Incoming  fluid 
pressure  wave,  both  transducers  can  accu¬ 
rately  measure  the  fluid  pressure  to  with¬ 
in  +  3  percent.  The  early  time  region 
containing  tha  very  high-frequency  con¬ 
tent  input,  causes  the  Sensotec  transdu¬ 
cer  to  ring  whereas  tha  PCB  transducer, 
for  the  seme  experiment)  did  not, 

Emplacement  of  the  gage  systems  in 
media  such  as  soil  is  not  likely  to  have 
as  sharp  wavs  fronts  (hance  the  high- 
frequency  content  is  not  present)  as  if 
it  were  placed  in,  say,  s  medium  such  as 
rock,  Thus  for  soil  type  materials  eith¬ 
er  transducer  would  probably  work  as  well, 
whereas  as  for  emplacements  in  rock,  the 
PCB  transducer  would  be  better. 

One  advantage  the  Seneotec  transdu¬ 
cer  has  over  the  PCB  transducer  is  that 
the  former  single-barrel  configuration  is 
smaller  than  the  latter  double-barrel 
configuration,  Thus  the  disturbing  af¬ 
fect  of  the  presence  of  the  measuring  de¬ 
vice  is  likely  to  be  smaller  for  the 
Sensotec  transducer  by  virtue  of  its 
smaller  size. 

A  final  comment  on  on  the  PCB  trans¬ 
ducer  considered  is  that  it  will  not 
measure  a  static  pressure,  This  means 
that  any  initial  fluid  pressure  present 
in  the  fluid  bag  for  the  purpose  of  mak¬ 
ing  good  contact  between  the  medium  and 
bladder  will  not  register  on  the  transdu¬ 
cer  response  record.  We  point  out  how¬ 
ever  that  the  PCB  transducer  is  practical¬ 
ly  a  static  measuring  device  in  that  it 
has  a  large  time  constant,  tc  “  500  sec. 


Should  it  become  Important  that  the 
static  initial  pressure  be  monitored,  say 
during  the  embedding  procedure,  then  the 
transducer  vendor  can  most  likely  install 
a  special  static  measuring  device  within 
the  probe  in  addition  to  the  two  existing 
dynamic  pressure  transducers, 

CONCLUSIONS  AND  RECOMMENDATIONS 

During  the  course  of  this  study,  a 
fluid  bag  gage  system  was  designed,  and 
tested  in  a  controlled  shock  tube  experi¬ 
ment,  Based  on  the  results  of  the  exper¬ 
iment  and  subsequent  postprocessing  of 
the  experimental  data,  we  have  drawn  these 
conclusions : 

•  The  PCB  pressure  sensing  transducers 
operate  more  accurately  (without  ring¬ 
ing)  then  the  Sensotec  pressure  trans¬ 
ducers  for  the  early  high-frequency 
content  portion  of  the  Input  records. 
In  the  lower  frequency  region  after 
the  shock  arrival,  both  performed 
equally  satisfactorily. 

•  The  spherical  bladder  (or  shell)  of 
the  stress  gage  can  be  made  aa  stiff 
or  flexible  as  desirod  to  suit  vari- 
ious  embedding  procedures  by  varying 
tha  epoxy  mixture  during  the  fabrica¬ 
tion  process.  The  tradeoff  between 
maintaining  roundness  (with  stiff 
bladders)  and  achieving  good  medlum- 
to-bladdar  wall  contact  (with  ini¬ 
tially  pressurized  flexible  bladders) 
must  always  be  borne  in  mind  when 
arriving  at  any  new  gage  configura¬ 
tion. 

•  The  fluid  bag  gage  was  able  to  com¬ 
pute  the  dilatational  reference  state 
(pressure  or  stress)  existing  in  the 
solid  medium  with  a  high  degree  of 
precision  (including  both  the  shock 
front  details  and  the  steady  state 
asymptote) , 

The  scope  of  this  effort  was  vast  in 
that  it  touches  on  manufacturing  problems, 
experimental  problems  and  analytical  prob¬ 
lems,  This  study  has  answered  some  im- 

Sortant  questions  regarding  the  feaslbll- 
ty  of  tha  fluid  bag  stress  gage  concept; 
however,  it  has  also  raised  a  tew.  Con¬ 
sequently,  our  comments  are  based  on 
facts  we  have  learned  in  addition  to  rec¬ 
ommendations  for  further  study  to  answer 
the  questions  raised  by  the  current  study. 

e  Upon  being  given  tha  physical  proper¬ 
ties  of  the  transmitting  medium  in 
which  the  stress  gage  is  to  be  placed 
(i.e.,  the  mndium  density  ,  dila¬ 
tational  wave  speed  cdl  and  Poisson's 
ratio  v]_)  ,  a  decision  must  be  msde 
with  regard  to  the  selection  of  a 
fluid  Inside  the  gage.  We  recommend 
selecting  a  fluid  that  has  a  dilata¬ 
tional  wave  speed,  cd2 »  larger  than 
that  of  the  transmitting  medium 
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a  The  ideal  situation  for  thafluid- 
aolid  wave  apaed  ratio  la  that  cl. 
However  we  recommend  that  future 
bladder# ,  and  particularly  the  atema 
and  afcam  and  fiance,  ba  made  of  a 
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gage  response  ahould 


.  .i  ff.  It  ,ii.  racommanded  that  further,  »tu- 
dlea  be .made  into  the  manner  in  which 
the  procedure  for  inverting'  the  fluid 
pressure  into  free  field  response.. 
I'preeaUre  can  ba  modified  to  aocommo- 

. ...data  nonlinaaritiaa  in  the  medium 

.  ccnafcitutiv.a  ralatioh*’.  Another 
course  o£  study  could  be  made  to  df 
t ermine  to  what  extent  the  linear  ' 
•modal'  oan  ba  uaad  in  a  nonlinear  me¬ 
dium.  In  either  caaa.  carefully  con¬ 
trolled  ahoek  tuba  loaded  experi¬ 
ment  a,  like  the  one.,  reported  on  in 
thia  paper,  ahould  ba  run  to  verify 
the. inversion  procedure*. 
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DESIGN  TECHNIQUES 


MAXIMIZATION  AND  MINIMIZATION 
OF  DYNAMIC  LOAD  FACTORS 


George  J,  O'Hara 
Ocean  Technology  Division 
Naval  Research  Laboratory 
Washington,  D.C. 


Thle  paper  presents  In  a  heuristic  manner  a  method  of  determining  the 
maximum  and  minimum  possible  values  of  dynamic  load  factors  for 
damped  and  undamped  simple  oscillators  responding  to  applied  forces 
defined  by  on  amplitude  tolerance  curve,  In  the  case  of  forcing  func¬ 
tions  of  long  duration,  limit  cycles  are  derived  to  show  the  rates  at,, 
which  resonance  buildup  occurs.  A  few  sample  problems  are  worked 
out  by  the  method,  of  exact  transformations,  and  the  results  are  pre¬ 
sented.  It  Is  demonstrated  that  for  light  damping  a  significant  variation 
can  occur  in  dynamic  load  factors  for  band-Umited  pulse  shapes. 


INTRODUCTION 

Dynamic  load  factor  (DLF)  is  a  common 
term  in  structural  dynamics  which  expresses 
the  ratio  of  the  maximum  absolute  value  of  dy¬ 
namic  deflection  to  the  statical  deflection,  Its 
use  has  expanded  over  the  years  and  has  become 
increasingly  important  for  low-frequency  sys¬ 
tems, 

There  has  been  a  tendenoy  to  attempt  to 
define  shock  pulses  as  a  means  of  test  speci¬ 
fication  [1],  These  specifications  usually  define 
a  set  of  bounds  within  which  the  pulse  must  lie 
to  have  an  acceptable  teat.  It  then  would  seem 
logical  that  a  series  of  different  teats,  all  within 
these  bounds,  might  produce  different  dynamic 
load  factors. 

It  is  the  propose  of  this  paper  to  consider 
the  effects  on  dynamic  load  factor  of  uncertain¬ 
ties  in  applied  force.  A  set  of  simple  problems 
is  explored  in  some  detail  in  an  effort  to  define 
the  problem,  to  examine  some  of  the  conse¬ 
quences  of  the  definition,  and  to  present  a  sim¬ 
ple,  easily  understood  method  for  solution. 
Therefore,  only  very  simple  pulse  shapes,  with 
simple  tolerance  bounds,  and  simple  linear  os¬ 
cillators  are  used  in  this  phase  of  the  problem 
to  achieve  this  goal.  It  should  be  understood 
that  the  ideas  and  methods  outlined  here  are  not 
restricted  to  these  pulse  shapes  and  oscillators. 


There  Is  no  reason  why  they  cannot  be  applied 
to  complicated  tolerance  bounds  and  nonlinear 
systems. 

In  the  general  sense,  the  problem  consid¬ 
ered  here  is:  For  a  prescribed  second-order 
ordinary  differential  equation  in  which  the  inde¬ 
pendent  variable  is  ill-defined  such  that  only  Its 
upper  and  lower  amplitude  bounds  are  known, 
what  are  the  maximum  and  minimum  posslblo 
values  that  the  dependent  variable  may  attain? 
This  is  another  way  of  looking  at  the  problem  of 
worst  and  best  disturbance. 

Consider  the  linear  simple  oscillator  shown 
in  Fig.  1,  responding  to  applied  forces  shown  in 
Fig,  2.  Any  shaded  area  in  Fig.  2  .«  meant  to 
convey  the  meaning  that  the  applied  force  can 
be  any  function  of  time  which  lies  within  this 
area.  The  force  is  bounded  by  the  straight  lines. 
In  other  words,  F,  s  F(t)  t  F. 

First  the  maximum  possible  response  is 
found  in  those  cases  where  the  duration  is  un¬ 
defined;  then  selected  problems  are  solved  and 
presented  for  a  specified  duration  time. 


GENERAL  APPROACH 

In  this  paper  only  applied  forces  will  be 
considered  for  convenience,  since  extension  to 
base  motions  is  straightforward. 


energy  input.  The  left-hand  side  is  the  system 
energy. 


To  maximize  the  system  response,  the 
function  F  ( t)  should  be  chosen  to  provide  the 
greatest  possible  energy  when  it  helps  to  in¬ 
crease  deflections  and  to  extract  the  least 
amount  of  energy  when  it  decreases  deflections. 
To  minimize  the  system  response,  the  opposite 
scheme  should  be  followed. 

CAUTION:  There  are  certain  classes  of 
prrbleras  in  minimization  which  require  the 
analyst  to  look  ahead,  For  example  it  may  be 
necessary  to  input  some  energy  early  so  that  a 
prescribed  part  of  the  forcing  function  will  com¬ 
plement  it.  The  reader  is  referred  to  the  litera¬ 
ture  and  in  particular  to  work  concerning  linear 
end  dynamic  programming  such  as  Ref.  [2], 
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Fig.  2  -  Bounds  of  example  farcing  functions 


The  differential  equation  of  motion  for  the 
linear  simple  oscillator  is 


GENERAL  RESPONSE  EQUATIONS 

Examination  of  Fig.  2  and  application  of  the 
preceding  discussion  reveal  that  for  these  sim¬ 
ple  oases  the  force  will  have  a  set  of  constant 
values,  each  value  being  applied  for  a  determi¬ 
nable  time.  This  is  true  because  the  bounds  on 
F(t)  are  horizontal  lines.  In  more  general 
cases,  to  be  disoussed  in  a  companion  report, 
this  is  not  necessarily  the  situation,  but  it  was 
deliberately  chosen  to  be  so  here  for  demon¬ 
stration  purposes, 


Y  +  2a*Y  +  *»Y  = 


F(t) 

M 


The  response  equations  from  Refs.  3  and  4 
(1)  over  any  time  in  which  a  constant  force  is  ap¬ 
plied  are 


where  a  a  c/cr  *  the  ratio  of  damping  to  critical 
damping,  and  &iJ  •  K/M  •>  the  square  of  the  un¬ 
damped  natural  frequency, 

First  multiply  both  sides  of  Eq.  (1 )  by  Y: 


*  V*  ( 


coi  rQ  +  y  *in  rS 


•in  t9 


YY  f  2aiuYJ  +  &>JYY » 


F(t)  Y 

— r~ 


(2) 


.fa 

K 


•0,9 


rd  +  y  win  r& 


)] 


(4a) 


The  unit  of  this  equation  is  power  per  unit  maBs. 
Here  F(t)  is  the  Independent  variable  and  y  is 
the  dependent  variable.  The  power  supplied  to 
the  system  Is  the  product  of  F(t)  and  Y.  The 
Integral  of  Eq.  (2)  Is 


YJ 

T 


+  2  aa 


y* 

dt  +  w2  njr 


and 


n+1 


a  *» Y  "A"— r* 

ln'  r 

+  Vne**ft*^co»  t&  -  sin  td 

+  FJ1  e-as  iJn.rg  , 
k  r 


(4b) 


where  e,  is  the  constant  of  Integration,  This  is 
an  energy  balance,  The  right-hand  side  is  the 
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where  v  =  y/u,  In  Bqs,  (4a)  and  (4b),  o  =  a>At, 
r  =  -/l  -  «4,  vn, ,  and  vnt ,  are  values  at  the  end 


of  the  time  increment,  yn  and  vn  are  value*  at 
the  beginning  of  the  time  Increment,  and  Fn  1* 
the  value  during  the  time  Increment.  In  the  un¬ 
damped  caee  (« *  0)  theae  equations  reduce  to 

YnU  =  Yn  co»  e  t  vn  tin  e  +  ^n.  ( l  -  co«  5)  (Ba) 

and 

p 

V„M  =  “Vn»lne+  Vnco.e+  -fn\nO  .  (5b) 


Equation  (4a)  can  now  be  used  to  set  up  a 
recursive  relationship: 

y„m  ■  -Y,*'"n  +  .  (8) 

Letting  the  half-period  damping  decrement  be 
defined  as 

0  =  s  i  (9) 

results  In 


RESPONSES 

All  of  the  functions  of  Fig.  2  can  be  defined 
as  cf  £  F(t)  s  f,  where  -iscsi.  It  is  also 
assumed  that  the  system  starts  from  rest  with 
zero  initial  conditions. 

If  the  desire  to  maximize  the  response, 
then  F(  t)  must  be  chosen  to  be  +F  when  it 
helps  to  Increase  the  deflection.  Therefore, 
this  will  occur  when  the  velocity  of  the  mass  is 
positive.  When  the  velocity  is  negative: 

1.  For  c  <  o,  cf  has  the  same  sign  as  the 
velocity,  so  the  power  applied  is  positive  and  its 
integral  Increases  the  energy;  so  apply  CF, 

2.  For  c  s  o ,  cf  does  not  add  to  or  sub¬ 
tract  from  the  energy  of  the  system. 

3.  For  c  >  o ,  cf  subtracts  energy  from  the 
system,  so  apply  the  minimum  amount  possible. 
This  discussion  reveals  that  for  these  simple 
examples  the  forcing  function  will  be  a  sequence 
of  horizontal  lines,  and  switching  will  occur  at 
times  corresponding  to  zero  velocity.  The 
times  of  Integration  are  then  computed  by  set¬ 
ting  Eq.  (4b)  equal  to  zero: 

0  ,  (6) 

since  Yn  -  (Fn/K)  /  0,  din  re  H  o  doflnes  the 
time  of  application  of  the  force.  Then 


1  n 


■n  , 


80 


At 


v 


(7) 


(l0> 

The  half -period  decrement  0  is  shown  in  Fig.  3 
and  is  listed  in  Table  1, 


Fig.  3  -  Half-period  decrement 


Equation  (10)  now  can  be  used  to  calculate 
the  response  at  the  end  of  each  half  cycle, 
Letting  F/K  5  5,  where  CF  s  F(t)  i  F,  the 
maximum  static  deflection,  yields  the  following 
by  repeated  application: 

Yj  =  5(1  +  0)  , 

y,  =  -5(i  .0X0-0  , 

Yj  +  5(1  t  0)(1  +  01-0C)  , 

Y,  =  -5(1  +  0X0-  0(1  +  0J)  , 

Y,  =  E(1  +  0HI  +  (0-0(0+  01)]  , 

Y„  =  -5(1  +  0)(0  - C)(l  +  0*  +  0*)  , 


This  application  time  is  then  one  half  the  period 
of  the  oscillator.  Note  the  because  of  the  damp¬ 
ing  term  this  time  can  become  very  large. 
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etc. 


TABLE  1 

Hall-Period  Decrement  0  (or  Varloua 
Amounts  ol  Damping 


Damping 

Percent  of 
Critical  Damping 

0 

None 

0 

1 

Light 

0.6 

0.984415 

1 

0.669071 

1.5 

0.953  9  64 

2 

0,939090 

2.5 

0.924443 

3 

0.910019 

3.6 

0.895813 

4 

0.881823 

4.5 

0.858042 

5 

0.864468 

Heavy 

10 

0.729248 

15 

0.620871 

20 

0,526621 

25 

0.444344 

30 

0.372326 

35 

0.309190 

40 

0.253827 

45 

0.205346 

50 

0.163034 

55 

0.126324 

Very  Heavy 

60 

0.094780 

65 

0.068077 

70 

0.045688 

75 

0.028375 

80 

0.015165 

85 

0.006288 

90 

0.001524 

95 

0,000071 

Critical 

100 

0 

By  mathematical  induction  and  by  recog- 
nlzation  that  geometric  series  are  involved, 
this  set  can  be  reduced  to 


occurs  at  the  first  half  cycle  with  a  value  of 
b  [i  +  4>) ,  and  the  deflection  never  becomes 
negative.  If  c  <  0 ,  the  deflection  grows  to  a 
limit  cycle  such  that  the  positive  displacement 
is  greater  than  B[i  +  0] . 

Taking  the  limit  as  time  becomes  very  large 
(n  -•  ®)  yields  as  limit  cycles: 


8(1  -  C0) 
1  -  0 


—  ,  n  odd  , 


and 


The  maximum  deflection  is  always  positive 
(except  whan  c  ■  1  and  the  values  coincide)  be¬ 
cause  of  the  way  In  which  c  was  defined,  Fig¬ 
ure  4  Is  a  plot  of  the  maximum  ratio  Y/s  for 
two  of  these  limit  cycles  and  for  the  amplitude 
of  the  first  maximum  as  a  function  of  damping. 
There  must  exist  a  set  of  curves  betwesn 
curves  "B"  and  "C"  for  various  values  of  c  <  0. 
Inspection  shows  that  for  light  damping  a  con¬ 
siderable  difference  In  the  maxima  may  exist. 

In  fact  the  ratio  Is 

00 


where  4>  -  0  -  c,  a  positive  number.  There¬ 
fore,  curve  "C"  is  the  maximum  value  when 

c  It  0. 

It  la  of  some  interest  to  compare  this  re¬ 
sult  with  that  of  a  sinusoidal  force  of  amplitude 
F.  Reference  S  presents  the  magnification  fac¬ 
tor  as 


.  where  K  Is  the  driving  frequency.  If  this  equa- 

Y  =5(1  +  0)  i  i  C)(1  *  *  l  (li)  tion  is  differentiated  with  respect  to  k/w  and 
n  L  1  -  0*  set  equal  to  zero,  the  maximum  Is  found  at  the 

frequency 

for  n  odd  and  to 


8(0-  C)(l  -0") 
1-0 


for  n  even. 


(12) 


K  -  a>v/r  -  2aa  , 


Note  that  a  stationary  value  only  occurs  for 
a  &  v7/2  and  that  the  maximum  value  of  the 
magnification  factor  after  this  Is  always  one. 
Substitution  of  Eq.  (16)  into  Eq.  (16)  yields 


The  effect  of  range  of  c  can  now  be  ex¬ 
amined.  If  c  >  0,  the  maximum  displacement 
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Tig*  4  -  Maximum  poitibU 
value ■  of  DLF 


Fig.  5  -  Comparison  of  maxima  of 
magnification  factor* 


Y 

r 


a«y rr 


(ii) 


and 


II 

5 


-  1  . 


(18) 


As  shown  in  Fig.  8,  this  is  always  less  than  the 
maximum  value  that  la  attained  lor  a  square 
wave  at  a  frequency  \  *  «/l  -  a1,  when  c  »  -1, 


RESONANCE  BUILDUP 

It  is  of  Interest  to  examine  the  rate  at 
which  the  linear  oscillator  builds  in  amplitude 
under  these  types  of  hammer  functions,  The 
first  case  considered  Is  that  of  c  ■  -1,  a  square 
wave.  Substituting  c  ■  -1  Into  Eqs.  (11)  and 
(12)  yields 


Y 


«(1  *0)0  -*") 


(19) 


This  result  is  valid  for  all  <  l  and  yields 
limit- cycle  values  of 

y  s  8  LL±  .  (20) 

1-0 

For  *  ■  1,  the  undamped  case,  it  is  necessary 
to  return  to  Eqs.  (Ba)  and  (5b)  to  find 

Y  =  -2»<-l)"6  ,  (21) 

Figure  6  shows  the  sealed  absolute  values 
(Y/i)  of  Eqs.  (19)  and  (21)  and  compares  them 
to  their  maximum  values  for  selected  values  of 
the  half-period  decrement. 

Consider  now  the  problem  of  resonance 
buildup  of  an  oscillator  when  the  forcing  func¬ 
tion  lies  within  the  band  0,85  F  s  F (t)  s  F,  In 
this  case,  for  c  to  be  less  than  0,  an  a  of  0.05 
or  less  must  be  chosen  (see  Table  1),  For 
values  of  a  >  0.05  the  maximum  occurs  at  the 
first  half  cycle,  and  its  value  can  be  found  by 
adding  one  to  the  appropriate  number  In  the  4> 
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fig.  6  -  Resonance  buildup  lor 
a  square  wave 


The  addition  of  a  email  amount  of  damping 
quickly  cruahee  the  maximum  reaponae,  until 
at  a  slightly  greater  than  0.05,  the  maximum 
occura  at  the  Ilrat  quarter  cycle.  For  «  =  0,0445 
the  maximum  value  of  2  ia  attained, 


TABLE  2 

Reaonance  Buildup  for  the  Band-Limited 
Problem  for  Four  Damping  Values 


Number  of 
Half  Cycles 

Dynamic  Load  Factor 

o  ■  0 

«  -  0.01 

a  m  0,03 

a  ■  0.05 

1 

2.0 

1.98907 

1.91002 

1,85447 

3 

2.3 

2.19828 

2.01434 

1.86155 

5 

2.6 

2.40965 

2.10073 

1.88672 

7 

2.9 

2.81002 

2.17228 

1.8  7  049 

0 

3.2 

2.79B20 

2.23152 

1.87325 

11 

3,5 

2.97491 

2.28059 

1.87526 

13 

3,8 

3.14086 

2.32122 

1.87673 

15 

4.1 

3.29670 

2.35487 

1.87780 

17 

4.4 

3,44306 

2,38274 

1.87858 

19 

4.7 

3.58049 

2,40582 

1.87915 

21 

5.0 

3.70050 

2.42493 

1,87957 

23 

5.3 

3.83077 

2,44075 

1.87988 

26 

5.6 

3.94460 

2,45386 

1,88010 

s  e  « 

oo 

»  •  * 

00 

5.69980 

2.51701 

1.88070 

PULSES  OF  FINITE  LENGTH 

The  dynamic  load  factor  ia  normally  aiso- 
clated  with  pulaea  of  finite  time.  In  this  section 
two  simple  cases  will  be  diacusaed,  those  of 
c  ■  -1  and  c  -  0.85. 

It  was  demonstrated  in  the  section  on  reso¬ 
nance  buildup  that  the  half  period  of  the  respond* 
ing  oscillator  is  an  important  parameter.  There 
fore  the  pulse  length  will  be  measured  in  terms 
of  the  half  period.  Let  t0  be  the  pulse  length, 
and  let  T/2  be  the  half  period;  then 

T  “T  "  h  '  (20). 

2 

where  n  la  an  integer  and  h  is  a  decimal.  Since 
time  was  started  anew  after  each  half  period, 


”h  -  rO  ~  v  fT-ST  At  , 


In  Eqs.  (4)  and  (5).  The  response  after  the  in¬ 
column  of  Table  1,  Table  2  and  Fig,  7  show  the  put  is  over  can  be  computed  by  setting  Fn  «  0 

growth  of  the  maximum  value  for  every  odd  half  in  these  equations, 

cycle  (n  odd),  The  deflection  of  the  undamped 
oscillator  increases  without  bound, 
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First  consider  the  type  of  function  (Fig,  2) 
-Fi  F(t)  sF,  If  F( t )  were  chosen  identically 
zero  for  all  time,  there  would  be  no  response, 
so  the  minimum  problem  Is  trivial.  The  only 
remaining  problem  is  maximization. 

In  the  undamped  case  the  amplitude  always 
Increases  each  half  cycle  and  for  any  applica¬ 
tion  of  the  force  beyond  a  half  cycle,  so  a  sim¬ 
ple  formula  results: 

DLF  «  J(2<\  i  l)1  +  1  -  2(2n  +  1)  co«  6  (24) 

for  a  f„ At  =  «h,  where  n  Is  the  completed 
number  of  half  periods, 

In  the  damped  case  the  continuation  of  the 
force  beyond  the  half  period  does  not  guarantee 
an  increase  in  amplitude,  since  if  it  is  stopped 
too  soon  the  damping  can  reduce  the  value  be¬ 
low  that  of  the  previous  maximum.  As  a  result, 
the  problem  1s  more  complex.  For  a  given 
pulse  the  factors  n,  h,  o  can  be  found.  An  ob¬ 
vious  candidate  for  the  DLF  is  Eq,  (19),  Let 
this  candidate  value  be  l  (note  the  absolute 
value): 


,  ..  (l  *  ■/'Id  •  ■ft1')  (28) 

1  -  <4 

To  see  if  the  next  maximum  is  greater,  compute 
by  moans  of  Eqs.  (4a)  and  (4b) 


Va  • 

VA  * 

and 


-(-l)n  (HI)  e"a<l  (co«  r  9  t  -2-  tin  r&j  -  1  j  , 


■y  ■  ton"1 


(Lt  i)  »ln  r 0 
(Li  1 )  con  tO  -  «a" 


Fig.  8  -  Upper  end  Lower  bounds  on  • 
puiee-type  function 


the  undamped  case.  This  solution  is  valid  for 
maximum  and  minimum  possible  responses  out 
to  a  value  of  2Ta/T  of  about  2,66.  However, the 
sequence  of  cliffs  and  plateaus  of  curve  III  re¬ 
sults  from  application  of  the  methods  of  this 
report.  The  sharp  rises  are  due  to  energy  in¬ 
put  during  the  positive- velocity  phase,  after  the 
minimum  algebraic  displacement  has  been 
achieved  and  after  f  has  been  applied  for  a  suf¬ 
ficiently  long  time.  The  plateaus  have  the 
values  presented  In  Fig.  7,  The  area  bounded 
by  curves  I  and  III  is  the  region  of  all  possible 
solutions  of  Eq.  (1)  to  Inputs  as  given  by  Fig.  8 
and  for  a  >=  0. 

To  consider  damping,  note  that  reeonance 
buildup  can  occur  only  for  <t>  >  0.88.  Figure  10 
■hows  the  solutions  for  three  values  of  damping; 
the  values  of  the  various  plateaus  can  be  found 
In  Table  2. 

It  is  now  Interesting  to  note  that  all  possi¬ 
ble  solutions  for  0  s  a  s  0.08  responding  to 
the  olass  of  forcing  functions  of  Fig.  8  lie  be¬ 
tween  curves  I  and  II  of  Fig.  10.  All  possible 
solutions  for  0,03  s  a  s  0.06  lie  between 
curves  II  and  III,  etc.  The  impulse  I  in  this 
case  is  always  bounded  by  0,B5rro  <  I  <  ft0, 
or  I  «  0.925fto  *  8.1%. 


where  Another  candidate  value  is 

P  =  2bYaVa  7  v7.  (24) 

The  dynamic  load  factor  la  then  the  larger  of 
the  values  given  by  the  comparison  of  L  and  p, 

A  problem  of  greater  Interest  is  the  banded 
rectangular  pulse,  Suppose  that  a  measured 
pulse  is  Illustrated  by  the  jagged  curve  of  Fig.  B, 
An  analyst  might  be  tempted  to  note  that  the 
function  lies  between  0.85  and  1,  to  draw  theso 
bounds,  and  to  compute  the  response  in  both 
cases.  Curves  I  and  II  of  Fig.  9  would  result  in 


SUMMARY 

In  the  specification  of  pulses  for  tosts  and 
dynamic  analysis,  tolerance  bounds  are  iorae« 
times  prescribed.  It  has  been  shown  In  the 
banded  rectangular  pulse  considered  here  that 
the  assumption  that  the  upper  bound  gives  the 
maximum  dynamic  load  factor  la  not  valid  for 
systems  with  small  amounts  of  damping  and 
whose  half  periods  are  less  than  3/8  of  the 
pulse  duration. 

An  easily  understood  method  for  predicting 
the  maximum  or  minimum  possible  response  of 
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an  oscillator  to  a  loosely  defined  forcing  func- 
t;  on  has  been  presented.  The  extension  of  the 
method  seems  direct,  Those  engineers  working 
with  pulse-type  shock  testing  should  find  this  to 
be  of  some  value. 

The  examples  chosen  were  simple  and  for 
a  linear  oscillator.  More  complex  wave  shapes 
can  be  considered,  and  these  methods  can  be 
applied  to  nonlinear  systems. 
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THE  REDUCTION  OP  HELICOPTER  VIBRATION  AND  NOISE  PROBLEMS 


BY  THE  ELIMINATION  OF  THE  BLADE  TIP  VORTEX 
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(U)The  significant  reduction  or  the  elimination  of  the  high 
vibratory  loads  and  acoustic  output  created  by  the  oonoen- 
trated  vortices  trailed  from  helicopter  rotor  systems  in 
forward  flight  has  been  an  unattainable  goal  in  the  past, 
After  more  than  four  years  of  research,  RASA  has  developed  a 
technique  whereby  the  concentrated  trailed  tip  vortex  can  be 
eliminated  efficiently  without  affecting  the  performance 
characteristics  of  the  helicopter  rotor i  This  paper  will 
present  the  benefits  that  accrue  ns  regards  helicopter 
vibration  and  acoustic  output  by  the  elimination  of  the 
concentrated  trailed  tip  vortices , 


SYMBOLS 

C-(i)  Primary  coupled  chordwise 

bending  trades  of  the  helicop¬ 
ter  Linde  (isfirst,  second, 
etc. ) 

F-(i)  Primary  coupled  flapwise 

bending  modes  of  the  heli¬ 
copter  blade  (i»first, 
second,  etc.) 

n  Radius  of  rotor  blade  (ft) 

r  Radial  distance  to  a  given 

location  on  the  rotor  blade 
(ft) 

T-(i)  Primary  coupled  control- 

blade  torsion  modes  of  the 
helicopter  blade  (i»first, 
second ,  etc . ) 

v  Forward  speed  of  the  heli¬ 

copter  (ft/sec) 

v  Flapwise  bending  deflection 

normalized  by  generalized 

mass 

w  Chordwise  banding  deflection 

normalized  by  generalized 
mass 

ii  >  ~  Advance  Ratio 


<t>  Torsional  deflection  normal¬ 

ized  by  generalized  mass 

Hi  Azimuth  angle  in  rotor  disk, 

degrees 

R  Rotational  frequonoy  of  the 

helioopter  rotor  system 
(radians/sec) 

u  Frequency  of  a  blade  natural 

coupled  mode  (radians/saa) 

INTRODUCTION 

(U) Since  the  first  successful 
flight  of  the  helicopter,  the  "dynamic" 
characteristics  of  these  vehicles  have 
been  well-known  to  those  who  have  been 
either  riding  in  the  aircraft  or  to 
those  striving  to  construct  a  success¬ 
ful  rotor  system  or  vibration-free 
structure.  During  the  early  years  of 
the  development  of  the  helioopter,  the 
important  dynamic  effects  produced  by 
the  vortex  wake  had  to  be  Ignored  in 
deference  to  the  more  urgent  need  to 
solve  problem*  of  atability,  control, 
performance  end  structural  integrity. 
Once  these  goals  were  achieved,  however, 
then  vibrations,  a  mors  reasonable 
structural  life,  and  most  recently, 
noise  considerations  led  to  the  need  to 
define  the  nature  of  the  vortex  wake. 
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(U)Xn  order  that  helicopter  blade* 
could  be  properly  designed  in  the  past 
on  the  basis  of  these  coneiderations, 
the  aerodynamic  loadings  aasooiated  with 
the  interaction  of  the  blade  with  the 
nonuniform  flow  field  arising  from  the 
trailed  and  shed  vorticity  had  to  be 
defined  more  precisely.  The  early  theo¬ 
retical  attempts  to  predict  the  instan¬ 
taneous  induced-velocity  field  II]  and 
the  oscillatory  aerodynamic  loading 
[2,3]  of  helicopter  rotors  represented 
significant  advances  in  that  era  but 
these  advances  were  hampered  by  the  lack 
of  application  of  suitable  high-speed, 
high-capacity  digital  computers.  In  the 
early  sixties,  however,  Millar  14]  and 
DuWaldt  and  Piziali  [S]  undertook  the 
problem  with  all  its  complexities  and 
used  high-speed,  high-capacity  digital 
computers  to  obtain  marked  improvement 
in  the  prediction  of  the  periodic  aero¬ 
dynamic  loads,  The  results  of  both  of 
these  investigations,  while  not  showing 
ideal  correlation  with  experimental 
data,  did  show  a  vast  improvement  over 
previous  predictions. 

(U)The  prediction  of  the  dynamic 
loads  of  helicopter  rotor  systems  con¬ 
tinues  to  receive  a  great  deal  of 
attention  in  the  V/STOL  industry. 
Considerable  research  effort  has  cen¬ 
tered  around  the  development  of  im¬ 
proved  analysis  procsdurss  for  pre¬ 
dicting  the  dynamia  air  loads  developed 
by  helicopter  rotor  blades.  A  majority 
of  these  analyses  arc  concerned  with  the 
flow  field  in  the  vicinity  of  the  rotor 
system  and  the  helicopter  fuselage 
which  is  immersed  in  the  rotor  vortex 
wake.  Current  research  in  the  develop¬ 
ment  of  computational  programs  in  this 
area  allow  the  position  of  the  "free, 
distorted  wake"  to  be  predicted  in  the 
vicinity  of  the  heliaopter  rotor  end 
fuselage  for  single,  tandem  and  aoaxial 
rotor  systems.  This  research  has  been 
and  continues  to  be  aimed  at  improving 
significantly  the  prediction  of  the 
aerodynamic  and  dynamic  loads  generated 
by  the  rotor  bladee  while  the  aircraft 
is  in  either  a  steady-state  or  msneuver 
flight  mode.  References  6  and  7  present 
examples  of  the  current  state-of-the-art 
in  the  prediction  of  the  aerodynamic 
environment  in  which  a  heliaopter  blade 
eparatts  in  forward  flight.  The  bene¬ 
fits  that  have  accrued  to  the  V/STOL 
industry  through  the  use  of  the  more 
aophistlcated  methods  of  wake  prediction 
are  to  be  found  in  the  increased  effi¬ 
ciency,  performance  and  reliability  of 
rotor  blades  and  their  control  systems 
that  can  now  be  designed. 

(U) While  these  previously  mentioned 
research  programs  have  been  associated 
with  predicting  the  affects  of  the 


concentrated  vortex,  considerable  effort 
has  also  been  expanded  by  the  V/STOL 
industry  in  an  attempt  to  understand 
the  characteristics  of  the  structure  of 
the  blade  tip  vortex  and  its  interaction 
with  a  lifting  surface  becaues  of  its 
great  influence  on  blade  dynamic  loads 
problems,  and  the  generation  of  rotor 
impulsive  noise.  When  impulsive  noiae 
("blade  slap")  is  obtained,  it  is  the 
predominant  source  of  noise  of  a  heli¬ 
copter  rotor  system.  Its  contribution 
to  the  noise  signature  of  a  helicopter 
is  of  particular  importance  in  detection 
problems  associated  with  military  opera¬ 
tions  and  in  annoyance  problems  asso¬ 
ciated  with  civil  operations.  Blade 
slap  may  occur  under  various  flight  con¬ 
ditions  and  in  particular  it  generally 
occurs  during  low-speed  power  descents 
due  to  blade-vortex  interaction  as  the 
aircraft  aattles  through  its  wake. 

Severe  blade  slap  oan  alao  occur  during 
a  coordinated  right  or  left-hand  turn  or 
during  a  pull-up  when  the  rotor  system 
is  rotated  into  its  own  wsks.  Some  of 
the  approaches  attempted  by  research 
enginaars  in  the  V/STOL  industry  and 
mors  recently,  in  the  fixed-wing  in¬ 
dustry  to  modify  the  trailed  concen¬ 
trated  tip  vortex  are  categorized  in 
Fig,  1,  and  Fig.  2  presents  conceptual 
sketches  of  the  various  modifications  of 
the  lifting  surfaces  that  have  been 
attempted  to  test  the  validity  of  thaaa 
diverse  approaches . 

(U) Some  of  the  approaohsa  are  oato- 
gorized  aa  hopefully  accomplishing  more 
than  one  kind  of  modification.  For 
example,  porous  tips  are  listed  both  as 
capable  of  spreading  concentrated  vor¬ 
tioity  and  alao  dissipating  tha  strength 
of  the  vorticity.  Lifting  surface  tip 
spoilers  are  Hated  in  the  same  category. 
End  plate*  era  categorized  as  both 
spreading  and  relocating  the  concentrated 
vorticity.  The  effect  of  gulled  outer 
panel*  [BJ  is  to  divide  the  total  con¬ 
centrated  vorticity  into  two  vortioes, 
each  of  leaser  strength,  at  two  differ¬ 
ent  epanwise  locations,  (on*  at  the 
uncture  of  the  gulled  tip  and  main 
ifting  surface  and  the  other  at  the  tip), 
and  also  to  relocate  the  tip  vortex  with 
respect  to  s  dimension  normal  to  the 
wing  chord  plane  because  of  the  deflec¬ 
tion  of  the  tip  of  the  gulled  section. 

(U)  While  the  porous  tip  spreads  the 
vorticity  in  the  near  wake  [9] ,  it  also 
has  the  potential  of  dissipating  the 
vortex  because  of  the  turbulence  gener¬ 
ated  by  the  flow  passing  through  the 
porous  sections.  As  might  have  been 
expected,  the  dissipation  obtained  with 
the  porous  tips  was  not  significant 
because  of  the  email  turbulence  wave¬ 
length  generated,  and  thus  investigators 
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have  found  that  tho  ooncantcated  vortex 
reappeared  downstream  with  its  apparent 
strength  unchanged.  The  wing  tip 
spoilers,  by  which  Chigier  at  HASA/Ames 
attempted  to  modify  the  tip  vortex  (10) , 
seems  to  produce  the  same  end  result  as 
the  porous  tip  at  a  downstream  location, 
again  apparently  because  of  the  small 
turbulence  wavelength  that  was  generated . 

(U)Spanwiee  blowing  tried  by 
Scheiman  and  others  [11,12],  seemed  to 
have  no  effect  other  than  to  relocate 
the  position  of  the  trailed  vortex. 

(U) Investigations,  to  date,  of  the 
effect  of  jet  engine  location  in  the 
vicinity  of  the  tip  vortex  have  not  been 
notably  successful.  Dr.  John  Olsen  of 
Boeing  [13]  and  the  NASA  investigators 
[14,15]  who  have  tried  this  approach, 
placed  the  turbulent  jet  in  the  irrota- 
tional  regimes  of  the  vort.ex.  Thus,  its 
potential  dissipative  action  was  weakly 
coupled  with  that  part  of  the  vortex 
which  contains  the  concentrated  rota¬ 
tional  energy,  the  vortex  core. 

(U) Based  on  tho  results  of  asso¬ 
ciated  research  being  conducted  by  RASA 
in  1968,  it  was  believed  that  the  injec¬ 
tion  of  an  unstable  aerodynamic  mass 
flow  into  the  aora  of  a  swirling  tip 
vortex  would  signif ioantly  increase  the 
viscous  dissipation  of  that  vortex,  Au 
indicated  in  Fig.  1,  this  vortex  modifi¬ 
cation  technique  hat  the  sole  objective 
of  dissipating  the  strength  of  the  con¬ 
centrated  vortioity  rapidly  by  the  gener¬ 
ation  of  a  jet  flow  instability. 

(U) After  more  than  four  years  of 
research  and  a  number  of  research  pro¬ 
grams  [16-22]  it  has  been  shown  by  the 
RASA  investigators  that  the  strength  of 
the  concentretod  tip  vortex  oan  be 
rapidly  dlaeipated.  Fig,  3  presented 
photographs  of  the  visualised  concen¬ 
trated  vortex  with  and  without  the  mass 
injection  system  operating.  These 
visualised  flow  pictures  obtained  by 
the  uae  of  nautrally-buoyant  soap 
bubbles  filled  with  helium,  show  how  the 
oonoentrated  tip  vortex  is  rapidly 
dissipated  and  only  a  turbulent  flow 
field  ia  left.  In  the  photographs,  the 
oenterline  of  the  vortex  is  clearly 
depicted  by  the  white  line  which  is 
formed  by  the  bubbles  in  rectilinear 
motion.  The  swirling  motion  of  the 
vortex  about  its  center  ia  shown  by  the 
helical  motion  of  the  flow.  Comparison 
of  the  visualized  flow  field  before  and 
after  injeation  shows  that  the  concen¬ 
trated  vortax  ie  immediately  affected 
while  the  overall  flow  field  ov^er  the 
tip  section  is  nob  changed  significantly. 
Fig.  4  prasenta  the  results  of 


quantitative  measurements  made  in  the 
wake  at  a  downstream  position  which 
corresponds  to  e  time  after  vortex 
formation  of  0.075  sec  (6-1/2  chord 
lengths  downstream  at  the  tunnel  speed 
of  the  tests) ,  The  results  that  are 
presented  wore  obtained  by  measuring  all 
the  vortioity  in  the  wake  and  then 
integrating  the  measured  vortioity  to 
obtain  the  circulation.  The  results 
presented  in  this  figure  ehow  that  the 
sonic  injection  nozzle  is  much  more 
efficient  in  dissipating  the  strength  of 
the  tip  vortex  than  the  subsonic  injec¬ 
tion  nozzle.  Figure  5  presents  typical 
performance  resuits  that  ware  obtained 
for  the  lifting  surface  that  generated 
the  tip  vortex  as  a  function  of  injected 
mans  flow  using  a  submnic  injection 
nozzle,  As  can  be  seen  from  the  rosults 
presented,  the  performance  characteris¬ 
tics  are  not  altered  when  the  vortex  is 
injocted  with  the  unstable  jet. 

(U)while  the  means  of  rapidly 
dissipating  the  energy  of  the  concen¬ 
trated  tip  vortex  has  been  demonstrated 
and  a  somewhat  optimal  system  has  been 
developed  during  the  previously  noted 
research  programs,  the  benefits  that 
will  be  derived  as  regards  dynamio  loads 
and  acoustic  output  of  helicoptar  rotor 
systems  hove  not  as  yet  been  demonstrated 
by  tests  of  full-scale  hardware  with  the 
injeotion  system  installed.  In  prepara¬ 
tion  for  the  full-aoale  testa  which  will 
be  initiated  in  the  near  future,  sophis¬ 
ticated  theoretical  analysis  procedures 
were  used  to  evaluate  the  benefits  that 
would  be  derived  by  the  elimination  of 
the  concentrated  tip  vortex  trailed 
from  the  blade  tipi  of  helicopter  rotor 
system*.  Some  of  the  results  of  these 
theoretical  investigations  arc  the  sub¬ 
ject  of  tho  present  presentation. 

TECHNICAL  DISCUSSION 

Analysis  Procedures  Used  in  Investiga¬ 
tion's 

(U)In  order  to  determine  the  loca¬ 
tion  and  atrength  of  the  trailed  vortex 
field  generated  by  a  helicopter  rotor 
system  in  forward  flight,  a  theoretical 
analysis  developed  by  RASA  for  NASA 
[6,7]  was  used  to  calculate  the  position 
and  strength  of  the  free  vortex  wake  and 
the  dynamic  loads  generated  by  the  rotor 
blades  operating  in  the  aerodynamic 
environment  created  by  this  wake.  The 
predicted  results  of  this  analysis  have 
been  correlated  with  experimental 
results  obtained  with  full-scale  heli¬ 
copters  and  it  has  been  demonstrated 
that  the  predicted  md  experimental 
results  are  in  excellent  agreement  when 
tho  helicopter  is  in  steady-state  flight 
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condition  and  when  it  is  a  coordinated 
turn,  pull-up  or  roll  maneuver.  The 
results  of  this  theoretical  analysis 
were  used  in  conjunction  with  a  theo¬ 
retical  acoustic  prediction  analysis 
[23,24]  by  which  the  acoustic  pressure 
time  history  generated  by  a  helicopter 
rotor  can  bo  predicted  at  various 
observor  locations  during  hover  or 
flyby.  The  accuracy  of  the  predictions 
generated  by  this  analysis  procedure 
havo  been  well  established  [24]. 

Helicopter  and  night  Condition 
Analyzed 

(U)The  helicopter  that  was  used  to 
demonstrate  the  benefits  of  eliminating 
the  vortex,  trailed  by  the  tip  of  the 
blades  of  a  helicopter  rotor  oyntem  was 
the  first  of  the  series  of  the  Huey 
Haliaopter,  the  UH-1.  The  flight  condi¬ 
tion  that  was  analyzed  was  a  1.5g  left- 
hand  turn  at  an  advance  ratio  of  m»0.24 
(forward  flight  velocity  of  120  MPH) . 
Thin  flight  condition  was  analyzed  since 
it  had  been  demonstrated  experimentally 
that  a  strong  blade  vortex  interaction 
occurred  which  created  higher  harmonic 
dynamic  loads  and  blade  slap,  The 
coupled  symmetric  and  antisymmetric 
dynamic  modal  shapes  of  the  helicopter 
rotor  that  was  analyzed  are  shown  in 
Pig.  6. 

Results  of  Calculations 

a.  Change  in  Aerodynamic  Flow 

(U) Pig.  7  presents  a  planview 
plot  to  tho  paths  of  the  tip  vortex 
trailed  from  eaoh  of  the  two  blades  of 
the  UH-1  rotor.  The  plot  has  been  made 
for  tho  instant  of  tine  at  which  blade 
number  2  is  intersecting  the  wake 
generated  by  blade  number  1,  The  age  of 
the  wake  generated  by  blade  number  1  is 
approximately  0.1S  seconds  when  blade 
number  2  intersecte  it,  or  approximately 
twice  the  age  for  which  measurements 
havo  been  made  in  the  wind  tunnel 
(Figs.  3  and  4).  It  can  be  seen  from 
this  plot  that  blade  number  2  intersects 
the  woke  at  approximately  the  same  time 
over  muoh  of  its  radius  and  thus  pro¬ 
duces  a  very  strong  pressure  and  loading 
pulse.  Fig.  8  clearly  illustrates  this 
somewhat  olmultanoous  interaction  of 
the  vortex  across  the  blade  radius.  As 
can  be  aeon  in  Fig.  8,  the  inducod 
velocity  (the  velocity  generated  ot  the 
blade  by  the  wake)  ho*  a  large  pertur¬ 
bation  centered  around  an  azimuth  angle 
Hi  of  295  degrees  along  the  majority  of 
of  the  radius.  Tha  peak  to  peak  varia¬ 
tion  of  the  induced  velocity  is  about 
40  ft/*ec  along  the  blode  radius  which 
is  approximately  twice  tha  value  of  tha 


induced  velocity  anywhere  else  in  the 
azimuth.  It  can  thus  be  concluded  that 
the  induced  effect  on  blade  number  2  is 
indeed  a  very  strong  one. 

(U ) Fig .  9  presents  a  polar  plot  of 
lines  of  constant  induced  velocity  in 
the  plane  of  the  rotor.  While  there  is 
considerable  variation  of  the  induced 
velocity  around  tho  azimuth,  the  rapid 
chanae  caused  by  the  blade  vortex  inter¬ 
action  is  obvious  ir.  tho  nrea  noted. 

The  associated  polar  plot  of  angle  of 
attack  is  shown  in  Fig.  10.  Since  this 
rapid  variation  of  induced  velocity  and 
anqlo  of  attack  occurs  over  a  very 
narrow  ranoo  of  azimuth,  aerodynamic 
loadings  in  the  higher  harmonics  of 
rotor  speed  are  generated  primarily 
which  excite  the  higher  rather  than  the 
lower  dynamic  modes  of  the  helicopter 
blade,  In  addition,  since  tho  pressure 
pulse  generated  by  the  blade  vortex 
interaction  is  of  Bhort  duration  the 
acoustic  output  caused  by  the  blade 
vortex  interaction  is  very  high, 

(U)Figs.  11  and  12  present  the 
polar  plots  of  induced  velocity  and 
angle  of  attack,  respectively,  after  the 
tip  vortex  has  been  eliminated  by  jet 
mass  injection.  Comparison  of  these 
plots  with  their 1  counterparts  when  the 
tip  vortex  is  present  (Figs.  9  and  10, 
respectively),  will  show  that  while 
there  has  been  some  change  on  tho  advanc¬ 
ing  side  of  the  rotor  disk,  the  very 
rapid  ahange  in  tho  induoed  volooity  and 
angle  of  attack  on  the  retreating  side 
caused  by  blade  vortex  interaction  has 
betn  eliminated.  It  can  also  be  noted 
that  for  a  given  radial  station  in  the 
azimuth  range  from  ifi-270  to  i(i«»360 
degrees  there  is  very  little  change  in 
induced  velocity  or  angle  of  attaok. 

b.  Chance  in  the  Aerodynamic 
Loading 

(U)When  a  helicopter  is  flying 
in  steady-state  flight,  level  or  in  a 
coordinated  maneuver,  it  is  assumed  that 
all  the  load  variations  repeat  periodi¬ 
cally  and  therefore,  it  is  convenient  to 
analyze  the  loads  in  terms  of  the  har¬ 
monics  of  the  rotor  speed.  In  order  to 
proporly  analyze  tho  harmonics  of  in¬ 
duced  velocity  and  loads,  the  harmonic 
content  of  theso  parameters  generated  by 
motions  of  tho  helicopter  control  system 
and  not  the  wake  must  be  considered. 

For  example,  the  collective  blade  pitch 
control  is  used  to  control  the  ceroth 
harmonic  of  thrust  and  thus  the  zeroth 
harmonic  of  induced  velocity  and  loads 
are  not  asaociated  primarily  with  the 
concentrated  rotor  wake.  The  one/per/ 
rev  cyclic  pitch  of  tho  control  systema 
tilts  the  rotor  and  helps  to  smooth  out 
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Since  the  dynamic  pressure  on  a  blade 
■action  la  a  function  of'tha  velocity 
squared,  thecyolio  pitch  control  will 
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dieted  •tresses-  of  thaae  modes  are  alio 
reduced  significantly. 

c.  Chance  in  Acoustic  Signature 

,  (U)The  evaluation  of  the  change 
in  the  acoustlo ,  outpuf  iof/  the"  rotor  ■;,"' 
system  when  blade  slap  ia  eliminated  by 
th■/;de■1truoti,dn,,■li)f1.'ths't^p'■:lVortioea:;^wa■:, 


...i  .,7»'»  -  iitt 
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hirA./Airmon’ic  .af  retCr  speed'.  there-  .,  1  system  when  blade  slap  ia  eliminated  by 
3 dne  ;desltruotibn:vb£/ths:  tipVVortioea':'was: 
.hd ~ ■'l^tfiMav- 'thr odeh ..tha  'thlr d, ,ar a . -pr lr  conducted  for  a  flyby  of  the  helicopter,. 

.•aMV'cSnlrolled  ,#y  the  blade  pitch  •  ', /.'■  -  .when1  the-  highly  .directional  'tpoping^,.. 

•"  V'>:‘';1nbia;e^'Waei.'dir:i6ted\'‘itpward,ev-fiJ<ed'.''.iboa“: 


.;,. : ,  >ma W7i«#e'lied'  hyf'  the  .  blade  pitch  ,•, 

'r'  ■-  (U)The  harmonioe  of  the  induoed' 

■’“■'"•^."vei'eidlty  en  'the  '.rotor  blade,  at* V/Xsty ..17, 

.  "  iwith  end'  without1'  the.  '.tip  vortex  ere' 


tion  of 'the  Observer.  rig,  15  ehows  the 
,prCe(e,ur,e(  time.  hiatory  of  ihe'jicoultio':;'  J" 
aignal  received  by  the  obaerver  -  at  'this.  ' 
time,,  This  aeouetlo  signature  not  only 
has  rotational  noise  generated  by  tho 
blade  lif  t  end  that  oaueed'  by  blade- 
vortex  interaction  but  also  has  the 
hoise  ganeratsd  by  the  broadband  (non¬ 
harmonic)  oscillatory  forbsa  on  the  . 
blade  .  TKh  'hpike  caused  "by  the  blade 
vortex  interaction  ie  Very  .apparent  in 
this  signature.  Since  the  aooustio  1 
output  of  t'  blade-vortex  interaction  is 
aeBOoietad  with  ndnbroedband  forces,  the 
broadband  force  output  was  removed  from 
the  signati.ra'  and  the  resulting  signa¬ 
ture  plotted  at  the  top  of.  Fig.  15.  The 
sharp  aoouatic  spike  generated  by  the 
interaction  of  the  blade  and  the  tip . 
vortex  la  vary  apparant  in  this  signa¬ 
ture.  ,  The  signature  at  tha  bottom  of ' 

Fig.  16  ie  that  generated  by  the  h4li- 
copter  blade  when  the  ooncentrated  tip 
vortioee  have  beer  eliminated ,  The 
Change  in  the  aooustio  signature  is 
obvious. 

.  (U)Th«  spsotrumof  thstotal  acous¬ 
tic  signature  (with  broadbahd  nonharmonic 
osoillatory  forces  included)  ie  pre¬ 
sented  in  Fig.  17.  Also  shown  ie  e 
curve  of  the  threshold  of  hearing  for 
tha  human  ear 'in  in  ambient  background 
environment.'  It  cart '  ba  sash  that  above 
about  20>  epc  tha  aooustio  output  ie 
oignif icently  above  tha  threshold  of 
hearing.  Tha  humping  of  the  aooustio 
■psetrum  is  eiusea  by  ground  ref leotion 
effects  since  .the  observer  ear  ie 
locstid  five  feet  from  this  ground.  Tho 
spectrum  of  just  the  rotal.ohal  noiee, 
with  blade-vortex  interaction,  is  pre¬ 
sented  in.  Fig.  18.  in  comparing'  the 
■pectrums  presented  in  Figs.  17  and  18, 
it  can  ba  seen  that  in  the  frequency 
range  0  to  200  ops  there  is  little 
difference  in  >the  »pectr uins ,  from'  200  to 
600  ope  the  broadband  noiss  contributes 
about  5  db  and  in  the  frequency  range  of 
500  to  1000  oi  i  the  broadband  noise  con¬ 
tributes  about  10  db.  The  aooustio 
signature  of  the  rotor  rotational  noise 
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Cith  and'  without1'  tha  '.tip  vortex  are 
preeantsd  in  Flo.  13  end  thoae  for  the 
aerodynamic,  loadings  at  that  radius  are 
shown  ir.  Fig.  14 .  It  oan  be  scan  that  , 
while  there,  ia  some  Variation  in  thg 
induced.,, vtlodity.  in  the  •aroth'.land.'','«irBt  - 
-ItWCi 'harmOnioe,  these  aerodynsmic  load¬ 
ings  hre  not . changed  significantly  aa 
'they  pre  primarily  controlled  by  the  . 
control  system .  it  ie  noted  that  the 
indugad  velooity  in  the  third  harmonic 
generated  by  the  tip  vortex  waa  almost 
completely  eliminated  whan  the.  tip  vor¬ 
tex  wee  destroyed  but  the  third,  harmonic 
of  loading  was  baeioelly  unaltered. 

This  'result  points  out  that. 'the  third 
harmonic  of  loading  la  caused  primarily 
by  the  qyollc, control  system  and  tha' 
varying,.' Velocity  field  and  not  the  .. 
-induoed  effect'  of  the  concentrated  wake. 
ixCept  for  the  sixth  harmonic,  ell  of 
the.  harmonies  of  both  the  induced' 
velocity  end.  loading  era  significantly  ' 
''.'reduoad  wheh .  the."  conoantratad.'.'tip  vor- 
tioae  are  eliminated.  Apparently  the  ■ 
sixth  harmonic  of  tha  inaudad  Velocity 
"'and' loading  l'e:  d'f'atted  'by'tha' vofcf'd'k’ 
wake  flow  not  aseociatsd  with  tha  eoncen- 
. 'trated'  tip  . vortices  and'  thus  when'ithe 
induced  affects. of  tha  tip  vortioea 
".wars  r.amdved.  their  relieving  induced 
ef feats  war*'  cancelled  .and  the  harmonic  ’• 
loading  ingreatad.  ■ 

(U)Whlle  it  might  seem  that, the' 
higher,  harmohio . loedinge  are  relatively 
, email  , even  whdh.  tM,  tip  vortioee  are 
preient  and  thus  the  reduction  achieved 
by  ..the  elimination  of  'the-  tip  vortex 
may  no,i,ba  qf  signifioanoe,  it  is  noted 
that .'the-higher  harmonic  leadings  ere- 
tile  one's  that  determine  'the 'lift  of  the 
helicopter  blade  and  thus  the  reductions 
'achieved  .are  'veby.  significant.  This 
becomes  morn  obvious  when  it  ie  realised 
that  the  natural  coupled  modes  of  the 


whan,  the  tip  vortices  have  been  allin- 

inated  ia  ahbwn  in  rig.19.  Comparing . 

tha  apactrums  presented  in  Figs.  18.  and 
19,,  .it  ‘ban  ba  seen  that  there  is  a  sig¬ 
nificant  change  in  tha  acoustic  output 
with  tha  elimination  of  tha  blade  vor¬ 
tex  interaction,  particularly  in  tha 
frequency  rangs  of  50  to  400  cps.  it 
is  tha  frequencies  in  this  range  that 
propagate  for  large  distances  and  thus 
are  tha  most  significant  as  regards 
detectability.  ,  in  order  . to  further  ■  ,-i- 

demonstrate  the  aignificanoa  of  tha  : 
reduction  achieved,  it  is  noted., thati.if 
there 'are "two  independent  sound  eburoe'e 
and  one  ie  approximately  10  db  higher 
'than  tha  other,:then  the  veakar  Bound  .... 
source  is:1  nbt  heard,.  Thus  the  10  to  15 
db . reduction  in /aoouetio  output  that  wee 
achieved  oan.  be  concluded  to'  ba .  vary 
significant, 

CONCLUDING  REMARKS 

(U) The  effect  of  eliminating  the 
concentrated,  tip  vortices  from  a  heli¬ 
copter  rotor  system  has  been  shown  to 
be  very  beneficial  as  regards  the  reduc¬ 
tion  in  the  dynamic  ,  loads,  that  determine  . 
the  lift  of  helicopter  blades  end  in  the 
reduction  of  the  acoustic  output  of 
"blade  slap"  which  dominates  the  heli¬ 
copter  rotor  noise  when  it  oceura. 

While  the  present  paper  wae  baaad  on 
theoretical  analyaea  using  tschniquss 
that  havs  btan  wall  refined,  it  ia 
expected  that  the  noted  hanefita  will  be 
realised  whan  the  vortex  injection 
system  is  installed  end  tested  one 
full-eoale  rotor  system  in. the  near 
future. 
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I.  Spreading  of  Concentrated  vcrticity 

A.  End  plates 

B.  Gulled  outer  panels 

C.  Tip  planform  variations 

D.  Porous  Tips 

E.  lifting  surface  tip  spoilers 

F.  S pairwise  or  angled  blowing 

IT.  Dissipation  of  the  Ooncantratad  Vorticity 

A.  Porous  tips  (small-soals  turbulence) 

B.  Lifting  surface  tip  ipoilere  (email- 
scale  turbulence) 

C.  Jet  engine  exhaust  in  the  vicinity  of 
the  wing  tip 

D.  Reverse  swirl 

E.  Linear  turbulent  mass  injection 
developed  by  RASA 

XXX.  Relocation  of  the  Concentrated  vorticity 

A.  End  plates 

B.  Gulled  cuter  panels 

C.  Spanwiia  or  angled  blowing 


Figure  1.  Categorization  of  Basic 
Appro# o has 
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Figure  4.  Circulation  Vi.  Mass  Flow 


Figure  S.  Net  Balance  Measurement* 
Versus  Mass  Flow  Rate, 
V-225  ft/sec,  u_-9.J' 
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Figure  6.  UH-1  Coupled  Mode  Shapes  and 
Frequencies)  v  and  w 
Normalised  by  m/(m  vtip) , 

♦  in  rad/(m  vtip) ,  n-32,8B 


Figure  10.  Polar  Plot  of  Aerodynamic 
Angle  of  Attack  with  Blade 
Vortex  Interaction 


Figure  12, 
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Figure  13,  Harmonica  of  Induced 

Velocity  for  UK-1,  r/R-0.87 


Figure  16,  Aoouetio  Preeaure  fine 

Hiitory  of  UH-1  Helicopter 
in  1.5g  Left-hand  Turn 


Figure  14,  Harmonica  of  Section  Lift 
for  UH-1,  r/R-0. 87 


FREQUENCY  (HZ) 

Figure  17,  Spectrum  of  Total  Acouatio 
Signature  with  Blade  Vortex 
interaction 
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MATHEMATICAL  MODEL  OF  A  TYPICAL  FLOATING  SHOCK  PLATFORM 
SUBJECTED  TO  UNDERWATER  EXPLOSIONS 


R,  P,  Brooks,  and  B,  C,  McNatght 
Naval  Air  Engineering  Center 
Philadelphia,  Pa, 


A  lumped  parameter,  finite  difference  method  in  common  visage  at  the 
Naval  Air  Engineering  Center  haa  been  utilised  to  model  a  typical 
floating  shock  platform  and  its  dynamic  response  to  underwater 
explosions, 

The  method  is  a  non-iterative  time  domain  approach  especially 
adaptive  to  the  treatment  of  non-linear  systems,  The  use  of  a  non¬ 
matrix  serial  integration  technique  provides  substantial  gains  in 
computer  time  and  memory  requirements,  and  thus  permits  analysis 
of  systems  whioh  contain  a  large  number  of  degrees- of- freedom, 

The  three-dimensional  model  is  divided  into  four  parts:  (1)  the 
floating  shock  platform,  (2)  the  shock  fixture  for  decking  simulation, 
(31  the  teat  speolmen,  a  tied-down  A4C  aircraft,  (4)  an  underwater 
blast  input,  The  analytic  results  of  the  model  are  compared  to 
actual  teat  records, 


INTRODUCTION 

Ordinary  and  partial  differential  equations 
which  describe  structural  dynamic  problems 
have  been  solved  numerically  for  some  time  by 
the  use  of  digital  computers,  Matrix  methods 
and  finite  difference  techniques  have  become 
standard  in  the  repertoire  of  the  dynamloist, 
However,  the  treatment  of  structural  disconti¬ 
nuity  phenomena  (such  as  clearances),  non- 
linearities,  resonance,  damping,  wave  travel 
and  reflections,  has  proven  difficult  with  these 
methods.  An  accepted  practice  is  to  totally 
"linearize"  the  structure  to  be  analyzed  and 
design  the  mathematical  model  for  projected 
"worst  case"  conditions, 

The  lumped  parameter,  finite  difference 
technique  refined  by  the  Naval  Air  Engineering 
Center  has  been  directed  toward  the  understand¬ 
ing,  and  Incorporation  of  these  physical  phe¬ 
nomena,  This  non- matrix  method  has  evolved 
as  a  deterministic  procedure  that  minimizes 
mathematical  and  computing  restraints,  and 
permits  analysis  of  systems  *vhich  arc  imprac¬ 
tical  to  solve  by  other  methods  because  of  a 
prohibitive  number  of  degrees-of-freedom 


required  for  definition  and  non-linear  complex¬ 
ities.  The  basic  scheme  uses  time  domain 
definitions. 

The  method  has  been  applied  at  NAEC  to  a 
wide  range  of  problems;  i.  e.  beams,  oable 
dynamics,  hydraulics,  and  heat  transfer,  To 
establish  validity,  each  physloal  problem 
modeled  was  compared  with  classic  solutions 
and  aotual  end  results  where  possible.  Excel¬ 
lent  agreement  was  obtained  in  each  study,  It 
was  shown  that  continuous  mass  systems  could 
be  discretely  modeled  to  achieve  practically 
any  degree  of  accuracy  desired.  Samples  ol 
these  efforts  are  documented  in  Refs,  [1|,  and 
[2],  In  these  specific  casus,  the  method  utilizes 
the  ability  of  the  high  speed  digital  computer  to 
perform  routine  iterative  calculations  on  the 
finite  elements  of  which  all  complex  structures 
are  made,  AH  that  is  required  of  the  analyst 
is  to  mode)  the  system  as  a  set  of  finite  mass 
elements  connected  by  springs  and  dampers, 
Thus,  the^e  finite  elements  are  dynamically 
coupled  such  that  the  response  of  nil  these  ele¬ 
ments  is  equivalent  to  the  response  of  the  total 
system  under  consideration, 
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This  paper  outlines  In  detail  how  the  meth¬ 
od  was  employed  in  the  mathematical  modeling 
of  a  complex  three-dimensional  structure  sub¬ 
jected  to  a  severe  dynamic  shock  environment, 
The  interpretation,  definition  and  modeling  of 
a  typical  floating  shock  platform,  an  A4C  air¬ 
craft  test  specimen,  and  a  complex  shock 
wave/gas  globe  loading  function  is  derived  step 
by  step  to  the  final  model.  The  resulting  com¬ 
puter  program  is  then  discussed,  and  the  ana¬ 
lytic  results  and  correlation  presented, 

In  order  to  demonstrate  the  capability  of 
the  method  in  treating  such  a  complex  structure 
as  the  floating  shock  platform,  a  particular 
test  series  was  modeled,  This  was  a  modified 
MIL-S-901C  tost  of  a  tied-down  A4C  aircraft 
conducted  at  the  San  Francisco  Bay  Naval  Ship¬ 
yard,  (SFBNSY)  Hunters  Point,  California,  in 
April  of  1969, 

During  the  oourse  of  the  project  several 
literature  searches  were  made  through  the 
Defense  Documentation  Center  to  research  the 
field  of  underwater  explosions,  Although  many 
reports  were  ordered  and  carefully  studied, 
Cole's  "Underwater  Explosions"  was  used  as 
the  primary  source  of  phenomena  definition, 

METHODOLOGY 

The  lumped  parameter,  finite  difference 
method  applied  to  the  solution  of  the  floating 
shock  platform  (FSP),  is  essentially  an  applica¬ 
tion  of  the  same  method  rigorously  developed  in 
Refs.  [1  and  2],  However,  a  short  review  of 
the  method,  abstracted  from  these  reports, 
with  the  addition  of  the  specialized  FSP  re¬ 
quirements,  is  in  order. 

Finite  difference  methods,  like  many  nu¬ 
meric  techniques  used  today  for  the  solution  of 
structural  dynamios  problems,  are  not  new. 
Most  of  these  techniques  and  their  properties 
were  derived,  documented,  and  published, 
literally  centuries  ago.  Leonhard  Euler  (1707- 
1783)  that  prolific  mathematician  and  physicist, 
with  his  polygonal  ourve  methods,  was  probably 
the  first  to  apply  the  concept  of  Unite  differ¬ 
ences  to  the  solution  of  differential  equations, 
With  tho  advent  of  the  modern  digital  computer, 
these  methods  have  been  revived,  refined  and 
become  standard  tools  for  the  analyst, 

The  method  of  finite  differences  le  most 
commo.ily  used  in  solving  the  governing  partial 
differential  equations  of  boundary  value  prob¬ 
lems.  With  this  method  the  partial  differential 
equations  are  replaced  by  approximating  differ¬ 
ence  equations,  and  the  continuous  region  in 
which  the  solution  is  desired,  is  replaced  by  a 
set  of  discrete  points,  By  this  approaah  the 


overall  problem  Is  reduced  to  a  finite  set  of  al¬ 
gebraic  equations,  although  a  large  number  of 
unknowns  may  be  involved,  The  power  of  the 
digital  computer  to  then  perform  the  necessary 
repetitive  calculations  at  high  speeds  becomes 
the  answer  to  modern  structural  dynamic 
analysis, 

As  a  direct  applicative  example, 
Timoshenko's  theory  of  beam  bending  supplies 
the  following  basic  equations; 
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The  flijft  two  equations  relate  loading  to 
movement. 'Equation  (1A)  expresses  the  rela¬ 
tionship  between  Internal  bending  moment  (M) 
and  relative  oross-seotional  rotation  (  8  9/8  x), 
Equation  (IB)  stipulates  the  relationship  be¬ 
tween  the  vertical  shear  force  on  a  beam  cross- 
section  (F),  and  the  shear  angle  (8  y/8  x  -  9  ). 

The  latter  two  equations  relate  accelera¬ 
tions  to  loading.  Equation  (LC)  defines  the 
effect  of  rotary  inertia  (^I8a9/8t2)  devel¬ 
oped  by  considering  rotational  motion  of  beam 
elements  during  vibration,  Equation  (ID)  con¬ 
siders  translation  motion  of  the  beam  elements, 

From-eonsideratlon  of  Fig,  (1),  the  finite 
difference  form  of  the  equation  set  is 
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Fig,  1  -  Spring- mass  model  for  Timoshenko  Beam  Equationa 


Equations  (1A)  and  (IB)  now  form  the  static 
set,  and  equations  (1C)  and  (ID)  the  dynamic  set, 
The  Integration  scheme  which  is  applied  to  each 
mass  in  the  model,  in  readily  programable 
form  is: 
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The  dynamic  and  static  program  loops  are 
typloal  of  the  seta  for  each  degreo-of-freodom 
considered  in  a  model,  if  all  six  degrees-of- 
freedom  are  included,  then;  six  accelerations, 
three  translational  and  three  rotational,  are 
calculated.  This  is  done  by  a  simple  summa¬ 
tion  of  forces  or  moments,  divided  by  the  mass 
or  mass  moment  of  Inertia,  of  the  particular 
mass  point  under  consideration,  These  accel¬ 
erations  are  then  Integrated  to  Incremental 
changes  in  translational  or  rotational  velocity 
by  the  product  of  acceleration  and  A  t,  The 
new  velocity  for  this  increment  becomes  the 


sum  of  the  old  velocity  and  the  Incremental 
change,  The  resulting  new  velocity  is  then 
integrated  tc  incremental  displacement  by  the 
by  the  product  of  velocity  and  A  t, 

After  the  dynamic  equation  loop  has  been 
repeated  for  each  mass  In  the  model,  the  meth¬ 
od  proceeds  to  the  static  equation  loop.  For 
six  degrees-of-freedum  the  static  set  will  con¬ 
tain  twelve  equations,  corresponding  to  twelve 
loads:  six  moments  and  six  forces,  Each 
Incremental  load  Is  calculated  based  on  incre¬ 
mental  displacements  of  adjoining  masses  and 
the  spring  stiffness  between  them.  The  change 
In  load  is  then  added  to  the  load  that  existed  at 
the  end  of  the  proceeding  time  Increment,  and 
the  new  load  is  obtained.  Again,  the  equation 
set  Is  repeated  for  each  mass  In  the  model,  At 
the  conclusion  of  the  static  equation  loop  all  the 
calculations  for  the  time  Increment  are  com¬ 
pleted,  Time  is  then  updated  and  the  process 
repeated,  until  the  desired  simulation  time,  or 
other  criteria  is  reached, 

With  this  method  of  integration  it  is  not 
necessary  to  Iterate  within  the  time  Increment, 
This  is  because  the  load  and  motion  equations 
are  coupled  and  compensate  for  each  ocher  as 
the  problem  solution  proceeds  from  time 
increment  to  time  Increment. 

The  method  by  Itself  is  an  entity  in  the 
respect  that  its  application  involves  a  continu¬ 
ous  region.  But  because  the  method  may  be 
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readily  Inserted  Into  a  master  logic  flow,  and 
phenomena  observed  during  each  time  Incre¬ 
ment,  the  ability  to  handle  structural  com¬ 
plexities  is  practically  unlimited,  For  example, 
whenever  a  discontinuity,  such  as  a  gap,  or 
interaction  with  other  structure  due  to  physical 
excursion,  is  encountered  at  a  certain  time  or 
condition,  the  logic  can  be  corrected,  or  re¬ 
directed  to  Include  the  new  phenomena.  And  to 
delete  it  when  it  is  no  longer  present.  Also, 
any  type  of  spring  may  be  easily  Incorporated 
on  a  time  increment  basis,  providing  Its  gov¬ 
erning  function  is  known, 

It  Is  these  options  and  the  serial  Integra¬ 
tion  scheme  undertaken  In  the  Incremental  time 
analysis,  probably  more  than  anything  else, 
that  make  this  method  Invaluable  for  the  dy¬ 
namic  analysis  of  complex  structures, 

THE  FLOATING  SHOCK  PLATFORM  MODEL 

The  floating  shock  platform  (FSP)  was 
designed  to  realistically  test  heavyweight  ship¬ 
board  equipment  which  has  exceeded  the  capa¬ 
bilities  of  the  standard  Navy  shock  machines, 
[Ref,  5] 


The  equipment  to  be  tested  is  subjected  to 
a  standard  series  of  underwater  explosions 
varying  from  light  to  severe  intensity.  After 
each  attack  the  platform  is  boarded  and  a  dam¬ 
age  Inspection  made  of  the  test  specimen. 

The  basic  structure  of  the  platform  is  the 
type  of  double-bottom  construction  common  to 
a  surface  ship  hull.  (Fig.  2)  However,  be¬ 
cause  of  the  allowable  freedom  in  the  design  of 
the  support  structure  and  mountings  for  the 
equipment  to  be  tested,  It  is  possible  to  simu¬ 
late  a  wide  range  of  ship  locations,  Shook 
Intensity  Is  controlled  by  the  else  of  the  explo- 
■lve  charge  and  standoff  distance  from  the 
platform,  (Fig,  3),  A  protective  oanopy  is 
used  during  most  FSP  tests  to  protsot  the 
equipment  from  the  weather  and  explosion 
produced  plume  spray,  (Fig,  2), 

The  Idealisation  of  the  platform  as  a 
spring-mass  system  presented  no  especially 
difficult  problems,  Because  of  the  flat,  double 
bottom  construction,  the  basic  platform  could 
be  considered  as  a  series  of  parallel  I-beams 
or  a  series  of  parallel  box  beams  Joined  along 
their  length,  (Fig,  4),  The  I-beam  analogy 


Fig,  2  -  Floating  shock  test  platform 
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Fig,  3  -  Floating  shock  platform  tost  geometry 


was  deoidod  upon  because  Its  definition  provided 
moss  points  on  the  webs  of  the  beams,  The 
standard  properties  of  the  I-beams  determined 
by  this  philosophy  were  then  calculated  for  the 
model,  with  the  exception  of  the  torsional 
rigidity.  For  this  value  the  torsional  rigidity 
of  the  box  beam  was  used  to  more  accurately 
define  the  Inherent  stiffness  of  the  platform. 

The  athwartshlps  members  were  represented 
by  considering  the  local  Increases  In  mass  and 
stiffness  of  the  beams,  Accordingly,  five  par¬ 
allel  beams  were  defined  for  the  FSP  model; 
three  Identical  central  beams,  and  two  reversed 
Identical  end  beams. 

The  finite  difference  beam  equations  re- 
fered  to  in  Ref,  [2]  were  expanded  for  the  plat¬ 
form  model  to  Include  shear  and  moment  In  two 
perpendicular  directions,  torsion,  tension  and 
compression,  and  the  effect  due  to  shear  center 
offset.  These  expansions  resulted  in  governing 
beam  equations  with  six  degrees- of- freedom. 
Fig,  5  shows  a  spring- mass  diagram  of  a 


typical  FSP  mass,  The  double  subscripts  K,  I, 
refer  to  beam  number  (K),  and  beam  mass  (I), 
There  are  three  oompresslon/tenslon  springs 
and  three  rotational  springs  between  eaoh  pair 
of  masses,  although  for  ease  of  viewing  they 
are  not  duplicated. 

The  coupling  of  the  parallel  I-beams  along 
the  top  and  bottom  flanges  required  the  mutual 
transmission  of  three  moments  and  three 
forces  between  corresponding  beam  masses. 

A  more  detailed  explanation  of  the  finite 
difference  equation  set  used  for  the  basic  FSP 
model  is  given  In  the  appendix, 

The  dx  or  axial  spacing  of  the  masses 
along  the  beams  was  determined  by  two  con¬ 
siderations,  First,  the  number  of  masses 
necessary  to  accurately  depict  the  possible 
beam  motions,  And  second,  the  provision  of 
dynamic  loading  points  which  are  formed  by 
the  perpendicular  projections  of  the  mass 
points  to  the  outside  edges  of  the  platform 
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PLATFORM  END  VIEW 


Fig.  4  -  Floating  shock  platform  model 


Fig.  5  -  Spring  -  mass  model  of  a  typical  (K,  I)  mass  point 


bottom  and  side  hull  plating.  Thirty  masses 
per  beam,  11.  G  Inches  apart,  was  the  final 
spacing  chosen  for  the  model, 

A  total  of  ISO  mass  points  (6  beams  with 
30  masses  per  beam)  is  then  arrived  at  for  the 
basic  FSP  model.  With  six  degrees-of- 
freedom  per  mass,  a  900  degree-of-freedom 
system  is  described. 

When  the  A4C  FSP  test  series  was  con¬ 
ducted  at  SFI3NSY  the  protective  canopy  was 
not  used  because  of  the  protruding  wing  span 
(the  A4C,  unlike  other  naval  aircraft,  has  no 
wing  folds).  And  of  course,  the  A4C  test  simu¬ 
lations  computed  for  this  analysis  do  not  in¬ 
clude  the  canopy  and  Its  effects.  Although,  to 
provide  for  the  simulation  of  tests  which  would 
employ  the  canopy,  a  simplified  canopy  model 
was  constructed  to  supplement  the  FSP  model. 
For  this  model,  66  masses  were  distributed 
about  the  perimeter  oi  the  FSP.  These  masses 
were  connected  to  the  side  and  end  bulwarks 
with  bi-iinear  springs  to  represent  the  differ¬ 
ence  between  the  tensile  and  compressive 
forces  exerted  on  the  platform, 

The  selection  of  the  number  and  configu¬ 
ration  of  elements  to  define  any  given  system 
is  determined  by  many  considerations.  Two 
of  the  more  important  factors  are  accuracy 
definition  and  required  frequency.  Detailed 
discussions  of  these  considerations  are 
presented  in  Ref.  [2],  whi.  h  demonstrates 
that  perturbation  transmittal  and  reflection 
time  are  controlled  by  both  th  .  spacing  and 
the  number  of  elements.  The  total  number  of 
elements  and  configuration  selected  for  the 
FSP  application  was  arrived  at  (for  initial  mod¬ 
eling)  by  consideration  of  the  above  factors, 

The  good  correlation  achieved  with  the  raw  test 
results  available  indicated  that  the  chosen  ele¬ 
ment  configuration  was  adequate. 

THE  SHOCK  FIXTURE  MODEL 

If  a  piece  of  equipment  is  to  be  tested  in 
the  floating  shock  platform  which  has  a  normal 
shipboard  location  other  than  the  inner  bottom 
level,  a  special  mounting  fixture  is  employed 
to  simulate  the  intervening  structure  and  its 
shock  attenuation  characteristics. 

During  the  A4C  aircraft  shock  test  series  a 
shock  fixture  designed  for  the  FSP  testing  of 
flight  and  hangar  deck  equipment  was  used 
(Fig,  6).  In  general  the  fixture  may  be  classi¬ 
fied  as  four  parallel  beams  Joined  along  their 
lengths  at.  the  top  flanges  and  mounted  on 
simple  end  supports. 


The  modeling  scheme  used  for  the  shock 
fixture  wac  essentially  the  same  an  that  for  the 
floating  shock  platform  (Fig,  6),  The  fixture 
was  divided  into  four  parallel  I-beams  joined 
along'  their  entire  length  at  the  top  flange  only. 

A  d  x  axial  mass  spacing,  of  12  in.  was  decided 
upon  for  the  shock  fixture  beams,  yielding  a 
total  of  20  masses  per  beam,  Basically  the 
name  beam  coupling  equations  that  were  used 
for  the  platform  were  also  used  for  the  shock 
fixture,  Slight  variances  are  realized  due  to 
the  differences  in  cross-sectional  geometry 
between  the  platform  and  shock  fixture  beams. 
As  in  the  platform  model,  the  entire  six 
degrees- of-freedom  are  allowed  for  all  beam 
masses  in  the  fixture, 

For  the  end  supports  of  the  fixture  beams, 
only  vertical  degrees- of-freedom  were  includ¬ 
ed  in  the  model,  A  stress  analysis  of  the 
supports  to  determine  spring  rates  liad  shown 
the  contribution  of  the  other  components  to  be 
negligible.  The  additional  nmsB  of  the  supports 
was  added  to  the  platform  connection  masses. 

THE  AIRCRAFT  MODEL 

The  A4C  air  craft  which  was  shock  tostod 
on  the  FSP,  was  a  full  scale,  ilyable  aircraft. 

It  was  secured  to  the  shock  fixture  deck  with  a 
normal  weather  lie- down  configuration,  repre¬ 
sentative  of  standard  flight  and  hangar  deck 
stowage  (Fig.  7).  The  fuel  tanks  were  filled  to 
bring  the  gross  weight  of  the  aircraft  to  ap¬ 
proximately  18,000  lbs.  and  the  landing  gear 
and  tires  were  serviced  for  carrier  flight 
operation  [Ref.  3], 

The  objectives  of  the  test  series  performed 
were  "To  evaluate  the  effects  on  aircraft  tie¬ 
downs  due  to  undei  water  shock,  and  also  the 
interaction  effects  between  tied  down  aircraft 
and  simulated  carrior  (CVA)  decks". 

Because  the  resultant  loads  and  motions  of 
the  aircraft  model  would  becomo  the  main  basiB 
for  comparison  with  the  physical  FSP  test 
records,  a  groat  deal  of  effort  was  put  into  the 
small  but  sophisticated  aircraft  model,  The 
shock  test  reports,  detailed  drawings  of  the 
test  arrangements,  and  high  speed  motion 
picture  films  of  the  tests,  were  all  carefully 
studied, 

Although  the  aircraft  model  was  derived 
for  a  specific  aircraft  and  test  series,  it  is 
completely  general  in  nature.  Floating  shook 
platform  tests  of  any  naval  aircraft  may  be 
simulated  by  simple  changes  of  the  required 
input  data, 
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Fig,  6  -  Shock  fixture  model 


Four  masses  were  used  to  model  the  air- 
oraft,  Each  landing  gear  of  the  aircraft  was 
modeled  as  one  mass,  and  a  fourth  was  located 
at  the  center  of  gravity.  Only  vertical  degrees- 
of-freedom  were  assigned  to  the  gear  masses, 
while  the  C.  G.  mass  has  vertical,  pitch,  and 
roll  degrees-of-freedom, 

The  aircraft  tires  were  modeled  as  non¬ 
linear  Bprings  by  incorporation  of  available 
load  versus  stroke  curves.  Tire  damping  was 
generated  by  the  product  of  a  variable  tire 
damping  coefficient  and  the  square  of  the  wheel 
vertical  velocity. 

The  aircraft  landing  gears  were  modeled  as 
tho  tires,  with  the  additional  consideration  of 
packing  friction. 


Tie-down  chains  are  defined  as  linear 
springs  with  a  finite  breaking  strength.  If  a 
load  Is  calculated  which  exceeds  the  breaking 
strength,  that  ohain  is  effectively  "removed" 
from  the  model.  Each  chain  is  defined  by  its 
aircraft  attachment  point,  the  horizontal 
component  of  its  length,  and  the  plane  angle 
to  the  deck  anchor  point ,  Double  chains  are 
formed  by  the  input  of  two  single  chains  with 
the  same  identification  coordinates.  Only  tho 
vertical  components  of  the  chain  loads  are  used 
in  determining  the  aircraft  and  wheel  dynamics, 
The  contribution  of  the  horizontal  component  is 
Ignored. 

Fig,  7  shows  a  general  view  of  the  tie¬ 
down  configuration  used  for  the  A4C  test 
simulations.  Two  double  cliains  are  attachod 
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Fig.  7  -  Aircraft  shock  model  tie-down  configuration 


to  the  upper  part  of  the  nose  gear.  A  double 
chain  is  also  used  for  each  upper  main  gear. 
Two  single  chains  are  attached  to  each  lower 
main  gear,  and  one  to  each  wing  tie-down  point. 

The  model  also  includes  wing  flexibility. 
For  the  A4C  test  simulations,  this  data  was 
provided  by  the  McDonnel-Douglas  Corporation, 

Figure  8  shows  a  starboard  view  of  the 
aircraft  pitch  model.  All  gear  and  tir  springs 
are  assumed  to  be  vertical  at  all  times,  and  as 
has  been  noted,  only  the  vertical  components  of 
the  chain  springs  are  considered.  The  nose 
gear  ciutins  are  attached  to  the  upper  portion  of 
the  nose  gear  and  do  not  directly  Influence  the 
motion  of  the  nose  gear  mass.  The  upper  main 
gear  chains  are  similarly  attached  to  the  upper 
portion  of  the  main  gear  and  do  not  directly 
Influence  the  motion  of  the  main  gear  masses. 
The  lower  main  gear  chains,  however,  are 
attached  in  the  vicinity  of  the  main  gear  axle, 
and  as  such  are  included  in  the  force  balance 
equations  about  the  main  gears,  but  are  not 
included  in  vertical  force  or  pitching  moment 
equations  about  the  aircraft  C.  G,  The  aircraft 
pitch  angle  is  computed  dynamically  from  the 
pitch  moment  balance  and  is  defined  as  tlm 
angle  between  the  Fuselage  Reference  Line 


(FRL)  and  the  ground  (not  the  deck,  which  can 
also  pitch),  and  is  positive  nose  up, 

Figure  9  shows  a  front  view  of  the  Aircraft 
Roll  Model.  Again,  all  gear  and  tire  springs 
are  assumed  to  be  vertical  and  only  the  vertical 
components  of  the  chain  springs  are  considered. 
Also,  as  in  the  pitch  model,  the  lower  main 
gear  chain  springs  do  not  directly  influence  the 
roll  motion  of  the  aircraft. 

The  aircraft  roll  angle  is  computed  dynam¬ 
ically  from  the  roll  moment  balance  and  Is 
defined  as  the  angle  between  the  wing  lino  and 
the  ground.  Roll  angles  arc  defined  positive 
starboard  wing  down, 

THE  UNDEHWATFR  EXPLOSION/ 
HYDRODYNAMIC  MODEL 

To  provide  the  dynamic  Input  necessary  for 
the  response  simulation  of  an  FSP  test,  a  semi- 
emplrical  model  of  an  underwater  explosion 
and  the  resulting  hydrodynamic  forces  was 
constructed. 

The  mechanism  of  an  underwater  explo¬ 
sion  and  the  phenomena  produced  is  well  under¬ 
stood  and  thorouglily  documented.  Probably  the 
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Fig,  9  -  Aircraft  roll  model  (Front  View) 


most  inclusive  work  on  the  subject  is  R .  H .  Cole's 
"Underwater  Explosions".  iRef,  4|,  although 
many  other  articles  and  reports  are  available 
on  the  subject,  It  is  not  the  purpose  of  this 
papur  to  present  another  treatise  on  underwater 
explosions,  but  only  to  mention  briefly  those 
important  phenomena  which  influence  the  FSP 
test  simulations . 

The  sequence  of  events  following  an  under¬ 
water  explosion  is  briefly;  the  charge  detonation 
and  conversion  of  the  solid  explosive  material 
to  a  gas  at  extremely  high  temperature  and 
pressure,  the  emission  of  a  steep  fronted  shock 
wave,  and  the  later  formation  of  a  bubble,  or 
gas  globe,  The  gas  globe  then  expands  and 
contracts  several  times  emitting  further 
pressure  pulses  following  the  shock  wave. 
Migration  of  the  gas  globe  usually  takes  place 
during  this  phase  which  further  complicates  the 


problem.  There  arB  other  phenomena  which 
may  take  place  depending,  i.e.,  upon  different 
charge  shapes,  charge  magnitudes,  proximity 
of  the  free  surf. >.;<•,  the  bottom,  or  objects. 
Howover ,  for  F&ij  tests,  only  the  shock  wave, 
the  pulsating,  migrating  gas  globe,  and  tho 
furthor  effects  they  generate,  are  of  interost. 

The  Shock  Wave 

The  initial,  and  most  violent  response  of 
the  FSP  is  caused  by  the  shock  wave .  For  most 
analysos,  only  the  shock  wave  needod  be  con¬ 
sidered,  as  most  damage  to  test  equipment  will 
occur  within  50  milliseconds  from  FSP  impinge¬ 
ment,  During  this  time  period  the  FSP  is 
responding  solely  tc  tho  shockwave, 

Ref.  1 4 J  includes  the  analysis  of  an  infi¬ 
nite,  froe,  air-backed  plate  impinged  upon 
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normally  by  a  shock  wave .  This  analysis  waB 
adopted  In  general  theory  and  the  aspect  of  non  - 
normal  Impingement  added  to  it.  Fig.  10  shows 
a  plate  section  being  struck  by  a  shock  wave  at 
an  angle  8  with  the  normal.  Assuming  the 
angle  of  Incidence  will  equal  the  angle  of  re¬ 
flection,  and  applying  the  principle  of  continuity 
of  flow,  the  incident  water  particle  vertical 
velocity  is  equated  to  the  sum  of  reflected 
water  particle  vertical  velocity  and  the  plating 
vertical  velocity  so  that: 


Po  and  9  are  related  to  the  charge  weight-W 
(In  lbs.  of  tnt)  and  the  distance  from  the  charge 
center-R  ( in  feet)  by  the  following  empirical 
formulae: 

r„>/3n  1.13 

l>„  ■  31,600.  K  ,  PSI  (1.  71) 


i  /.*  r  w  **■  ^ 

a ..  ,05BWI,J[ IV  J  ,  militate  (1.72) 


*i  *va™»  *  vpl  (1.1) 

From  the  theory  of  propagation  of  waves  in  an 
Ideal  fluid,  water  particle  velocity  may  be 
expressed  by: 


v  ■ 

VW|) 


(1.2) 


All  these  functions  have  been  validated  many 
times  by  Independent  experiments .  Substituting 
equation  (1 .6)  into  equation  (1 .5) 


PT  -  3  I’,  °"t/8  -  /.c  v  PL 
Tii  ft 


(1.8) 


where; 


PL 

“3t~ 


1% 


P  is  overpressure 
P  Is  density 

and,  c  is  propagation  voloclty 


and, 


ll,dVPL  OP,'1*  .  [>v11Ll 

ill  u  LcliT'J 


(1.81) 


rewriting  equation  (1 .1), 


1*,  on*  I  Pu  C(»»  ,  V  PL 
PC  fiC~  ~~ 


A  linear,  ordinary  differential  equation  of  first 
order  is  derived  for  plate  motion.  Applying  the 
(1.  fi)  method  of  integrating  factors  the  solution  for 
plato  vortical  velocity  Is: 


The  total  force  PT  acting  on  a  unit  area  of 

plating  is  equal  to:  V  ..  (1. M) 


(1.4) 


The  relationship, 

i’  ‘  (l.d) 

Is  an  omplrical  formula  which  may  be  used  to 
describe  the  pressure  decay,  at  a  point  in  tho 
medium,  from  the  initial  shock  wave  peak 
pressure . 

Where, 

P  is  pressure 

Po  is  shock  wave  peak  pressure 

and,  S  Is  the  time  for  the  pressure  to 
decay  to  a  value  of  Po/e 


And  the  pressure  acting  on  tho  same  unit  area  of 
plato  is: 


p  ■  r*‘ow  r-n  tcm*  wt/9  u",#  u.ss) 


In  the  early  stages  of  the  FSP  project,  tho 
general  equation  (1 .83)  was  applied  Individually 
to  each  wetted  plating  mass  point  In  relation¬ 
ship  to  time  of  shock  wave  impingement,  form¬ 
ing  a  family  of  particular  equations  of  form 
(1.83)  as  the  shock  wave  loading  function.  How¬ 
ever,  the  FSP  response  calculated  from  the 
application  of  this  loading  function  seemed 
excessive .  This  was  attributed  to  tho  fact  that 
tho  infinite  free  plate  analysis,  from  which 
equation  (1 .83)  was  derived,  assumed  no  occur¬ 
rence,  transmission,  or  reflection  of  Internal 
elastic  waves  in  the  plate .  To  include  these 
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Fig.  10  -  Shock  wave/platlng  interaction  model 

effects,  which  are  provided  by  the  finite  differ¬ 
ence  models  of  the  FSP  and  shock  fixture, 
equation  (1 .8)  was  employed  as  a  time  incre¬ 
ment,  corrective  input.  ThiB  type  of  loading 
function,  on  the  same  per  mass,  impingement 
time  basis,  includes  the  mass  point  vertical 
velocity,  if  any,  caused  by  the  elastic  waves 
traveling  through  the  structure .  With  this  ap¬ 
proach,  the  influence  of  FSP  elasticity  mitigat¬ 
ing  the  Impinging  shock  wave  was  taken  into 
account .  Results  from  this  analysis  showed 
significant  reductions  in  Impingement  pressure, 
particularly  at  the  FSP  center  bottom  plating 
where  reductions  of  up  to  30%  were  observed, 
Accordingly,  comparison  with  the  test  recorda 
showed  Increased  agreement . 

Equation  (1 .8)  indicates  that  the  pressure 
on  the  FSP  plating  can  drop  to  zero .  It  this 
occurs,  cavitation  takes  place,  the  plating 
separates  from  the  water,  and  th®  shock-wave- 
piating  interaction  is  terminated .  The  suction 
force  on  the  FSP  that  cavitation  produces  is 
treated  In  the  model  by  consideration  of  each 
bottom  plating  mass.  The  vertical  displacement 
of  the  Individual  mass  is  followed.  If  a  positive 
value  is  sensed,  a  suction  force  created  by  the 
difference  between  atmospheric  and  bulk  cavita¬ 
tion  pressure  is  applied  to  that  masspoint.  A 
bulk  cavitation  pressure  of  4  psi,  that  of  sea¬ 
water,  was  used. 

The  Gas  Globe 

The  gas  globe  formed  by  the  detonated 
charge  during  a  standard  801C  FSP  test, 


migrates  to  the  surface.  Several  expansion 
and  contraction  cycles  take  place  before  the  gas 
globe  reaches  the  surface  and  vents. 

As  a  first  attempt  at  including  this 
phenomena  in  the  explosion  model,  the  hydro- 
dynamic  equations,  which  predict  the  pressure 
pulsations  caused  by  the  cycles,  were  extracted 
1,  Ref.  [4|  .  These  equations  were  re¬ 
written  in  finite  difference  form,  coded  In  for¬ 
tran,  and  computed  as  a  separate  program . 

To  evaluate  the  new  equation  forms,  and  the 
program  logic,  the  results  were  compared  with 
values  listed  in  Ref .  [4]  and  found  to  be 
identical. 

To  date,  time  has  not  permitted  the  addi¬ 
tion  of  this  subprogram  to  the  main  logic  of 
the  FSP  program,  For  this  reason,  the  equa¬ 
tions,  and  their  development,  are  not  shown 
here. 

Wator  Resistance 

Water  resistance  to  platform  horizontal 
motion,  opposite  the  shot  side  is  provided  by  a 
Bernoulli  type  equation  of  the  form: 


where, 

P  1h  pronnuro 
and,  v  is  velocity 


this  variable  force  is  also  computed  on  a  per 
mass  basis,  and  applied  to  the  platform  side  or 
end  plating  accordingly . 

RESULTS 

The  computer  program  which  resulted 
from  the  project  was  written  hi  straightforward 
fortran.  It  is  over  two  thousand  statements  in 
length.  And  for  that  reason  it  is  not  listed  in 
this  paper. 

The  program  was  computed  on  a  Univac 
1 108,  although  It  is  readily  transferable  to  any 
computer  of  comparable  core  size.  Execution 
time  for  a  50  ms.  simulation  with  the  total 
1380  degree-of -freedom  model  was  approx¬ 
imately  280  opu  seconds.  For  longer  simula¬ 
tions  the  same  general  ratio  will  apply. 

Whenever  the  program  is  run  for  an  FSP 
901C  test  simulation,  only  charge  standoff  and 
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the  selection  of  side  or  end  shot,  is  specified. 
No  other  changes  are  required. 

Comparison  of  analytic  results  with  the 
published  test  data  has  shown  good  agreement. 
Fig.  (11)  and  Fig.  (12)  depict  the  calculated 
values  of  FSP  inner  bottom  vertical  velocity 
versus  the  volocity  meter  instrumentation  out¬ 
put,  for  40  ft.  and  50  ft.  standoffs.  Although 
the  velocity  meter  traces  are  uncorrected  for 
Inherent  Instrument  errors,  the  strong  corre¬ 
lation  is  readily  apparent. 


Fig.  (13)  shows  the  calculated  vertical 
velocity  of  the  shock  fixture  for  a  40  ft.  stand¬ 
off  test  simulation.  The  predominant  frequency 
response  of  the  fixture  is  seen  to  be  about.  35Hz 
This  frequency  is  in  agreement  with  the  funda¬ 
mental  natural  frequency  of  33Hz  published  in 
Ref.  [31  . 

The  strong  correlation  noted  between  the 
computed  and  test  results  for  both  the  40  and 
50  ft.  standoff  cases,  gave  confidence  to  the 
analytical  approach  and  simulation  model, 
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Fig.  11  -  40  ft.  standoff  F.S.P,  tost  of  A-4C  A/C 
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Fig.  12  -  50  ft.  standoff  F,  S.  P.  test  of  A-4C  A/C 


This  confidence  provided  encouragement  to 
apply  the  analytic  model  to  an  untested  cauo, 
Thus  an  untested  20  ft.  standoff  case  was 
simulated. 

An  examination  of  the  data  from  this  run 
in  the  0  to  60  millisecond  range  reveals  high 
dynamic  loads  for  the  aircraft  main  gear, 
Although  the  results  show  bottoming  of  the 
gear  and  possible  damage,  the  aircraft  model 
may  be  lacking  in  sophistication  to  predict 
such  a  failure.  A  more  realistic  approach  to 
the  determination  of  failure  or  non- failure  In 
this  Instance  would  be  to  rerun  the  case,  and 
print  out  the  shock  fixture  motions  loading  the 


main  gear.  This  load  history  could  then  be 
applied  to  a  more  sophisticated  mathematical 
model  of  the  gear. 

An  Interesting  phenomena  observed  In  the 
caseB  computed  Is  the  mitigating  effect  of  plat¬ 
form  elasticity  and  motion  upon  the  shock  wave 
inpingement  function. 

The  inclusion  of  bottom  plating  vertical 
velocity  on  a  per  mass,  Iterative  basis  in  the 
Impingement  function  precipitates  significant 
reductions  in  the  initial  pressure  applied  to  the 
contor  platform  masses  over  the  pressure  pre¬ 
dicted  by  formula  (1,  83). 
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Fig.  13-40  ft,  standoff  F.  S.  P.  test  of  A-4C  A/C 


Compression  waves  from  earlier  shock 
wave  impingomonts,  travelling  through  the 
steel  structure  of  the  platform  are  responsible 
for  the  imparting  of  motion  to  the  individual 
masses  before  they  themselves  are  struck  by 
the  shock  wave. 

There  are,  of  course,  numerous  results 
from  the  program  output.  Those  selected  for 
inclusion  in  this  paper  wore  a  representative 
cross  section. 

SUMMARY  AND  CONCLUSIONS 

Viewing  the  entire  project  in  retrospect, 
and  the  paths  which  led  to  the  final  model,  the 
authors  feol  it  is  reasonable  to  state;  that  with 
tho  finite  difference  method,  a  floating  shock 


platform  test  can  be  modeled  to  predict  the 
total  dynamic  response. 

Although  the  results  of  the  analysis  are  nu¬ 
merous,  two  factors  were  found  to  be  of  major 
importance  in  achieving  the  correct  response 
of  tho  platform  to  blast  loading;  they  aro: 

1.  Tho  large,  sophisticated  modol  was 
necessary  because  the  total  elasticity  of  the 
platform  must  be  accounted  for  to  obtain  the 
sum  affect  of  internal  stress  waves  In  creating 
perturbation. 

2.  In  order  to  obtain  tho  correct  shock 
wave  loading  function,  the  mitigating  effect  of 
the  calculated  platform  vortical  voloclty  must 
bo  included  on  a  por  mass  basis, 
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appendix 


The  following  Is  the  equation  set  for  the  Bix  degree- of- 
freedom  parallel  beams  described  In  the  floating  shock 
platform  section.  The  Equations  are  derived  for  the 
typical  K,  I  mass  model  depicted  in  Fig,  (5), 
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DEFINITION  OF  SYMBOLS  FOR  EQUATIONS  OF  THE  K,  I  MASS 


.  is  the  acceleration  in  the  X  direction  of  the  I  mass  in  the  K  beam 

K.,  1 

Y„  T  is  the  acceleration  in  the  Y  direction  of  the  I  mass  in  the  K  beam 
k,  x 

Z„  .  is  the  acceleration  in  the  Z  direction  of  the  I  mass  in  the  K  beam 

K,  i 

a  j  is  the  acceleration  in  the  a  direction  of  the  I  mass  in  the  K  beam 

/3  K  j  is  the  acceleration  in  the  /3  direction  of  the  I  maBs  in  the  K  beam 

Y  jj  j  is  the  acceleration  in  the  y  direction  of  the  I  mass  in  the  K  beam 

FBX„  .  is  the  force  in  the  X  direction  between  K,  I  and  K  +  1, 1 

k.,  x 

FBY^  j  is  the  force  in  the  Y  direction  between  K,  I  and  K  +  1,1 

FB r  is  the  force  in  the  Z  direction  between  K,I  and  K  +  1,1 
*'•>  i 

AMBX^  j  is  the  moment  about  the  X  axiB  between  K,  I  and  K  +  1, 1 

AMBZj^  j  is  the  moment  about  the  Z  axis  between  K,  I  and  K  +  1, 1 

FXr  j  Is  tho  force  In  the  X  direction  botween  K,  I  and  K,  I  h-  1 

FYk  j  is  tho  force  in  the  Y  direction  botween  K,  I  and  K,  I  +  1 

FZj,  j  is  tho  forco  in  tho  Z  direction  betweon  K,  I  and  K,  1  +  1 

AMXk  j  is  tho  moment  about  tho  X  axis  botwoon  K,  I  and  K,  I  •»  1 

AMY,.  _  is  tho  moment  about  the  Y  axis  betweon  K,  I  and  K,  I  +  1 

K,  x 

AMZ„  .  is  Die  moment  about  the  Z  axis  betweon  K,  I  and  K,  I  +  1 

xS.  f  1 

SCXv  T  Is  tho  spring  constant  in  tho  X  direction 
xv,  x 

SCY„  T  is  tho  spring  constant  in  the  Y  direction 

K,  X 

SCZ„  .  Is  the  spring  constant  in  tho  Z  direction 
iv,  x 

SCa  „  r  is  tho  spring  constant  in  tho  a  direction 
XV,  [ 

SC/3k  j  is  the  spring  constant  in  tho  f3  dirocttoii 
SCyK  j  is  tho  spring  constant  in  tho  y  direction 
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DEFINITION  OF  SYMBOLS,  Cont'd. 


SCBX-,  ,  is  the  spring  constant  between  beams  in  the  X  direction 

* 

SC  BY,,  .  is  the  spring  constant  between  beumB  in  the  Y  direction 

K,  I 

SCBZ  is  the  spring  constant  between  beams  in  tho  Z  direction 

*»>  i 

SCB  a  v  i  1b  the  spring  constant  botween  beams  in  the  ct  direction 
*>»  I 

SCB/9k  j  is  the  spring  constant  between  beams  in  the  (3  direction 
SCB  yK  j  is  the  spring  constant  between  beams  in  the  y  direction 
Mv  ,  is  the  mass 

MIXk  j  Is  the  mass  moment  of  inertia  about  the  X  axis 
MIYK  j  is  tho  mass  moment  of  inertia  about  the  Y  axis 
MIZ^  j  is  the  mass  moment  of  inertia  about  the  Z  axis 
FWYk  j  is  the  water  force  in  tho  Y  direction 
ALB  is  tho  distance  between  the  CG'a  of  adjneont  beams 
AL  is  tho  distance  between  masses  on  the  same  beam 
EZ  Is  the  shour  center  offset  in  tho  Y  direction 


DEFINITIONS  OF  CONSTANTS 


M 

-  (p)  (AL) 

(A  ) 

SCZ 

a  AG 

AL 

MIX 

- 

IX 

L 

-i 

sea 

KG 

“  AL 

MIY 

=  /jAl 

IY 

I 

< 

N 

<r 

sc/S 

“  (IY)  E/AL 

MiZ 

=  /jAl 

IZ 

scr 

*  (iz)  e/Al 

SCBX 

b  a  ag/Alb 

SCX 

AE 

3  £l 

SC  BY 

=>  a  ag/Alb 

SCY 

a  ag 

C  AL 

SCBZ 

-  A  E/Alb 

1C1 


DEFINITIONS  OF  CONSTANTS,  Cont'd. 


scbo  -  (dc)e/^lb  scbx  -  kg/^lb 

scbb  »  (rv)E/AL.L) 


EQUATION  SET  FOR  A  K,  I  BEAM  MASS 


EQUATION 

#1. 

A***,, 

- 

(8°x)  IA\Itt-A\n 

#2. 

Afvm 

a 

(scy)  (AyKjI  +  1  -A  YK(1+^Ay  K(1  +  i<Ay  *,i 

#3. 

Afzk,i 

■ 

(SOW  (Ai^,  „ ,  -Ax*,,  -  'A/5  K>1 , ,  *A/3*_,  (A^) .  (EX) 

‘Aok,!*  1 

'AaK,I)) 

#4. 

AA****, 

m 

OCY)  (A\r  k.,ai) 

\ 

#6. 

AAMV^, 

m 

(8C0>  ( A/3  Ki  i  ■  AA*  T  + 1 ) 

#6. 

AAMXKtI 

m 

(scy)  (ArKiI-  AyK,Itl) 

#7. 

Are**.! 

m 

(scvx)(  A*K  +  i(I-AzK(i ) 

#8. 

A™Y*,i 

tr 

<seBI)  (A^.m-Av*,,.  (Aot. .  ,.A«KiI)(4eB)) 

#9. 

A™**,, 

- 

(SCB»  (AXK.^rAX*,,*^*.!,,^^*,,)  (Ap)) 

#10. 

£AMBXr  . 

■ 

(scbo)  (  AoKi1-  AaKilil) 

#n. 

Aambyki 

s 

(sag)  (A^k.,- AAKs1,,) 

#12. 

Aambzx , 

- 

(scBy)  (Ar*,r ArKtM) 
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EQUATION  SET  -  Cont’d. 

EQUATION 

#13. 

XK,  I 

(FBXK.r  FBXK-l(I  *  raK, .  -  ™K,I.l  )  /m 

#14. 

VH 

#15. 

ZK,I 

K.I-FZIE,I.l*PBZK,I-raZ1W.l)/» 

#16. 

aK,i 

(ambxk-i,i-ambxk1.  (FBr&1>I *  ravKjI) 

Alb.  amxK(,_j 

-  AMXk  j  -  (EE) 

(raK,I.l-raK,l))/M,X 

#17. 

/3k,i 

(AMBYK-1,I“  AMBYK(1 +AMYK,1-1  '  AMYk,I 

#18. 

rK,i 

(AMBZK.1,X“  ambzk,i  +  AMZK,I-1  ■  amzk,i 

■  (FYK,I-l*FYK,l)* 

(A*))/ mb 

\ 
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EXCITATION ,  RESPONSE,  AND  FATIGUE  LIFE  ESTIMATION 
FOR  STRUCTURAL  DESIGN  OF  EXTERNALLY  BLOWN  FLAPS 


Eric  E.  Ungar 

Bolt  Beranek  and  Newman  Inc. 
Cambridge,  Massachusetts 


Relations  are  presented  for  prediction  of  the  fluctuating  pressure 
spectra  experienced  by  flaps  exposed  to  fan-jet  engine  exhausts 
and  for  estimation  of  the  resulting  maximum  stresses  Induced  in 
skin-stringer  and  in  honeycomb-core  sandwich  flaps.  These  stress 
estimates  are  combined  with  expressions  representing  fatigue  data, 
to  obtain  relations  between  fatigue  life  and  the  Important  struc¬ 
tural  and  engine  exhaust  parameters  and  to  suggest  structural  de¬ 
sign  approaches. 


INTRODUCTION 

Short  take-off  and  landing  (STOL) 
aircraft  concepts  have  bean  attracting 
much  attention  In  the  past  several  years, 
because  of  their  potential  operational 
advantages  over  more  conventional  air¬ 
craft.  Of  the  several  STOL  configura¬ 
tions  that  have  been  given  very  serious 
consideration,  those  Incorporating  “ex¬ 
ternally  blown"  flaps  (e.g.,  see  Fig.  1) 
have  recently  found  Increasing  favor, 
and  EBF  aircraft  technology  currently 
Is  the  subject  of  extensive  study  and 
eval  uatl  on . 


Because  the  flaps  of  EBF  aircraft 
are  exposed  to  the  direct  Impingement  of 
tr.e  engine  exhaust  streams,  the  effects 
of  the  associated  fluctuating  pressures 
must  be  taken  into  account  In  the  design 
of  the  flap  structures.  It  Is  the  pur- 
nose  of  this  paper  to  summarize  means 
for  estimating  the  "sonic"  fatigue  life 
of  such  structures,  to  display  relations 
that  Indicate  the  effects  of  the  Impor¬ 
tant  structural  and  engine  exhaust  para¬ 
meters,  and  to  suggest  structural  design 
approaches.  This  paper  In  essence  Is  a 
condensed  version  of  the  prim,.  -y  part  of 
Ref,  [1]»  It  has  been  prepared  1  n order  to 
make  the  salient  Information  of  that  pub¬ 
lication  more  readily  and  more  widely 
aval  1 abl e. 


FLUCTUATING  PRESSURES  ON  EBF  SURFACES 
Jet  Configuration 

Velocity  profiles  (e.g. ,  as  appear 
In  Ref.  [2])  indicate  that  at  several 
core-nozzle  diameters  aft  of  the  nozzle 
exit  plane,  the  flow  field  produced  by 
fan-jet  engines  is  dominated  by  that  due 
to  the  core  jet.  It  is  reasonable  there¬ 
fore  to  estimate  the  fluctuating  pres¬ 
sures  produced  by  the  exhaust  from  a 
fan-jet  engine  on  the  basis  of  the  pres¬ 
sures  associated  with  the  core  Jet,  and 
to  make  use  of  the  extensive  Information 
available  concerning  Ideal  circular  jets. 
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The  configuration  of  an  Ideal  cir¬ 
cular  jet,  as  sketched  In  rig.  2,  shows 
a  converging  conical  "potential  flow  re- 
qlon",  surrounded  by  a  diverging  conical 
"mixing  region".  The  total  angle  2a 
subtended  by  the  ,1et  boundary  typically 
Is  between  25  and  30  degrees  [3J.  Ttie 
length  of  the  potential  core  Is  given 
[4]  by 

Xc  a  3.40  0(1  +  0.38  M)s  ,  (1  ) 

where  0  denotes  the  diameter  of  the 
(engine  core)  notzle  and  M  represents 
the' Mach  number  of  the  exhaust  stream. 


Velocity  Fluctuations  In  Jets 

For  estimation  purposes  It  Is  also 
convenient  to  assume  that  the  velocity 
fluctuations  tnat  are  present  In  the 
jet  In  absence  of  on  Inserted  flap  are 
not  altered  substantially  In  the  pres¬ 
ence  of  the  flap,  and  one  may  then  In¬ 
terpret  available  velocity  fluctuation 
data  In  terms  of  the  pressure  fluctua¬ 
tion  information  one  requires.  Figure 
3  Indicates  how  the  axial  turbulence 
Intensl ty 


varies  along  the  axis  of  a  jet,  and  Fig. 

4  shows  how  this  intensity  varies  along 
the  radial  coordinate.  Here  Up  repre¬ 
sents  the  jet  exit  velocity  (which,  for 
a  fan-jet  engine  Is  taken  jto  be  the  core 
engine  exit  velocity)  and  uc  denotes  the 
mean-square  axial  fluctuating  velocity. 

As  Is  evident  from  Fig.  3,  the  In¬ 
tensity  I  on  the  jet  axis  Is  at  approxi¬ 
mately  Its  maximum  value  of  0.11  at 
X/D  s  10.  Figure  4  shows  that  for  X/D.>8, 
I  does  not  exceed  approximately  0.12. 

From  examination  of  the  peak  values  of 
Fig,  4  one  may  determine,  In  fact,  that 
for  X/D  >9,  the  maximum  value  of  I  obeys 

Im,v  *  0.165  ‘  0.0044  X/D  (3) 

Ilia  x 

and  occurs  at  a  radial  coordinate  r„„  ,  , 
given  by  p9a" 

*  0.15  $  -  1.0  .  (4) 

Thus,  for  the  regions  of  Interest  with 
respect  to  blown  flaps,  I  s0.12  may  be 
expected  to  represent  an  upper  bound 
suitable  for  conservative  design  pur¬ 
poses  . 


Fig,  2.  Configuration  of  Ideal  Jet 


Fig.  3.  Variation  of  Axial  Turbulence 
Intensity  Along  Jet  Axis  (from 
Ref.  5) 


Fig.  4.  Variation  of  Axial  Turbulence 
Intensity  with  Distance  from 
Jot  Centerline  (from  Ref.  5) 


Pressure  Fluctuations  on  Flap  Surfaces 

Nonna  11  v  Impinning  Jets.  -  For  flap 
surfaces  on  which  the  Jet  flow  Impinges 
essentially  normally,  one  may  take  the 
momentum  flux  In  the  flow  to  be  annihi¬ 
lated  at  the  structural  surface.  With 
this  assumpt1onj_the  mean-square  fluctu¬ 
ating  pressure  p*  Is  found  to  be  related 
to  the  mean-square  fluctuating  velocity 
u?  as 


pl  ■  4psUaU1  «  (4q I  )a  ,  (5) 

where  p  denotes  the  local  fluid  density 
and  U  the  local  mean  velocity.  For  most 
locations  of  Interest  for  EBF's,  the  lo¬ 
cal  velocity  U  Is  nearly  equal  to  the 
exit  velocity  U0  and  the  local  gas  den¬ 
sity  p  differs  little  from  the  density 
p0  at  the  exit.  With  these  assumptions 
one  obtains  the  above  Indicated  equality, 
whe  re 


the  correlation  length,  and  Is  given  by 

L  a  0.025  X  .  (10) 

Near- tangentl  ally  Impinging  lets,  — 
For  flap  surfaces  along  which  the  eng'lne 
exhaust  flows  essentially  tangentially, 
the  assumption  of  momentum  flux  annihi¬ 
lation  would  tend  to  overestimate  the 
mean-square  fluctuating  pressure.  From 

Figs.  5  and  6,  which  show  how  Vp^Vq" 
varies  In  the  stream-wise  and  cross-wise 
directions  along  a  plate  Inclined  at  var¬ 
ious  angles  to  an  impinging  .let,  one  finds 

that  vf^/q  does  not  exceed  0.1  for  x/D  > 9 
and  fer  anales  between  the  plate  surface- 
face  and  flow-normal  greater  than  30°. 

This  value  of  0.1  1  s  cons  1  derabl v  smaller 

than  the  velue  of  V p 2 /q  »  41  s=  4(0.12)  ■ 
0.48  one  obtains  from  Eq.  (5)  for  a  nor¬ 
mally  Impinqlng  Jet  with  the  near-maximum 
turbulence  Intensity  1*0.12. 


q  “  y  P„UJ  »  y  pUJ  (6) 

renresents  the  dynamic  pressure  at  the 
exl  t. 


The  frequency-spectral  density  4p(iu) 
of  the  fluctuating  pressure  Is  shown  w1n 
Ref.  [1]  to  be  of  the  same  form  as  that 
of  the  fluctuating  velocity  component, 
and  to  obey* 

Vu)  ■  A  V°  “  pJ  'frf^7  ■ (7! 

where  Tf  represents  a  typical  time  scale 
(or  Inverse  frequency)  of  the  pressure 
or  velocity  fluctuations  and  obeys 

Tf  «  0.1  X/U0  ,  (8) 

and  where  w  denotes  the  radian  frequency. 

From  Appendix  A  of  Ref.  [1]  one  also 
finds  that  the  pressure  cross- correl a tl on 
function  (s,t)  for  two  points  on  the 

P  l  P  2 

flap  surface  near  the  jet  axis  separated 
by  a  distance  s  obeys 


p  <5’t)  *  p*  e"S/L  *"M/Tf  •  <9> 

where  L  denotes  a  length  scale,  called 


Fig.  5.  Variation  of  Surface  Pressure 
Fluctuation  pn  a  Flat  Plate 
due  to  Jet  Impingement  with 
Location,  at  X/D  *  7  and  Sev¬ 
eral  Angles  of  Inclination 
(from  Ref.  6) 


*The  spectral  density  »p(w)  represents 


pressed  In  cyclic  rather  than  radian 
frequency,  represents  the  mean-square 
pressure  per  Hertz. 


Fig.  6.  Variation  of  Surface  Pressure 
Fluctuation  on  a  Flat  Plate 
due  to  Normal  Jet  Impingement 
(0*0°)  with  X/D,  at  Several 
Locations  along  Plate  (from 
Ref.  6) 
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The  frequency-spectral  density  $p(u) 
of  the  fluctuating  pressures  associated 
with  nearly  tangential  flows  may  again  be 
approximated  by  Eqs,  (7)  and  (8).  The 
pressure  cross-correlation  function  here 
Is  more  comnlex,  however,  being  charac¬ 
terized  (see  Appendix  A  of  Ref.  [1])  by 
different  correlation  lengths  (or  "eddy 
decay  scales")  Lx  and  Ly  in  the  stream- 
wise  and  transverse  directions,  with 

l  *  13.5  V  /» 

*  C  (11) 

L  a  2.0  V  /»  , 


in  general  to  survive  the  tangential  In¬ 
cidence  pressures  for  a  longer  period. 

Pressure  spectrum  (spectral  density). 
-  The”Trequency  spectral  density  *p(u)  of 
the  fluctuating  pressures,  for  both  the 
normal  and  tangential  Incidence  cases,  as 
has  been  stated,  Is  given  by  Eqs.  (7)  and 
(8).  The  maximum  value  of  the  spectral 
de  slty,  which  value  Is  obtained  for 
Tfa>  <<  1  ,  obeys 


Vc  »  0.45  IJ0  (12) 

represents  the  convection  velocity  of  the 
flow. 

Design  Pressure  Spectra 

Maximum  mean-square  pressure.-  A1- 
though'  one  may  use  the  "data  shown"  In  Figs, 
3-6,  together  with  the  previously  given 
equations,  to  estimate  the  fluctuating 
pressure  that  occurs  at  any  specific  lo¬ 
cation,  one  usually  need  not  consider  all 
this  detail  for  design  purposes.  By  In¬ 
spection  of  Figs.  3  and  4  one  finds  that 
for  R<.X/D.s20,  corresponding  to  typical 
locations  where  EBF  surfaces  may  bo  ex¬ 
pected  to  be  placed  normal  to  the  flow, 
the  turbulence  Intensity  does  not  exceed 
0.12.  Since  one  also  may  note  that  In 
the  h Ich-turbul once  region,  1 . e .  for 
r/Di  1,  the  turbulence  Intensity  de¬ 
creases  slowly  with  X/D,  approximately 
according  to  Eq.  (3),  one  may  choose 
I  «0,12  for  qeneral  conservative  design 
purposes . 

With  this  value  of  I,  Eqs.  (5)  and 
(6)  reduce  to 

P*  ■  (0.24  pQUj)1  )  (13) 

this  then  may  be  used  to  estimate  the 
pressure  on  surfaces  on  which  a  Jet  im¬ 
pinges  normally. 

From  Figs.  5  and  6  one  may  simi¬ 
larly  deduce  that  for  surfaces  on  which 
.lets  Impinge  more  nearly  tangentially, 


> n*/q  i  0. 1 2  ,  so  that  for  conservative 
estimation  purposes  one  may  take 


ps  *  (0,12  q ) 1 


(0.06  D0UJ)J. 


Clearly,  the  assumption  nf  normal 
Incidence  leads  to  mcan-squaro  pressures 
that  are  higher  by  a  factor  of  16  than 
the  pressures  one  obtains  for  more  tan¬ 
gential  Incidence,  and  structures  that 
can  withstand  the  normal  Incidence  pres¬ 
sures  for  a  given  period  may  be  expected 


«  0.0115  Xp’U*  ,  (16) 

0  0 

where  the  last  expression  has  been  ob¬ 
tained  by  substitution  of  Eq.  (13). 

For  high  frequencies,  on  the  other 
hand,  -  that  Is,  for  Tfu  >>  1 ,  -  Eqs.  (7), 
(8),  and  (13)  yield  T 


*h1  freq(f)  " 


2nsTffJ 


0. 2ir*Xfa 


■  0.029  -H-a.  , 

XfJ 

where  f  ■  u/2n  denotes  the  cyclle  fre¬ 
quency. 

FATIGUE  LIFE  OF  SKIN-STRINGER  STRUCTURES 

Overview  of  Estimation  Approach 

Conventional  aircraft  structures 
consist  of  skins,  reinforced  by  string¬ 
ers,  frames,  and  bulkheads  (Fig.  7). 
Fluctuating  pressures  acting  on  the 
skins  tend  to  Induce  complex  vibratory 
deflections  in  the  entire  assembly,  re¬ 
sulting  In  associated  stresses,  which  - 
In  turn  -  lead  to  structural  fatigue, 


Fig.  7.  Typical  Bay  of  Skin-Stringer 

Structure,  and  Typical  Stringer 
Cross-Sectl on 


Because  of  the  complexities  of  the 
excitations  and  responses,  currently 
available  "sonic  fatigue"  design  methods* 
are  based  on  analyses' developed  on  the 
basis  of  simplifying  assumptions,  coupled 
with  empirically  derived  relations.  These 
analyses  In  essence  focus  on  one  bav  (l.e., 
one  skin  panel)  at  a  time,  Ignore  the 
complex  spatial  and  temporal  distribution 
of  t.he  exciting  pressure  by  assuming  the 
pressure  always  to  be  completely  In  phase 
over  the  entire  panel,  and  compute  the 
mean-square  displacement  response  of  the 
panel  (mode  by  mode)  to  this  spatially 
uniform  but  time-wise  random  pressure, 

They  then  calculate  the  maximum  stresses 
from  the  panel  modal  displacements,  and 
finally  relate  these  calculated  stresses 
to  experimentally  measured  stresses  and 
fatigue  data. 

In  dealing  with  the  panel  responses 
and  stresses,  the  reinforcing  structures 
(l.e.,  stringers  and  frames)  are  consid¬ 
ered  essentially  only  as  boundary  condi¬ 
tions.  They  are  in  effect  assumed  to 
deflect  very  little  -an  assumption  that 
Is  likely  to  be  well  Justified  In  many 
ractlcal  cases.  Once  the  panel  motions 
ave  been  determined,  the  sonic  fatigue 
analysis  method  proceeds  to  determine 
the  stresses  Induced  In  the  stringers  as 
the  result  of  the  loads  Imposed  on  them 
by  the  vibrating  panels,  and  It  then 
compares  these  calculated  stresses  with 
experimental  stress  and  fatigue  data. 

Skin 

Relation  between  dynamic  and  static 
stress."-  In  Ref.'tfj  analysis  o"f  tFe 
response  of  elastic  structures  to  random 
pressure  fields  Is  discussed  In  general 
terms,  and  simplified  results  are  pre¬ 
sented  for  the  case  where: 

(1)  One  mode  predominates  In  the  fre¬ 
quency  range  of  Interest. 

(2)  The  excitation  pressure  Is  In 
phase  over  the  entire  structure 
of  Interest. 

(3)  The  spectrum  of  the  excitation 
does  not  change  rapidly  In  the 
vicinity  of  the  resonance  fre¬ 
quency  of  the  dominant  mode. 


♦Although  these  methods  were  devel¬ 
oped  to  cope  with  the  problem  of  fatigue 
Induced  by  acoustic  excitation,  they  may 
be  expected  also  to  be  applicable  (at 
least  approximately)  in  many  other  cases 
of  fluctuatlng-pressure  excitation.  In¬ 
cluding  generally  that  due  to  Impinging 
Jets  and  tangential  flows.  In  all  cases, 
of  course,  the  quality  of  the  estimate 
depends  on  how  well  the  actual  situation 
matches  the  various  underlying  assump¬ 
tions. 


It  Is  shown  In  Ref.  [7]  that  If  the  foro- 
goinq  conditions  hold,  then  the  root- 
mean-square  stress  a  Induced  at  a  given 
location  In  a  structure  (or  panel)  by  a 
random  pressure  field  may  be  expressed 
In  terms  of  the  stress  c0  induced  at 
that  same  location  by  a  uniformly  dis¬ 
tributed  static  pressure  of  unit  magni¬ 
tude  as 

•  ■  {h  WV  •  <”! 

Here  n  represents  the  structural  loss 
factor  (of  the  dominant  mode  at  Its  re¬ 
sonance),  fn  denotes  the  (cyclic)  reso¬ 
nance  frequency  of  the  dominant  mode, 
and  $p(fn)  represents  the  spectral  den¬ 
sity  of  the  exciting  pressure  at  the 
frequency  f  . 

Resonance  frequencies  of  flat  rec¬ 
tangular  panels.  -  A  method  Tor  deter¬ 
mining  the  natural  frequencies  of  multi¬ 
bay  systems,  taking  Into  account  the 
flexural  and  torsional  stiffnesses  of 
the  various  stringers,  Is  presented  In 
Ref.  [8].  An  alternate  method,  appli¬ 
cable  to  structures  with  many  equl- 
spaced  Identical  stringers  between 
flexurally  stiff  frames,  Is  summarized 
In  Ref.  [9],  These  methods,  however, 
are  relatively  complex!  -  perhaps  too 
complex  for  preliminary  design  purposes. 
It  Is  likely  also  that  they  give  results 
whose  precision  Is  much  greater  than 
necessary,  In  view  of  the  considerable 
uncertainty  In  (1)  the  estimated  pres¬ 
sure  spectra,  (2)  the  validity  in  any 
practical  case  of  the  assumptions  In¬ 
volved  In  the  development  of  Eq.  (17), 
and  (3)  the  boundary  conditions  opera¬ 
tive  In  practical  structures.  Further¬ 
more,  fatigue  data  have  been  accumulated 
only  for  the  lowest  modes,  so  that  ap¬ 
plication  of  this  data  to  fatigue  pre¬ 
diction  for  any  given  structure  of  a  ma¬ 
terial  or  configuration  different  fro"’ 
those  for  which  data  Is  available  or  lor 
higher  modes  Is  likely  to  Introduce 
greater  errors  than  those  due  to  the  use 
of  simpler,  less  precise,  resonance  fre¬ 
quency  estimates. 

Many  measurements  of  the  random  re¬ 
sponses  of  panels  (c.g.,  Refs.  [7],  [10- 
13])  have  shown  these  responses  to  be 
dominated  by  the  fundamental  parol  mode. 
Data  on  realistic  aircraft  structures 
(e.g.,  Refs,  (14,15])  and  related  analy¬ 
ses  (summarized  In  Ref.  [9])  have  Indi¬ 
cated  that  the  responses  of  skin- 
stringer  configurations  generally!  are 


tHowever,  some  data  are  available 
[Refs.  16,17]  which  show  that  the  fun¬ 
damental  panel  mode  response  does  not. 
always  predominate. 
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dominated  by  modes  In  which  each  panel 
vibrates  In  a  fundamental  mode  corre¬ 
sponding  to  a  boundary  condition  (at 
each  edge)  that  lies  between  the  fully 
clamped  and  the  simply  supported.  It  Is 
therefore  reasonable  to  focus  on  the  fun¬ 
damental  panel  mode,  and  to  omit  the 
more  complex  higher  modes  from  consider¬ 
ation. 

From  a  curve  presented  In  Ref.  [10] 
(on  page  224)  one  may  find  that  the  ex¬ 
perimentally  observed  variation  with  as¬ 
pect  ratio  of  the  fundamental  resonance 
frequencies  of  rectangular  panels  of 
skin-stringer  configurations  correspond 
very  nearly  to  the  geometric  average  of 
the  resonance  frequencies  for  clamped 
and  for  simply  supported  panels. 

The  fundamental  frequency  of  a  sim¬ 
ply  supported  panel  of  thickness  h  and 
edge  lengths  a  and  b  Is  given  by* 


and  that  of  a  clamped  panel  obeys  [10] 


where  m  denotes  the  mass  per  unit  area 
of  the  panel  and  D  its  flexural  rigidity, 
and 


F  (b/a)  -  12  + 

Sb’/a*  +  3aa/bl]‘A  , 

,  (zo) 

For  homogeneous  panels, 

D  - 

Eh  * 

» 

(Zl) 

12(1  -  v1) 

m  ■ 

Psb  , 

(22) 

where  E  represents  Young's  modulus,  v 
Poisson's  ratio,  and  ps  the  density  of 
the  structural  material.  One  may  thus 
estimate  the  fundamental  natural  fre¬ 
quency  of  .i  .1.  i  n-s  trlnger  panel  from* 

f  -  SCtZ  ■  G  (b/a )  (23) 


where 


*Slnce  v*  <<  1  typically,  Poisson's 
ratio  does  not  appear  In  these  approxi¬ 
mate  expressions. 


G  (b/a )  ■  £ 

1.25  for  b/a  -  1 
0.69  for  b/a  1  , 


(24) 


and  where  cl  ■  /E/'os  represents  the  lon¬ 
gitudinal  wave  veloc1ty+  In  the  panel  ma- 
teri  al . 


Resonance  frequencies  of  cylindri¬ 
cal  l.y‘~curved  panels.  -  The  fundamental 
natural  frequency  fp  of  a  cyllndrlcally 
curved  panel  with  radius  of  curvature  R 
Is  related  to  the  natural  frequency  f  of 
a  flat  panel  with  the  same  thickness  h 
and  edge  dimensions  as** 

1  +  0.006(ba/hR  1  ‘/j 

A"  +  0,6 1  A*  +  ll 

where  A  ■  b/a,  and  a  denotes  the  length 
of  the  flat  edge  of  the  panel,  and  b 
the  length  of  its  curved  edge.  The 
above  relation  was  developed  seml-empl r- 
Ically,  on  the  basis  of  experimental 
data  on  structures  with  realistic  bound¬ 
ary  conditions,  and  Is  valid  only  for 
h/a  <  1/100  and  for  aspect  ratios  In  the 
range  0.3  <  b/a  <  3.0,  and  for  a/R<,0.35. 


Maximum  root-mean-sguare  stress  In 
flat  panels.  -  In  a  simply  supported  p"an- 
el ,  the  maxi  mum  flexural  stress  associ¬ 
ated  with  uniform  loading  or  with  the 
first  vibratory  mode  occurs  at  the  panel 
censer.  In  a  rectangular  panel  that  Is 
clamped  on  all  edges,  the  corresponding 
maximum  stress  occurs  at  the  middle  of 
the  longer  edge.  In  practical  skin- 
stringer  structures,  panel  fatigue  fail¬ 
ures  typically  occur  along  the  edges,  at 
the  rivet  line  or  at  the  ends  of  stringer 
flanges  or  doublers  [10,18];  thus,  the 
panel  stress  associated  with  fatigue  cor¬ 
responds  more  closely  to  the  maximum 
stress  In  a  clamped  panel  than  to  that 
In  a  simply  supported  panel, 


+For  most  structural  metals,  one 
may  take  c,  “  2*10»  In/sec  with  adequate 
accuracy. 


**Th1s  expression  results  from  Ref. 
[10],  if  a  misprint  in  that  report  is 
corrected  (see  Ref.  [13]).  Note;  The 
expression  appearing  In  Ref.  [8]  also 
Is  In  error. 
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The  maximum  flexural  stress  o0  max 
Induced  In  a  clamped  panel  with  t  >  i  dj 
a  uniformly  distributed  static  pressure 
of  unit  magnitude  Is  given  [10]  by 


o 

o  max 


12 


(26) 


where  F  «  F(b/a)  Is  given  by  Eq.  (20). 


If  one  substitutes  the  foregoing 
for  o0  into  Eq.  (17),  and  If  one  takes 
the  natural  frequency  f  to  be  equal  to 
that  for  a  clamped  plate,  one  obtains 
the  maximum  rms  stress  as 


a 


1.185 


(27) 


clear  whether  the  use  of  the  somewhat 
more  complex  Eq.  (29)  Is  justified  In¬ 
stead  of  Eq.  (27)  with  a  reduced  coef¬ 
ficient  that  makes  this  equation  cor¬ 
respond  more  closely  to  the  available 
data  for  b/a  <  3,0. 

In  view  of  the  fact  that  Eq,  (29) 
has  gained  some  acceptance,  has  been  re¬ 
duced  to  nomograph  form,  and  has  been 
compared  with  some  experimental  data 
other  than  that  on  the  basis  of  which  It 
was  derived,  it  seems  logical  to  retain 
It  for  stress  estimation  purposes.  How¬ 
ever,  for  the  purpose  of  studying  trends 
and  parametric  dependences,  the  simpler 
Eq.  (27),  with  the  coefficient  0.85  re¬ 
placed  by  0.90  Is  likely  to  be  advanta¬ 
geous  . 


On  the  other  hand,  If  one  uses  the  ex¬ 
pression  (23)  corresponding  to  more  re¬ 
alistic  boundary  conditions,  one  finds 


(b)Vj  (28) 

In  Ref.  [1(1]  there  Is  derived  yet  anoth¬ 
er  exnresslon  for  aroax,  on  the  basis  of 
a  regression  analysis  of  experimental 
data,  arranged  In  nondlmenslonal  groups 
of  variables  deduced  from  Ideal  clamped- 
edgo  panel  analysis,  This  expression 
(when  rewritten  In  consistent  units) 
corresponds  to 

Vc,  *.  (  f )  /h\’A 

—  ({jJ  n"“,0‘  F-  .  (29) 


Maximum  root-mean-square  stress  In 
curved- panel s .  -  On  the  basis  of'analyt- 
1  ca  TTy  devel  oped  expressions,  In  which 
empirically  derived  corrections  have 
been  Included,  the  maximum  root-mean- 
square  stress  or  (at  the  middle  of  the 
straight  edge)  In  a  cyl Indrl  cal  ly  curved 
panel  with  radius  of  curvature  R  has 
been  found  [8,10]  to  be  related  to  the 
corresponding  stress  in  a  similar  flat 
panel  as 


Vi 


1  +  0.453 


A*  t-0.034 
A"  +  9 . 62  A1 


h) 


(30) 


Comparisons  of  the  stress  estimates 
one  obtains  from  the  three  foregoing 
equations  for  realistic  configurations 
Indicate  that  the  stress  one  calculates 
by  use  of  Eq.  (27)  Is  higher  by  a  factor 
of  about  1.2  than  the  stress  estimate 
one  finds  from  Eq.  (28),  that  Eq.  (29) 
Increases  more  rapidly  with  b/h  than  Eq, 
(27),  and  that  the  stress  estimates  one 
obtains  by  use  of  Eq.  (29)  on  the  aver¬ 
age  are  about  305!  lower  than  those  one 
obtains  on  the  basis  of  Eq,  (27),  and 
thus  about  20%  lower  than  those  one 
finds  from  Eg.  (28). 

It  Is  Important  to  note,  however, 
that  Eq.  (29)  was  derived  on  the  basis 
of  experimental  data  [10]  on  test  pan¬ 
els  with  aspect  ratios  a/b  between  1.0 
and  3.0  only,  so  that  the  validity  of 
this  relation  for  larger  aspect  ratios 
remains  uncertain.  Furthermore,  the 
test  data  nolnts  (see  Fig.  69,  p.  130 
of  Ref.  [10])  exhibit  a  good  deal  of 
scatter,  with  a  considerable  number  of 
the  points  deviating  considerably  from 
the  regression  line,  It  thus  Is  not 


where,  as  before,  A  »  b/a  «  length  of 
curved  odge/lenqth  of  straight  edge  and 
f/fR  Is  given  by  Eq.  (25). 

The  applicability  of  this  relation 
Is  limited  to  0.3  <  b/a  <  3.0,  a/h  >  100, 
and  a/R  <  0.35.  On  the  whole,  stress  es¬ 
timates  for  curved  panels  obtained  on 
the  basis  of  Eq.  (30)  or  corresponding 
nomographs  correlate  more  ooorly  with 
test  data  than  similar  estimates  for 
flat  panels  (e.g.,  see  Fig,  5.2  of  Ref. 
[9])i  the  estimates  tend  to  be  too  high 
-  by  as  much  as  a  factor  of  5  at  low 
stress  values,  generally  less  at  higher 
stresses.  Means  for  Improving  the  esti¬ 
mates  are  not  available  at  present. 


Panel  loss  factors.  -  References 
19  and  2(1  suggest  a  method  for  estimat¬ 
ing  the  loss  factors  of  panels  with  riv¬ 
eted  edges,  taking  account  of  such  para¬ 
meters  as  rivet  spacing,  width  of  con¬ 
tact  area,  and  panel  wavelength  (as  a 
function  of  frequency).  However,  this 
method  may  be  somewhat  too  cumbersome 
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From  the  curves  of  the  above-men¬ 
tioned  Fig.  34  of  Ref,  [10]  one  may  de¬ 
termine  that  the  number  N  of  cycles  that 
a  panel  survives  before  falling  Is  re¬ 
lated  to  the  maximum  root-mean-square 
stress  o  according  to 

log  N  «  -a  log ( — — — |  +  log  8  (31) 

\CT  re  f  / 

or 

N  ■  B(o/arefra  ,  (32) 

where  oref  1*  *  reference  stress  value, 
here  taken  as  10s  psi  ,  and  where  a  and 
B  are  constants  whose  values  are  listed 
In  Table  I. 

Although  the  time-variation  of  a 
randomly  varying  parameter  like  the  pan¬ 
el  stress  Is  not  a  simple  sinusoid,  and 


TABLE  I 

VALUES  OF  CONSTANTS  FOR  FATIGUE-CYCLES/STRESS  RELATIONS 


Skin-Stringer 

Honeycomb-Core 
Sandwl  ch 

Panel 

7075-T6 

Stringer 

7075-T6 

Facl  ng 
7075-T6 

Core* 

5052-H39 

a 

4.60 

2.74 

4.06 

7.05 

log  8  far  C  «  -95% 

9.38 

6,98 

9.22 

11.76 

log  3  for  C  ■  -50% 

9.75 

7.57 

9.53 

12.16 

log  8  for  C  ■  0 

10.04 

7.94 

9.75 

12.76 

for  preliminary  design  purposes.  Abun¬ 
dant  experimental  evidence*  Indicates 
that  for  conventional  aircraft  struc¬ 
tures  ( 1 . e . ,  for  structures  not  provided 
with  special  damping  treatments),  n  dif¬ 
fers  little  from  10*2.  This  value  may 
therefore  be  taken  as  a  reasonable  esti¬ 
mate,  unless  measured  data  for  the  par¬ 
ticular  structure  under  consideration 
are  available,. 

It  should  be  noted,  however,  that 
air  flow  along  a  panel  may  extract  ener¬ 
gy  from  the  panel  vibrations,  and  thus 
increase  the  effective  structural  loss 
factor  -  or  that  this  flow  may  feed  en¬ 
ergy  Into  panel  vibrations  (under  condi¬ 
tions  approaching  panel  flutter),  and 
thus  decrease  the  effective  loss  factor. 
At  present  there  Is  available  no  means 
for  estimating  this  effect,  and  one  can 
do  little  better  than  to  evaluate  It  on 
the  basis  of  experimental  measurements, 


*Note :  Honeycomb  core  fatigue  expression  contains  additional 
factor  accounting  for  core  density, 


Cycles  to  failure;  survl  val  proba¬ 
bility.  -  One'  may'  expect  that'  the  number 
of  stre s s  reversals  a  panel  can  withstand 
decreases  as  the  stress  amplitude  in¬ 
creases.  Related  test  data,  correspond¬ 
ing  to  skin-stringer  panels  of  70  76-T6 
aluminum  alloy  exposed  to  random  noise, 
are  given  In  Fig,  34  of  Ref.  [10],  to¬ 
gether  with  curves  representing  various 
statistical  confidence  limits.  Later 
test  data  [8]  were  found  to  fall  within 
these  same  confidence  limits:  the  design 
nomographs  given  In  Refs.  [8]  and  [10] 
are  based  on  these  confidence  limit 
curves . 


*E.g.,  see  Ref.  [21],  Reference 
[9]  suggests  n  *  0.0085  for  typical 
aircraft  structures,  based  on  values 
between  0,008  and  0,009  reported  for 
fuselage  panels  In  Ref,  [14],  and  on 
0.0085  reported  for  tallplane  panels 
In  Ref.  [15],  The  loss  factors  of  the 
test  panels  Investigated  In  Ref.  [10] 
ranged  between  0.005  and  0.009, 


one  cannot  speak  of  cycles  In  the  strict¬ 
est  terms,  one  may  expect  the  panel  vi¬ 
brations  to  be  approximately  sinusoidal 
In  time  as  long  as  they  are  dominated  by 
a  single  mode  —  as  was  previously  assumed 
In  the  response  analysis.  One  may  then 
consider  the  stress  signal  between  suc¬ 
cessive  zero  crossings  as  a  half  cycle, 
with  the  signal  varying  approximately 
like  a  sinusoid  at  the  natural  frequency 
of  the  system.  Knowing  this  frequency 
and  the  number  of  cycles  N  that  produce 
failure,  one  may  calculate  the  fatigue 
life. 

Fall  qua  1 1  fe  .  -  For  failure  proba- 
bllltv  distributions  that  are  symmetric 
about  the  mean,  (50  -  C/2)56  of  the  sam¬ 
ples  fail  under  fewer  stress  cycles 
than  the  number  corresponding  to  the 
-C%  confidence  limit  [22].  Thus,  for 
example,  If  N  *  107  cycles  corresponds 
to  a  confidence  limit  of  -50%  for  a 
given  panel  design  exposed  to  a  given 
excitation,  one  may  expect  25%  of  all 
panels  to  fall  at  less  than  107  cycles 
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(1,e,,  one  may  expect  755!  of  all  panels 
to  survive  after  107  cycles). 

The  fatigue  life  of  a  structure 
obviously  must  be  defined  In  terms  of  a 
failure  probability  or  similar  statisti¬ 
cal  measure.  Here  it  is  convenient  to 
use  the  fatigue  life  corresponding  to 
the  -CX  confidence  limit,  which  one  may 
find  from 

T c  «  Nc/f  ,  (33) 

where  tie  obtained  from  Eqs,  (31)  or 
(32)  for  the  confidence  limit  in  ques¬ 
tion  and  f  denotes  the  natural  frequency 
of  the  panel  under  consideration. 


Stringers 

In  typical  skin-stringer  structures, 
fatigue  failures  of  stringers  usually  oc¬ 
cur  at  the  clip  attachment  (where  the 
stringer  Is  joined  to  the  frame  or  bulk¬ 
head),  because  of  the  presence  of  stress 
raisers  In  that  location.  Because  of 
the  general  complexity  of  the  problem, 
little  analytical  work  has  been  done  on 
stringer  fatigue,  and  since  stringer 
failures  generally  occur  In  the  Interior 
of  practical  structures,  there  appears 
to  exist  no  quantitative  field  data. 
Reference  [8]  contains  the  most  defini¬ 
tive  available  analytical  and  experimen¬ 
tal  Information;  It  Is  on  that  report 
that  the  following  discussion  Is  based. 

Analytical  estimate  of  maximum  root- 
mean-sguare  sFress,  -The  analysis  oT 
stringer  stresses  presented  in  Ref.  [8] 

Is  based  on  the  following  assumptions: 

(1)  The  total  force  acting  on  a  stringer 
corresponds  to  the  net  shear  force  (In¬ 
tegrated  distribution  minus  corner  reac¬ 
tions)  that  acts  at  the  edge  of  a  sim¬ 
ply  supported  panel,  which  Is  deflect¬ 
ing  In  Its  first  mode,  In  response  to  a 
pressure  that  Is  uniformly  distributed 
over  the  panel,  but  varying  randomly  In 
time.  (2)  The  force  acting  on  a  stringer 
Is  distributed  uniformly  along  Its 
length  and  acts  on  the  rivet  line,  (3) 

The  maximum  stress  In  the  stringer  oc¬ 
curs  In  flexure  at  the  clip  attachment 
point,  where  the  stringer  Is  taken  to  be 
clamped  with  respect  to  bending. 

With  these  assumptions  one  finds 
that  the  maximum  root-mean-square  stress 
In  a  stringer  uheys* 


*Th1s  relation  follows  from  Eq.  (67) 
of  Ref.  [8],  However,  there  the  numerical 

coefficient,  which  hero  Is  2  ^7 3ir  ^  c 
0.0171,  was  erroneously  omitted. 


where  be  denotes  the  stringer  length 
(which  is  usually,  but  not  necessarily 
always,  the  longer  panel  edge  length), 
as  the  distance  between  the  rivet  lines 
of  adjacent  stringers,  H  the  stringer 
depth  (see  Fig.  7)  and  I*  an  effective 
moment  of  Inertia  of  the  stringer  cross- 
section,  given  by 

1 2 

I*  ’  !yx  "  T*1  •  (35) 

xx  iZ2 

Here  IX!(  denotes  the  centroldal  moment 
of  Inertia  of  the  stringer  cross  section 
about  an  axis  perpendicular  to  tho  panel 
surface  (see  Fig.  7),  I?z  represents  a 
similar  moment  of  inertia  about  an  axis 
parallel  to  the  panel  surface,  and  Ixz 
denotes  a  similar  mixed  moment  of  Iner¬ 
tia. +  As  previously,  f  denotes  tho 
fundamental  resonance  frequency  of  a 
skin  panel,  n  represents  Its  loss  factor, 
and  $p(f)  denotes  the  spectral  density 
of  the  fluctuating  excitation  pressure 
(at  the  frequency  f). 

Correction  of  rms  stress  estimate 
on  basis  oTTeTFTaTa ■  -  STnce  The  vari¬ 
ous  assumptions  InvoTvod  In  the  deriva¬ 
tion  of  Eq .  (34)  are  likely  to  represent 
only  rather  poor  approximations  of  con¬ 
ditions  occurring  In  practical  struc¬ 
tures,  one  would  expect  predictions  made 
on  the  basis  of  Eq.  (34)  to  deviate  from 
corresponding  experimental  results.  Com¬ 
parison  of  such  predictions  with  experi¬ 
mental  data  [8]  Indicates  that  the  ex¬ 
perimentally  observed  root-mean-squaro 
stress  oe  on  the  average  Is  related  to 
the  corresponding  c%  calculated  from 
Eg.  (34)  as 


The  above  relation  was  derived  cm  the 
basis  of  calculated  op  values  ranging 
from  about  150  to  3000  psl;  its  appli¬ 
cability  to  values  outside  this  range 
remains  to  be  established. 

Cycles  to  fall  u_re_i_s  u  rvlval  p  rob  a  - 
bill  ty ;  fa  FT  <i  ue  TTFe  .  -  DTta  prese'nfFJ 
In  Pig.  44  of  Ref,  ["0]  Indicate  that 


''That  Is,  Ixx-/Az“dA,  I zz  “ /Ax2 dA • 
IX2*  /^xzdA,  where  A  represents  the  area 

of  the  stringer  cross-section.  Appendix 
t  of  Ref.  [8]  gives  expressions  for  those 
moments  of  Inertia  for  zee,  channel,  and 
hat  sections. 
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the  number  N  of  cycles  that  a  stringer 
survives  before  ^ailing  Is  related  to 
the  experimentally  observed  maximum  rms 
stress  oe  by  an  equation  of  the  same 
form  as  Eq.  (31),  but  with  different 
constants,  as  shown  In  Table  I. 

The  discussion  and  the  relation 
between  confidence  limits  and  failure 
probability  presented  (In  relation  to 
panel  failures)  In  the  paragraphs  fol¬ 
lowing  Eg,  (32)  apply  equally  well  to 
stringer  failures,  as  does  the  discus¬ 
sion  of  fatigue  life.  One  may  thus  find 
the  stringer  fatigue  life  corresponding 
to  the  -C%  confidence  limit  by  use  ot  Eq. 
(33),  keeping  In  mind  that  the  stringer 
motion  is  dominated  by  the  panel  reso¬ 
nance,  so  that  the  natural  frequency  f 
of  the  panel  again  enters  this  relation. 

FATIGUE  LIFE  OF  HONEYCOMB-CORE 
SANDWICH  FLAPS 


The  resonance  frequency  of  the 
first  mode  of  a  beam  Is  given  (e.g.  Ref. 
[23])  by* 

f>  '  fr  ’  (37) 

where  L  denotes  the  beam's  length,  B  Its 
bending  stiffness,  and  p  Its  mass  pe' 
unit  length.  The  parameter  y  represents 
a  constant  that  dopends  on  the  boundary 
conditions;  for  n  beam  that  Is  simply 
supported  on  both  ends,  y  *  n/2  »  1.57, 
and  for  a  cl ampo d- cl ampe d  (or  free-free) 
beam,  y  *  3.56,  Since  In  e  realistic 
flap  element  the  boundary  conditions  are 
likely  to  be  somewhere  between  simply 
supported  and  fully  clamped,  one  may  rea¬ 
sonably  take  y  ~  V(  1  . 6  7)  (  3,56  )  «  2,36  as 
a  first  estimate,  In  absence  of  better 
Information, 


Overview  of  Estimation  Approach 

The  fatigue  of  flat,  rectangular 
panels  of  honeycomb  sandwich  construc¬ 
tion  Is  discussed  in  Ref.  [10]  oil  the 
basis  of  classical  thln-plute  theory. 
Earlier  data  cited  In  that  report  Indi¬ 
cate  that  this  theory  ylelcis  good  ap¬ 
proximations  to  observed  vibration  and 
stress  responses  associated  with  the 
fundamental  panel  moda,  and  that  shear¬ 
ing  of  the  coru  ploys  no  Important  role, 
unless  this  core  Is  very  flimsy. 

A  flap  element,  however,  may  be  ex¬ 
pected  to  behave  mare  like  a.i  end-sup¬ 
ported  beam  than  like  an  edge-supported 
panel.  The  analytical  results  available 
for  panels  thus  do  not  apply  to  flap 
elements  directly,  although  .no  may  hope 
that  honeycomb  panel  fatigue  data  will 
also  be  useful  for  honeycomb  beam  fa¬ 
tigue  life  estimation.  The  following 
paragraphs,  thoroforo,  summarize  the  re¬ 
sults  of  a  corresponding  bon ir  analysis 
and  then  apply  related  available  fatigue 
data  to  dove  lop  a  fatigue  I  lie-  estima¬ 
tion  approach. 


Res onant  response  of  fundamental 
mode. IT  on e'  ass ume s  the  beam  response 
to  Tj'e  dominated  by  the  first  mode  -  as 
was  done  for  panels  -  .  one  may  apply 
classical  modal  analysis  techniques 
(a.y..  Ref.  [24])  and  the  well-known  ex¬ 
pression  (e.g.,  Refs.  [24,25])  for  the 
response  of  simple  modal  systems  to  ran¬ 
dom  excitation,  In  order  to  determine 
that  the  (time-average)  root-mean-square 
displacement  of  the  beam  obeys 


urms 


I* 


*(*) 


~"(77f”^ 


(3B) 


Here  r,  denotes  the  loss  factor  of  the 
beam  In  Its  first  mode  and  M,  the  total 
beam  mass.  Thu  function  *(x)  represents 
the  mode  shape  associated  wltl.  the  first 
mode,  normalized  for  unit  average  value 
of  Its  square  over  the  beam  length, 

♦p  denotes  the  spectral  density  of 
the  modal  force  F,(t),  which  Is  given  by 


F, (t)  -  o  p  0 ( t ) J  j  (39) 


Beam  Response 

Resonance  frequency.  -  In  order  to 
simplify  TRe  a'tiai y s Ts ~Tt  Is  useful  as  a 
first  approximation  to  assume  the  fluctu¬ 
ating  excitation  pressure  to  be  uniform¬ 
ly  distributed  over  (one  surface  of)  a 
flap  element,  and  to  consider  only  the 
response  of  the  first  mode  of  that  ele¬ 
ment  modeled  as  a  uniform  beam  -  In  a 
manner  somewhat  analogous  to  that  used 
In  skin-stringer  panel  analyses  or 
honeycomb  sandwich  panel  analyses  [10], 


whe  re 


t( x)dx 


(40) 


for  a  pressure  p„(t)  that  is  uniform  over 


*Th1s  expression  Is  based  on  the 
assumption  that  shear  effects  are  negli¬ 
gible,  As  shown  In  Ref.  [4],  the  finite 
shear  stiffness  of  a  beam  reduces  Its 
natural  frequency,  but  In  most  practical 
cases  this  reduction  Is  Insignificant. 
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(on  side  of)  the  beam.  As  indicated  in 
Fig.  8,  e  represents  the  beam's  width. 
Since  the  spectral  density  4> )-•  of  the 
force  Is  proportional  to  the  mean-square 
force,  $r  is  related  to  the  spectral  den¬ 
sity  *  if  the  pressure  p0(t)  as 

iF  *  eJd**p  •  (41) 
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Fiq.  8.  Typical  Honey  comb- Co  re 
Sandwich  Flap  Element. 


Maximum  rcot-maan-sguare  stress  in 
skin,  Po  r  d’gTvnn'  a  mb  u n  t  of  ~Fe  a  uf  f  lie  x  - 

ure,  the  greatest  skin  tensile  and  com¬ 
pressive  stresses  occur  in  those  fibers 
that  are  farthest  from  the  beam's  neu¬ 
tral  surface.  If  c  denotes  the  distance 
from  the  neutral  surface  to  the  farthest 
fiber  (see  Fig,  8),  then  one  may  write 
tha  maximum  rins  stress  associated  with 
boom  vibrations  in  the  fundamental  mode 
as 


°i  “  ^KmAmx  •  (4Z> 

where  the  primes  indicate  differentiation 
with  respect  to  the  lengthwise  coordinate 
x  and  E  denotes  the  modulus  of  elasticity 
of  the  skin  material . 

If  one  combines  Eqs.  (38),  (41)  and 
(42),  one  finds  that  the  maximum  root- 
mean-square  skin  stress  obeys 


whore  d>" nin x  represents  the  maximum  abso- 
1  uto  va 1  no  of  4" ( x) . 


The  term  J , depends  only  on  the 
mode  shape,  and  thus  only  on  the  boundary 
conditions.  By  use  of  information  given 
in  Refs.  [24]  and  [26]  one  may  find  that 

14 it / L  *  12.6/L 
for  simply  supported  ends 

37. 1/ L 

for  clamped  ends. 


If  one  uses  the  geometric  average 
(21,7/1)  of  the  above  values,  in  view  of 
the  uncertainty  of  the  actual  boundary 
conditions,  one  may  rewrite  Eq .  (43)  as 


o,  e  0,69 


*>  0.19 
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(46) 


where  the  latter  expression  Is  obtained 
by  substitution  of  Eq.  (37)  with  y  > 2 , 36  , 


Maximum  root  •mean- square  shear 
stress  in  core.  -  In  Ref,  [1  ]  it  fs 
shown'  by  mean’s  of  an  analysis  that  paral¬ 
lels  that  presented  in  Ref.  [27]  that, 
for  4  simply  supported  sandwich  beam, 
the  ratio  of  the  maximum  shear  stress  x 
in  the  core  to  the  maximum  tensile 
stress  in  the  skin  obeys 


T 
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(46) 


where  A  represents  the  cross-sectional 
area  of  the  beam.  The  approximate  equal¬ 
ity  applies  for  a  beam  with  a  rectangular 
cross-section,  with  skin  of  thickness  t  ; 
this  approximate  expression  may  suffice 
for  the  evaluation  of  a  rough  estimate  in 
cases  where  not  enough  information  is 
available  to  apply  the  more  complete  ex¬ 
pression  . 


For  beams  with  other  than  simply 
supported  boundaries,  the  simple  analyti¬ 
cal  approach  loading  to  Eq,  (46)  does  not 
work  and  results  like  the  above  cannot  be 
obtained  readily.  It  Is  nevertheless 
suggested  that  Eq.  (46)  bu  used  for  esti¬ 
mation  purposes  for  all  boundary  condi¬ 
tions. 


Los s  factors .  -  The  available  data 
pertaining  to  "Voss  factors  of  honeycomb 
core  sandwich  structures  are  extremely 
limited.  Reference  [10]  reports  test 
results  for  about  30  different  panels 
vibrating  in  their  fundamental  modes, 
Their  loss  factors  weru  found  to  lie  be¬ 
tween  about  0.03  and  0,05,  and  to  be 
comparable  to  a  value  of  about  0,04  mea¬ 
sured  on  panels  obtained  from  aircraft 
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development  programs. 

In  absence  of  more  directly  appli¬ 
cable  data,  an  estimate  of  n,  c  0.04 
appears  to  be  reasonable, 


F a 1 1 gue  LI fe 


that  the  -foregoing  expressions  pertain 
to  the  0%  confidence  limit.  In  order  to 
estimate  the  numbers  of  cycles  to  fail¬ 
ure  corresponding  to  the  -50X  and  -95X 
confidence  limits  (probably  conserva¬ 
tively),  one  may  multiply  the  value  of 
N yj  obtained  froms  Eqs.  (47)  or  (48)  by 
0,4  and  0,1,  respectively. 


Facing  Sheets,  —  From  Fig.  51  of 
Ref.  [ 1 0 J .  which  summarizes  the  results 
of  a  regression  analysis  of  data  obtained 
on  panels  with  7075-T6  aluminum  alloy 
facing  shoots,  one  may  deduce  that  the 
relation  botween  the  maximum  skin  stress 
o,  and  the  number  of  cycles  N  that  the 
skin  can  withstand  without  falling  Is  of 
the  same  form  as  Eq.  (31),  with  the  con¬ 
stants  as  given  In  Table  1, 

The  discussion  that  follows  Eq,  (32) 
applies  here  again;  the  fatigue  life  Tr 
of  the  facing  sheet  corresponding  to  the 
-C%  confidence  limit  may  be  found  from 
Eq.  (32),  but  the  natural  frequency  f 
must  be  replaced  by  the  fundamental  nat¬ 
ural  frequency  f,  of  the  sandwich  beam. 


Core.  -  Only  very  few  core  shear 
fatigue  Failure  data  points  appear  to  be 
available;  the  data  do  not  suffice  for 
regression  analysis,  and  thus  one  cannot 
establish  confidence  limits. 


Rerhaps  the  best  one  can  do  at  pre¬ 
sent  is  to  accept  the  design  datu  Indi¬ 
cated  In  Fig,  06  of  Ref.  [10],  although 
tho  basis  for  that  figure  Is  not  Indica¬ 
ted,  From  the  curves  in  that  figure  one 
may  deduce  the  following  relation  between 
the  number  of  cycles  Nh  that  will  Induce 
failure  In  5052-H39  aluminum  alloy  honey¬ 
comb  core,  the  maximum  rms  core  shear 
stress  t,  and  the  core  density  d: 


log  N,  -  12.76  -  7.0b  log  ~~~) 

Vref  / 

+  10.50  log 

\ro  f / 


or 


5.7  x  10 
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ref/ 


(47) 


(48) 


Here  Tref  *  1  psl  Is  a  reference  value 
of  shear  stress  and  dref  ■  1  lb/fts  Is  a 
reference  value  of  density. 

Since  not  enough  data  are  available 
for  the  determination  of  confidence  lim¬ 
its,  It  appears  reasonable  to  assume 


The  honeycomb  fatigue  life,  of 
course,  may  be  calculated  from  Eq.  (32), 
again  using  the  fundamental  natural  fre¬ 
quency  f,  of  the  sandwich  beam  in  place 
of  f. 

DEPENDENCE  OF  FATIGUE  LIFE  ON  JET  AND 
STRUCTURAL  PARAMETERS;  DESIGN  CONSID¬ 
ERATIONS 


Skin-Stringer  Flaps 

Skin  panels.  -■  In  order  to  display 
typical  parametric  dependences  most  sim¬ 
ply,  it  Is  useful  to  focus  on  commonly 
used  skin-stringer  configurations  that 
have  aspect  ratios  b/a  >  2.5.  For  such 
configurations,  the  function  F(b/a)  of 
Eq,  (20)  may  be  approximated  by  /3TE7"a7 
and  the  function  G  ( b / a  )  of  Eq,  (24)  may 
be  taken  as  equal  to  0,69, 


If  one  takes  the  maximum  panel 
stress  to  be  given  by  Eq.  (27),  with  the 
coefficient  0.59  replaced  by  0,42  In  ac¬ 
cordance  with  the  discussion  presented 
after  Eq.  (29),  then  one  finds  by  use  of 
tho  above  Indicated  approximations  that 


0  a  0  ,  39 
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(49) 


and  that  the  fundamental  natural  fre¬ 
quency  of  the  skin  panel  obeys 

f  «  0,69  h c L / a K  .  (50) 


Substitution  of  Eq.  (49)  Into  (32),  and 
substitution  of  tho  result  and  of  Eq, 
(50)  into  Eq.  (33)  gives  the  panel  fa¬ 
tigue  life  as 


If  the  panel  resonance  frequency  f 
is  In  a  range  where  4>p(f)  varies  little 
with  changes  In  f,  then  Eq.  (51)  exhi¬ 
bits  all  of  the  dependences  on  panel  pa¬ 
rameters.  On  the  other  hand,  if  4>p(f) 
depends  significantly  on  f,  the  depen¬ 
dence  of  f  on  the  panol  parameters  will 
also  affect  these  dependences,  From 
Eq 5 .  (8),  (15)  and  (16)  one  finds  that 
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10.01  IB  p’U’X  for  f  <<  fT 

(52) 

0.29  p’U'/Xf2  for  f  >>  fT 

where  the  transition  frequency  fT  obeys* 

fT  -  1.6  U0/X  .  (53) 

Substitution  of  Eq ,  (5t)  Into  (51) 
and  use  of  £q.  (50)  results  In 


using  Eq.  (60)  In  Eq.  (34),  one  may  ob¬ 
tain  an  approximate  expression  for  the 
"theoretical"  maximum  stress.  If  one 
corrects  this  according  to  Eq,  (36),  In 
order  to  obtain  a  better  representation 
of  the  actual  (experimentally  observed) 
maximum  stress  oe.  one  finds 


where  the  first  parentheses  enclose  all 
relevant  panel  parameters,  whereas  the 
second  enclose  the  jet  parameter  terms. 

Strl naers .  —  Again  for  the  purpose 
of  exhibiting  the  salient  parametric  ef¬ 
fects  most  simply.  It  Is  useful  to  con¬ 
sider  the  common  case  where  the  stringer 
length  Is  the  same  as  the  greater  of  the 
two  panel  edge  lengths,  and  where  the 
spacing  between  stringers  Is  equal  to 
the  shorter  panel  edge  length.  With 
bs  ■  b  and  as  •  a,  assuming  b/a  >  3,  and 


By  combining  Eqs.  (65),  (50),  (32), 
and  (33)  one  obtains  the  stringer  fatigue 
life  T  as 


If  one  again  uses  Eq.  (52)  to  ac¬ 
count  for  the  dependence  of  4>p(f)  on  the 
panel  resonance  frequency  f,  which  fre¬ 
quency  again  may  be  approximated  by  Eq. 
(50)  ,  one  may  find  that 


Design  considerations,  -  As  Is  evi¬ 
dent  from  Eqs .  (51 j  and  (F6) ,  the  fatigue 
lives  of  skin  panels  and  of  stringers  In¬ 
crease  as  the  excitation  -  represented 
by  the  pressure  spectral  density  t-(f)  — 
decreases.  This  behavior  Is  as  one  would 
expect  Intuitively,  of  course.  Since 
this  spectral  density  decreases  with  In¬ 
creasing  frequency,  as  Indicated  In  Eq. 
(7),  one  should  design  the  skin  panel  to 


*For  the  typical  values  of  UQ  = 
750  ft/sec  and  X  =  10  ft,  one  finds 
fT  a  110  Hz. 


have  as  high  a  fundamental  resonance  fre- 
uency  f  as  possible.  In  view  of  Eq. 

50),  this  Implies  that  one  should  choose 
the  largest  admissible  panel  thickness  h 


- |  for  f  «  fT 

j(0.  2  7  b  -,0  •  8  b  0  y«.  0  2  2/  I 

(57) 


for  f  >>  fj 

'o  -0 

and  the  smallest  panel  edge  length  a. 

One  might  also  consider  choosing  materi¬ 
als  with  large  longitudinal  wavesneeds 
ci,  but  most  acceptable  structural  mate¬ 
rials  have  wavespeeds  that  differ  by  no 
more  than  about  10*  from  each  other,  so 
that  one  stands  to  gain  little  by  choos¬ 
ing  alternate  materials  on  this  basis. 

From  the  exponents  appearing  In  Eq. 
(57)  one  may  readily  determine  by  what 
factors  tne  fatigue  life  of  a  blown  flap 
panel  may  be  expected  to  change  as  the 
result  of  changing  the  various  parameters. 


/  yO.  z  ?  v  ' 
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Thus,  for  example,  one  finds  that  a 
change  In  the  skin  thickness  h  by  a  fac¬ 
tor  of  1,50  (l.e,,  a  60%  Increase)  would 
Increase  the  high-frequency  fatigue  life 
by  a  factor  of  7';  similarly,  decreasing 
the  panel  edge  lengtn  a  by  20%  would 
lengthen  the  fatigue  life  by  a  factor  of 
14,  whereas  doubling  the  damping  n  would 
Increase  that  life  by  a  factor  of  4,9. 

As  evident  from  Eq.  (54),  relative¬ 
ly  small  changes  In  h  and  a  can  lead  to 
quite  considerable  changes  In  panel  fa¬ 
tigue  Hfej  the  effects  of  changes  In 
the  other  structural  parameters  are  much 
less  significant.  Small  changes  In  the 
distance  X  of  the  flap  from  the  engine 
exit  have  relatively  little  effect  on 
the  fatigue  life,  and  changes  In  the  gas 
density  (associated  with  exhaust  temper¬ 
ature  changes)  that  can  occur  with  a 
given  engine  also  are  likely  to  have  on¬ 
ly  minor  significance.  On  the  other 
hand,  the  exit  velocity  U0  Is  of  great 
Importance;  a  mere  10%  Increase  In  this 
velocity  can  reduce  the  panel  fatigue 
life  to  .:bout  one-third  of  Its  original 
value. 

From  the  exponents  appearing  In 
that  part  of  Eq.  (57)  that  applies  for 
f  >>  fT,  one  may  observe,  for  example, 
that  doubling  of  the  panel  edge  length  a 
(whl'ch  Is  also  equal  to  the  spacing  be¬ 
tween  the  stringers)  Increases  the 
stringer  fatigue  life  by  a  factor  of 
1.91,  whereas  doubling  the  stringer 
length  b  reduces  the  fatl  gue  life  to  0.47 
of  Its  former  value. 


I*  «  HJh/2  (which  corresponds  to  an  I- 
beam  of  height  and  flange  width  H,  with 
flange  thickness  h),  one  finds  that  one 
may  approximate  the  above  expression  by 


for  the  purpose  of  making  order-of-magnl - 
tude  estimates.  Substitution  of  the  mid¬ 
dle  values  of  Sp  and  8s  given  In  Table  1 
and  of  typical  orders  of  magnitude  of  the 
various  ratios  then  leads  to 


which  Indicates  that  stringers  typically 
have  much  longer  fatigue  lives  than  skin 
panels  —  In  agreement  with  experimental 
observations , 

Thus,  one  generally  should  first 
design  the  panels  so  that  they  have  ade¬ 
quate  fatigue  lives,  and  than  verify 
that  the  stringer  design  one  selects 
(usually  on  the  basis  of  other  than  fa¬ 
tigue  considerations)  has  a  fatigue  life 
that  is  no  less  than  that  of  the  panels. 


By  comparing  Eqs.  (54)  and  (57)  one 
finds  that  the  panel  fatigue  life  Is 
much  more  sensitive  to  parameter  changes 
than  Is  the  stringer  fatigue  life.  It 
Is  also  evident  that  Increases  In  h  and 
c ,  as  well  as  decreases  In  a,  serve  to 
Increase  the  panel  fatigue  life,  while 
they  result  In  reductions  In  the  string¬ 
er  fatl gue  11 fe. 

From  Eqs.  (51)  and  (56)  one  may  de¬ 
termine  that  the  ratio  of  panel  to 
stringer  fatigue  life  obeys 


where  the  subscripts  P  and  s  refer  to 
panel  and  stringer  parameters,  respec¬ 
tively. 

If  one  Introduces  <t|p(f)  as  given  by  Eq. 
(52)  for  f  >>  f f ,  if  one  substitutes  for 
f  from.Eq.  (60),  and  If  one  takes 


Honeycomb-Core  Sandwich  Flaps 

Facing  sheets  (skin).  -  If  one  sub¬ 
stitutes  Into  the  fatigue  life  expres¬ 
sion  of  Eq.  (33)  the  number  of  cycles  to 
failure  as  given  by  Eq.  (32)  and  the  nat¬ 
ural  frequency  expression  of  Eq.  (37)  - 
with  y  «  2.36,  to  account  for  boundaries 
that  are  neither  simply  supported  nor 
fully  clamped,  -  and  If  one  also  uses 
the  second  stress  expression  of  Eq.  (45), 
which  aoplles  for  the  same  boundary  con¬ 
ditions,  one  finds  that  the  facing  sheet 
fatigue  life  obeys 


The  second  form  of  this  expression 
■Involves  the  useful  newly  defined  effec¬ 
tive  flap  density  »  u/A,  effective 

radius  of  gyration  r  »  /B/LA,  and  effec¬ 
tive  longitudinal  wavespeed  cf  ■  /E/pf . 
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Equation  (60)  exhibits  all  struc¬ 
tural  parametric  dependences  for  the  low- 
frequency  case,  where  *p(f1)  Is  essen¬ 
tially  Independent  of  frequency,  But, 
since  4>p ( f ! )  does  vary  significantly  at 
the  higher  frequencies,  the  aforemen¬ 
tioned  equations  need  to  be  modified. 

If  one  substitutes  for  4>p(f)  from  Eq. 

(52)  and  again  uses  Eq,  ( 37 ) wl th 
y  *  2,36,  one  obtains 


'  31  /u1'515  B2,  * 4  5  n2,oa\  / 

,  \  L«-u  (ecE)4,45  /  \K2- 


greater  fatigue  life  by  designing  the 
flap  element  to  have  a  higher  fundamen¬ 
tal  resonance.  In  view  of  Eq,  (37),  a 
high  fundamental  resonance  results  from 
use  of  short  unsupported  spans  L  and  of 
large  stiffness/mass  ratios  B/p, 

As  evident  from  Eqs.  (61)  and  (63), 
reductions  in  L  can  result  In  quite  dra- 
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for  f  >>  fj 


As  previously,  the  first  set  of  parenthe¬ 
ses  In  each  expression  encloses  the  struc¬ 
tural  parameters,  the  second  the  jet  para¬ 
meters  . 


Core .  -  By  substitution  of  the  cy¬ 
cles- to-'f  al 1 ure  relation  of  Eq.  (32)  and 
the  natural  frequency  expression  of  Eq. 
(37),  again  using  y  *  2.36,  into  the  fa¬ 
tigue  life  equation,  Eq,  (33),  and  by 
using  also  the  stress  expressions  of  Eqs. 
(45)  and  (46),  one  may  find  that  the 
honeycomb  core  fatigue  life  T  obeys 
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If  one  again  substitutes  for  4>p  from 
Eq,  (52),  one  obtains 


matlc  Increases  In  fatigue  life,  provid¬ 
ed  that  the  flap  element's  fundamental 
frequency  fj  Is  above  the  transition  fre¬ 
quency  ff.  If  fi  <  fy,  then  the  facing 
sheet  fatigue  life  Increase  produced  by 
a  given  amount  of  length  reduction  Is 
somewhat  less  dramatic—  and  this  length 
reduction  may  Indeed  by  expected  even  to 
reduce  the  core's  fatigue  life. 

From  Eqs,  (60)  and  (62)  one  may  de¬ 
termine  that 
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13  H  \r2  /  vTTf  / 

/Tre fV'"  ■»i™ref  ' 

IwM  ‘ 


where  the  subscript  h  refers  to  the 
honeycomb  core  and  f  to  the  facing 
sheet. 
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for  f  >>  f7 


beslgn  cons  1  derations  ■  -  Equations 
(60)  and  (62)  show  that  the  fatigue  lives 
of  facing  sheets  and  honeycomb  cores  In¬ 
crease  with  decreasing  exciting  pressure 
spectral  density  (evaluated  at  the  flap 
element's  fundamental  natural  frequency). 
This  trend  Is  as  one  would  expect  Intui¬ 
tively.  Since  the  spectral  density  de¬ 
creases  with  increasing  frequency,  as 
Indicated  by  Eq,  (9),  one  may  obtain 


From  Eqs.  (37)  and  (52)  one  may  de¬ 
termine  that  for  f  >>  f y , 
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For  typical  orders  of  magnitude  for  the 
various  parameters,  one  finds  that 
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so  that,  for  the  middle  value  of  8 


Tu 
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Thus,  one  generally  would  expect  core 
shear  fatigue  failures  to  occur  long 
before  facing  sheet  failures.*  In  de¬ 
signing  a  flap  element  It  thus  appears 
logical  first  to  select  a  core  that  has 
the  required  fatigue  life,  and  then  to 
verify  that  the  facing  shoet  will  endure 
at  least  for  the  same  time  span. 

From  the  exponents  appearing  In  Eqs. 
(61)  and  (63)  one  may  determine  the  fac¬ 
tors  by  which  the  facing-sheet  and  honey¬ 
comb-core  fatigue  lives  change  as  the  re¬ 
sult  of  changes  In  the  various  structural 
and  jet  parameters,  Clearly,  the  one 
most  significant  structural  parameter  Is 
the  unsupported  span  length  L;  a  mere  10% 
decrease  In  L  may  be  expected  to  Increase 
the  fatigue  life  of  the  skin  by  a  factor 
of  about  4.5,  and  that  of  the  core  by 
about  3.6. 


5052-H39  aluminum  for  honeycomb  cores. 
This  section  suggests  how  one  may  cor¬ 
rect  the  estimates  pertaining  to  the 
aforementioned  materials  so  as  to  obtain 
corresponding  estimates  for  other  alumi¬ 
num  all oys . 


Similarity  of  S-N  curves.  —  The 
fatigue  behavior  of  materials  generally 
Is  described  by  so-called  "S-N"  curves, 
which  are  plots  of  the  fully  reversed 
stress  amplitude  S  versus  the  number  of 
stress  cycles  N  at  which  a  specimen  falls 
when  subjected  to  cyclic  stress  of  that 
amplitude.  When  plotted  on  log-log 
scales,  the  S-N  curves  for  most  aluminum 
alloys  appear  very  nearly  like  parallel 
straight  lines,  at  least  In  the  low 


stress  and  large  N  region;  e.g.,  see  Ref. 
[28]  and  Table  3.3.1(c)  of  Ref.  [29].  Al¬ 
though  the  classical  S-N  curves  are  ob¬ 
tained  from  experiments  where  the  stress 
amplitude  Is  held  constant  (for  each  data 
point),  whereas  the  S-N  curves  represented 
by  Eq.  (31)  correspond  to  random  stress 
variations  with  a  qlvun  mean-square  value, 
one  may  expect  the  latter  log-log  curves 
for  various  alloys  to  be  parallel,  If  the 
former  are  parallel. 


If  one  assumes  that  the  root-mean- 
square  stress  a  that  different  alloys  can 
withstand  for  a  given  number  of  cycles  Is 
proportional  to  the  "fatigue  stress"  S  of 
the  material,  then  for  two  different  ma¬ 
terials  (Indicated  by  subscripts  1  and  2), 


Changes  In  the  flap  element's  flex¬ 
ural  rigidity  and  mass  per  unit  length 
may  be  seen  to  have  somewhat  lesser  ef¬ 
fects  on  these  two  fatigue  lives.  On 
the  other  hand,  the  core  density  affects 
the  core's  fatigue  life  very  significant¬ 
ly,  with  a  10%  increase  extending  the 
fatigue  life  by  a  factor  of  about  2.7. 
Again,  the  Jet  exit  velocity  Is  the  most 
Important  jet  parameter,  with  a  10%  de¬ 
crease  In  IJ0  leading  to  Increases  In  the 
skin  and  core  fatigue  lives  by  factors 
of  2.9  and  6.4,  respectively. 

Fatigue  Life  Corrections  for  Other 
A1 umln urn  Alloys 

The  various  fatigue  life  estimates 
presented  so  far  were  jbtalned  on  the 
basis  of  experimental  data  on  structures 
made  of  only  one  kind  of  material  — 
namely,  7075-T6  aluminum  for  skln/strlng- 
er  structures  and  for  the  facing  sheets 
of  honeycomb  sandwich  structures,  and 


*No  comparable  experimental  data 
appear  to  be  available.  Such  data  as 
are  available  [Ref.  10]  pertain  to  pan¬ 
els,  rather  than  beams,  and  are  affected 
by  stress  raisers  (e.g.,  fasteners)  that 
reduce  the  skin  fatigue  life. 


(66) 


For  materials  that  exhibit  a  definite  en¬ 
durance  limit  (l.e.,  a  stress  amplitude 
that  the  material  can  withstand  essen¬ 
tially  for  an  unlimited  number  of  cycles), 
one  would  be  Inclined  to  take  the  endur¬ 
ance  limit  as  the  fatigue  stress.  Alumi¬ 
num  alloys  do  not  have  endurance  limits, 

In  general  [29,30];  for  such  alloys  one 
needs  to  define  S  as  corresponding  to  any 
fixed  number  of  cycles,  say  N  ■  10°. 


Correction  for  fatigue  stress.  -  If 
one  rew rites  E q ,  (  32  )  as 


'ref 


-1/a 


(67) 


and  Introduces  Eq.  (66),  one  may  obtain 


ref 


*7  ffref 


-1/a 


(68) 
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Then,  the  number  N  of  cycles  that  materi¬ 
al  2  can  withstand  is  found  to  obey 


where  N  denotes  the  number  of  cycles  one 
calculates  for  the  basic  material  -■  i.e., 
by  use  of  Eq.  (32)  —  and  where 


km  ■  (Sa/Sj )a  (70) 

is  a  correction  factor  that  accounts  for 
differences  in  the  material's  fatigue 
properti  es . 

Since  the  fatigue  life  is  proportion¬ 
al  to  the  number  of  cycles  to  failure,  one 
may  obtain  the  fatigue  life  of  a  structur¬ 
al  component  of  any  aluminum  alloy  by  mul¬ 
tiplying  the  life  one  calculates  for  that 
component  on  the  basis  of  Eqs,  (32)  by  the 
appropriate  correction  factor  k  .  The  ex¬ 
ponent  a,  of  course,  depends  on  the  compo¬ 
nent  -  I.e.,  on  which  of  the  aforemen¬ 
tioned  equations  apply. 

Estimation  of  fatigue  stress  ratio . 

-  Unfortunately,  S-N  curves  are  avail--" 
able  for  only  a  few  alloys.  For  alloys 
for  which  no  fatigue  data  are  available, 
one  may  use  the  rough  approximation  that 


(71) 


where  Y  represents  the  yield  stress  of 
the  material  [30].  As  demonstrated  In 
Ref.  [1],  this  approximation  Is  very 
close  for  some  materials,  but  may  be 
about  20 %  too  high  or  too  low  for  others. 
Nevertheless,  In  absence  of  better  infor¬ 
mation,  one  can  do  no  better  than  to  use 
the  above  relation. 

Materials  other  than  aluminum.  -  It 
shoulcITe  noted  that  the  procedure  sug¬ 
gested  here  for  aluminum  alloys  cannot 
readily  be  extended  to  other  materials, 
unless  their  S-N  curves  have  the  same 
slopes  (on  a  log-log  plot)  as  those  for 
aluminum.  Unfortunately,  most  other  ma¬ 
terials  have  different  slopes  and  many  - 
notably  steels  -  have  segments  of  greatly 
differing  slopes.  For  such  materials, 
further  analysis  and/or  experimental  In¬ 
vestigation  Is  required. 


CONCLUDING  REMARKS 

The  approach  suggested  here  for  es¬ 
timation  of  fluctuating  pressures  asso¬ 
ciated  with  enqlne  exhausts  Is  based  on 
extrapolation  of  non di mensl  onal  1  zed  fluc¬ 
tuating  pressure  data  obtained  from  sim¬ 


ple  jets  and  on  Interpretation  of  simi¬ 
lar  velocity  distribution  data  from  mea¬ 
surements  in  the  exhausts  of  a  very  lim¬ 
ited  number  of  fan-jet  engines.  Clearly, 
the  availability  of  data  on  the  fluctu¬ 
ating  pressure  distribution  in  the  ex¬ 
haust  of  the  engine  to  be  used  In  any 
particular  application  may  be  expected 
to  Improve  the  characterization  of  these 
pressures  and  to  Increase  the  confidence 
one  has  In  fatigue  life  estimates  based 
on  these  pressures. 

The  response,  stress,  and  fatigue 
life  estimation  approaches  prosented  In 
this  report  follow  the  earlier  litera¬ 
ture  In  assuming  only  the  fundamental 
mode  of  the  structure  to  be  of  Impor¬ 
tance.  Although  this  assumption  may 
lead  to  conservative  designs  and  life 
estimates  in  many  cases,  one  can  easily 
visualize  practical  situations  where 
higher  modes  predominate.  Such  cases 
are  particularly  likely  to  occur  with 
engine  exhaust  excitation,  where  the 
excitation  pressures  a>"e  correlated 
over  small  areas,  have  spectral  peaks 
at  frequencies  considerably  higher  than 
the  fundamental  structural  resonance, 
and  convect  along  the  structural  sur¬ 
face.  Indeed,  there  also  exists  some 
experimental  evidence  that  shows  that 
higher  structural  modes  play  important 
roles  In  responses  to  flow  excitation. 

Of  course,  the  Importance  of  higher 
modes  In  determining  fatigue  1 1  Fe  Is 
also  enhanced  by  the  higher  fatigue 
damage  accumulation  rates  associated 
with  their  higher  resonance  frequen¬ 
cies.  Thus,  It  appears  advisable  to 
use  the  response,  stress,  and  fatigue 
estimation  approaches  suggested  lie  re 
with  some  caution. 

Any  but  the  most  grossly  empirical 
fatigue  life  prediction  method  must  be 
based  on  Information  concerning  how  the 
number  of  loading  cycles  that  a  struc¬ 
ture  can  withstand  varips  with  the  fluc¬ 
tuating  stress.  The  method  s”ggested 
In  this  report  Is  based  on  sonic  fatigue 
data  derived  from  tests  on  panel  speci¬ 
mens  of  only  one  material  fur  each  panel 
type.  In  particular,  the  data  pertain¬ 
ing  to  the  fatigue  of  honeycomb-core 
sandwicli  structures  Is  extremely  limited. 
Thus,  although  one  may  expect  the  sug¬ 
gested  prediction  technique  to  yield 
good  results  for  structures,  that  are 
closely  related  to  those  whose  fatigue 
data  were  used  In  development  of  the 
technique.  Its  reliability  Is  much  re¬ 
duced  for  other  structures. 
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DETUNING  AS  A  MECHANICAL  LESION  APPHOACH 


Charier.  T.  Morrow 
Advanced  Technology  Center,  Inc. 
Dalian,  Texan  75282 


Umlur  uonu:  conditions  coincidence  or  near  coincidence  of  mcchunicul 
reuonunoe  frequencies  can  load  to  catastrophic  fullurea  of  equipment 
during  exposure  to  a  nhoek  or  vibration  environment.  Detuning  iu  then  a 
powerful  method  for  improving  reliability,  but  it  should  be  applied  with 
full  appreciation  of  the  fuct  that  resonance  frequencies  muy  depend  on 
the  maohuniciil  impedance!  of  the  structure  or  test  platform  to  which  the 
equipment  is  mounted.  Fortunately ,  detuning  can  often  be  aocompliahed 
in  such  a  way  that  it  du  effective  for  a  wide  variety  of  mounting  imped- 
uncos. 


INTHODUCTION 

it  lias  boon  common,  in  designing  equipment 
for  reliability  under  severe  shock  or  vibration 
conditions,  to  deal  with  potential  failure  pointf¬ 
ul)  if  they  wore  subject  merely  to  static  stress. 
In  fact,  design  to  un  equivalent  static  acceler¬ 
ation  lias  been  proposed  us  u  routine  approuch 
for  gaining  reliability.  According  to  thiu 
approach,  if  a  purt  fails  or  malfunctions,  the 
designer  must  fasten  it  tighter,  stiffen  it, 
bruae  it,  or  devise  a  vuy  of  distributing  the 
ntroHu  in  the  part, 

All  rules  of  thumb,  however  valuable,  have 
their  limitations.  A  conspicuous  oxumplo  of 
the  hreukdown  of  this  one  iu  found  when  tv  light 
und  flexible  part  such  uu  a  potentiometer  wiper 
iu  mounted  to  something  more  massive  and  rigid, 
having  a  resonance  frequency  in  coincidence  or 
near  coincidence,  und  chatters  in  consequence. 
Only  small  increases  in  stiffness  or  preloading 
of  the  wiper  may  bo  permissible  If  it  is  to  per¬ 
form  without  excouuivc  friction.  let,  a  small 
increase,  if  the  viper  resonance  happens  to  be 
oil  the  low  tilde  of  coincidence,  may  actually 
aggravate  any  tendency  to  lose  oontact. 

Under  such  circumstances,  planned  detuning 
may  be  a  much  more  powerful  approach  thun  design¬ 
ing  for  u  greater  static  acceleration.  This  can 
he  illustrated  In  terms  of  two  linear  simple 
mechanical  resonators  coupled  In  tandem,  (The 
wiper  can  be  considered  to  be  u  linour  mealiunical 
element  up  to  the  chattering  point.) 


Previous  papers,  Hufs.  [l]  Und  [8],  showed 
at  some  length  the  conditions  under  which  u 
detuning  policy  iu  preferable  to  u  stiffening 
policy,  on  the  asEiimption  of  no  leading  of  tiiu 
first  resonator  by  the  second,  Those  papers 
were,  written  at  a  time  when  shock  und  vibration 
engineers  tended  to  think  of  shock  and  vibrution 
excitation  sources  uu  having  infinite  impedunce, 
that  1b,  u  capability  to  control  the  upplled 
motion  to  the  same  time  function  rogurUlost)  of 
the  nuturo  of  the  equipment  excited.  Investi¬ 
gators  were  preoccupied  primarily  with  design 
und  environmental  tout  within  this  restriction. 
The  idea  of  testing  to  a  controlled  force  (aero 
impodunco)  vuu  still  in  a  very  preliminary 
exploratory  state,  and  the  pliruse  "mechanical 
impedunce"  was  Just  beginning  to  boeomu  familiar. 

The  possibility  of  alternate  source  ImpcJ- 
aiiceu  brings  with  it  the  chance  that  two  reso¬ 
nance  frequencies  that  arc  nuccooui'ully  staggered 
for  one  Bourse  impedance  may  be  close  to  coinci¬ 
dence  for  another.  Then,  even  if  the  equipment 
passes  an  environmental  test,  it  may  be  far  from 
an  optimum  design  for  practical  application, 

Fortunutoly,  it  is  ouuior  to  maintain 
acceptable  detuning  under  a  variety  of  conditions 
thun  it  would  be  to  maintain,  for  any  reason,  a 
precise  coincidence. 

CASE  OF  ZEHO  MECHANICAL  LOADING 

To  facilitate  gaining  insight  into  this 
situation  we  will  calculate  from  u  lumped-element 
two-resonator  model  thut  Includes  no  dumping,  tin 
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in  Fig.  1,  and  explore  the  effect  of  source 
Impedances  on  the  resonance  frequencies.  The 
maaseB  ai),,  m,  and  m2  are  in  order  of  descending 
magnitude.  For  the  first  investigation,  we  will 
simplify  the  model  further  by  assuming  that  the 
first  resonator,  which  consists  of  two  masses  and 
a  spring  and  is  driven,  experiences  no  mechanical 
loading  from  the  simple  resonator  attached  to  it. 
Under  this  assumption,  the  two  system  resonances 
are  simply  those  of  the  two  resonators,  and  only 
the  first  is  affected  by  source  impedance. 
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That  of  the  first  resonator  is 


fl  “  2n  "  2n  ’^l^l 


(2) 


coincidence  or  near  coincidence  is  observed  for 
an  infinite-impedance  source,  unless  he  haB  the 
privilege  of  making  large  shifts,  or  fj,}  is  so 
low  that  the  system  resonances  are,  for  prac¬ 
tical  purposes,  insensitive  to  source  imped¬ 
ance. 


For  example,  suppose  a  designer  who 
observes  f j  «  f j  »  1000  Hz,  for  an  infinite- 
impedance  source,  shifts  fg  to  1250  Hz  for  the 
purpose  of  detuning,  and  then  observes  reso¬ 
nances  for  a  zero-impedance  source* ,  The  second 
resonance  remains  JV>  =  1250  Hz.  if,  by  chance, 
fbl  =  750  Hz,  the  firBt  resonance  becomes 
f  *  1250  Hz.  Coincidence  is  avoided  for  the 
infinito-impedunce  source  but  reoccurs  for  the 
zero-impodancc  source,  If  he  increases  fg  to 
1500  Hz,  coincidence  docs  not  reoccur,  but  the 
margin  is  Icsb  for  zero  impedance. 


for  infinite  source  impedance  (velocity  V.  as 
tho  excitation)  and,  according  to  Appendix  1,  a 
zero  impedance  source  (force  F^  as  the  excita¬ 
tion)  shifts  this  to 


Alternately  if  he  shifts  fg  to  750  Hz  or 
even  to  a  lower  frequency,  coincidence  can  not 
reoccur.  The  margin  is  in  fact  greater  for 
zero  source  impedance  than  for  infinite  source 
impedance. 


Conversely,  suppose  a  designer  who  observeu 
f  ■  fp  »  1250  Hz  for  a  zero-impedance  source, 
shifts  fg  to  1000  Hz  for  the  purpose  of  detun¬ 
ing  and  then  observes  resonances  for  a  zero- 
impedance  source.  The  second  resonance  remains 
fg  ■  1000  Hz.  If,  by  chance ,  1V-,  -  750  Hz,  the 
first  resonance  becomes  f^  “  1000  Hz.  Coinci¬ 
dence  is  avoided  for  the  zero-impedance  Bource 
but  reoccurs  for  the  Infinito-impedunce  source. 
If  he  decreases  fg  further,  coincidence  1b 
avoided,  but  tho  margin  is  'less  for  tho  infi¬ 
nite  than  tho  zero  source  impedance. 

Consequently,  he  should  increase  fg  or 
decrease  f,  unless  he  has  the  privilege  of 
making  large  shifts,  if  coincidence  is  observed 
for  a  zero** impedance  source. 

CASK  OF  UMAIjL  L0AUIN0 


Fig.  1  -  Undumpcd  Thrce-Masu  Two-Spring 
Mechanical  System 


Mote  that  decreasing  tho  source  impedance 
from  infinity  to  zero  inorcaseo  the  resonance 
frequency  of  the  first  resonator.  Consequently, 
an  equipment  that  failed  an  infinite-impedance 
shock  or  vibration  test  because  of  cIobc  reso¬ 
nance  frequency  coincidence  might  fail  a  zero- 
impedance  test  instead  if  tho  designer  stiff¬ 
ened  tho  second  resonator.  Wo  observed  in  the 
Introduction  that,  oven  with  eonetunt  aouroe 
impedance,  a  stiffening  of  the  second  resonator 
without  examination  of  existing  resonance  fre¬ 
quency  relationships  could  uggruvula  a  reli¬ 
ability  problem  by  bringing  the  frequencies 
closer  together.  We  now  have  u  more  gonorul 
reason  to  discourage  .indiscriminate  stiffening. 

For  optimum  deBign  by  mochunicul  detuning, 
the  designer  should  decrease  f  ,  which  runs 
counter  to  his  instincts,  or  increase  f-j ,  if 


Wo  now  generalize  to  permit  mechanical 
loading  of  tho  first  resonator  by  the  second, 
but  wc  assume  the  loading  to  be  so  small  that 
it  does  not  reduce  trannminsion  to  the  second 
resonator  so  much  thut  coincidence  ceases  to 
be  u  critical  factor 


The  resonances  of  the  complete  system  now 
become  somewhat  different  in  frequency  thun 
those  of  the  individual  resonators.  It  is 
shown  in  Appendix  2  that  tho  system  resonance 
frequencies  for  an  infinite  impedance  3aurce 
are  obtainable  from  tho  formula 


(f,2+fu2+f22)  +  Arf+fx2+i2)2  -  ^t,2^ 


(f,2+f,2?> 


f,2)t/(T,  2-f2i)  2 ■<•'*!  (f !  2*)  f ,  2*+f  ,2** 


(5) 
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and  those  for  a  aero  impedunce  source  are 
obtain able  from 


(f,2+  f,2H2+fb ,  2)^<ft2^l2Z*faS|,>2-*(f|2f22*fi?fbi^^2yh»2 


tf|2*fl22-f22-,-fbl2>t/(f)2-f22^-2<fi2*fa2)f|22->-(f|g2-ft,12)2-«-2tf,2->-fg2)fb|Z. 


(6) 


with 


AHUITRAHY  SIMPLE  HEACTIVE  IMPEDANCE 


f12  “  2  n  ’ 


and 


fbi  -  57  ■ 


(7) 

m 


Since  the  square  root.u  of  Eqs.  (t>5  und  (C) 
cun  never  be  zero,  oxuet  coinnidonce  in  terms  of 
system  resonances  in  impossible,  regardless  of 
the  values  of  f  und  fp.  Nevertheless,  for 
nmull  loading,  Abhu  system  resonance  frequencies 
can  be  close  enough  to  create  a  reliability 
hazard. 


Let  us  now  exploro  what  muy  be  sufficient 
to  make  the  zero-impedance  separation  equal  or 
greater  than  the  infinite-impedance  separation. 
This  iu  crudely  equivalent  to  requiring  that 
tho  additional  pouitlve  termu  under  the  radieul 
of  Eq.  (6),  in  comparison  with  Eq,  (b),  be 
larger  than  the  additional  negative  termu,  or 


1  i\,  +  f 


13 


-  f 


bl 


(9) 


That  increuuing  I'm  should  be  beneficial 
vuij  an  unexpected  reijult,  Decreasing  ml3  implies 
inoru  of  a  redesign,  in  mont  eases,  than  the 
deniynar  would  bo  permitted  to  make.  However, 
doormwing  k]  holpii  in  two  wuya  -  by  increasing 
fj  und  by  increasing  f^q. 

from  the  conditions  auuumud  ut  the  begin- 
ning,  both  f i  p  and  f^q  uro  rutlier  umiil.1  eom])ared 
to  fp,  Consequently ,  Eq.  (9)  is  very  similar  to 
the  proscription  for  no  loading  -  detune  fj  und 
f2  no  that  fq  v  f2.  However,  Eq.  (9)  iu  not  a 
quantitative  expression  of  the  sufficient  con¬ 
dition  but  merely  an  indicator  that  wan  conve¬ 
nient  to  oalculate.  It  indicated  the  direction 
in  which  detuning  should  go  -  the  same  uu  in  the 
case  of  no  loading  -  but  the  actual  detuning 
uhould,  if  anything,  be  mude  greater  tlum  .nig- 
goljted  by  the  formula. 


At  this  point,  it  is  natural  to  inquire 
whether  separation  of  system  resonance  frequen¬ 
cies  can  be  maintained  over  a  groator  variety  of 
source  impedances  than  zero  and  infinity.  We 
will  limit  ourselveB  to  simple  reactances  such 
us  those  of  a  n  a  a  n  or  a  stiffness. 

The  impedunce  presented  to  the  excitation 
source  by  the  diunipationless  three-maBS  reso¬ 
nant  system  iu  shown  in  Appendix  3  to  be 

zb  ■  Vvb 


rbl  '12  'bl  '2 

- rrc~ 

Tl  f2 


'I  '2  '’I  12 

r-'fvrr 

'12  *h 


(10) 


The  general  character  of  this  expression 
iu  shown  in  Fig,  3.  The  poluu,  indicated  by 
crosBou  on  the  frequency  uxis,  correspond  to  tho 
system  resonances  for  infinite  source  impedance, 
and  the  zeros,  indicated  by  dots  on  the  fre¬ 
quency  uxiu,  correspond  to  tho  ayutem  resonances 
for  zero  source  impedance. 
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System  resonance  frequencies  1'or  other 
sources  occur  when  2^,  In  equal  In  magnitude  but 
opposite  In  sign  to  the  uouree  reuetunce.  in 
the  abaeuee  of  damping,  these  corraupond  to  max¬ 
imum  n-sponoe  of  mg.  Consequently ,  if  the 
nourco  reuetunce  in  uhown  reflected  to  the  oppo¬ 
site  side  of  the  frequency  uxia,  its  Intersec¬ 
tions  with  determine  the  corresponding  system 
rcoonunco  frequencies,  and,  in  the  absence  of 
dumping,  tin?  frequencies  of  maximum  response  of 
nip.  This  reflection  has  been  performed  for 
simple  iiiubs  reactances,  which  appear  us  dashed 
Btraight  linos  extending  from  the  origin  below 
the  frequency  axis,  and  for  simple  stiffness 
roautuncou,  which  appear  as  dashed  hyperbolas 
ubove  the  frequency  axis.  It  iu  apparent  that 
system  rnuonmiceo  that  tire  well  separated  for 
both  Here  and  infinite  source  impedances  will 
also  be  well  separated  for  these  alternate 
simple  source  reactances. 

Dumping  of  the  three-muss  rcuonator  would 
decrease  the  hazard  associated  with  coincidence 
or  nour  coincidence  but  increase  the  umount  of 
detuning  that  must  be  aurrlud  out  before  signif¬ 
icant  benefit  results.  Heavy  damping  would  also 
shift  the  frequencies  of  muximum  response, 

CONCLUSION 

If  the  system  renonumu;  frequencies  of  a 
three-muss  resonant  system  with  muuscs  m^,  mj , 
and  mg  in  order  of  descending  magnitude  are 
staggered  sufficiently  for  infinite  source  im¬ 
pedance  and  zero  uouree  impedance,  wide  sepa¬ 
ration  ouu  also  bo  maintained  for  intermediate 
simple  reuutunsoB,  Thu  favorable  direction  for 
detuning  iu  the  one  that  increases  f^  or  do— 
ereuuoo  f..,  if  coincidence  is  observed  for  an 
infinite-impedance  source.  The  reverse  is  true 
if  coincidence  iu  observed  for  a  zero-impodunee 
source. 

Prescription  of  exact  umountn  of  detuning 
for  vurioun  situations  would  require  more 


unulynis  than  wus  given  here  but  would  not  bo 
proportionately  helpful  to  the  mechanical  de¬ 
signer.  He  would  not  usually  possess  in  advance 
all  the  dutu  required  for  more  sophisticated 
prediction.  After  a  test  failure,  ho  may  be 
able  to  effect  a  remedy  more  .  sickly  by  skillful 
cut  and  try,  guided  by  uystem  resonance  fre¬ 
quency  measurements  for  zero  and  infinite  uouree 
impedances,  than  by  detailed  computation  based 
on  more  complete  measurements  of  dynamics  and 
environmental  rcGponne, 

However,  this  study  reinforces  the  concept 
of  detuning  as  a  powerful  tool  for  dcBtgn  for 
reliability  under  shock  or  vibration  excitation 
by  showing  that  detuning  can  bo  made  effective 
for  a  wide  vuriety  of  source  impedances,  In¬ 
spection  of  the  theory  for  Bhock  (especially 
Fourier  transform  or  spectrum)  and  for  random 
vibration  shows  that  if  detuning  1b  beneficial 
for  periodic  excitation,  it  is  beneficial  for 
these  more  subtle  excitations  us  well. 

Furthermore,  situations  frequently  nrise 
such  that  servo  control  system  stability  is 
dependent  on  relationships  between  mechanical 
resonance  frequencies  of  a  device  us  mounted  to 
aerospace  or  other  structure.  This  study  should 
provide  the  control  system  designer  with  bene¬ 
ficial  insights  into  thut  type  of  problem. 
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APPENDIX  1 

KliSONANCK  lUIKQUKNCTKH  TON  CADE  OP  NO  MECHANICAL  LOADING 


.If  the  simple  resonator  coinprising  k0  and  urn  uoeu  not  load  the  rent  of  the  moohun- 
Ica.l.  system,  the  corresponding  syutem  rcubnunoe  frequency,  oj,,,  as  measured  on  an  infinite 
impedance  mount,  in  unaffected  by  the  impedance  of  the  source  at  m^. 


The  other  system  resonance  frequency  in  nouruo-impedunce  sensitive  and  is  calculable 
from  the  remainder  of  the  syntern  with  k.,  and  ns,  ignored, 


For  the  anno  of  an  opplled  force  F^, 
l'‘"'i|  VV;  +  k (Vb-V;i  )/jo  =  Fh  , 


(U) 
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AITKHIJIX  1 


RESONANCE  FREQUENCIES  FOR  CAGE  OF  NO  MECHANICAL  UIAUINC1  (Ccinuludpil) 

and 

JuraijVj^  +  kj(VrVb)/-J..i  =  0  ,  (I!-’) 

whore 

w  ■  2ni‘  ,  (13) 

uml  Vj  and  are  the?  complex  vibrut.ionb.1  velocities  of  the  appropriate  inmmou. 
Lot 

A  ”  ki7%  •  (l4) 

and 

u  *'  ■  k./n.  •  (15) 

It  follows  that 

-A +  AS  “  >V\  •  (ir,) 

and 

-sj‘V1  +  ”  0.  (IT) 

Ho  nut' 

Vb  -  (UJ/-W’)  V,/^,  (18) 

and 

V  |  “  'Kb/(w1‘'  +  obl  -  u  ')Jwmb  (19) 

bo  Unit,  for  u  sscro~impodanco  uouroo, 

a'  -  oij*-  +  u)w"  ,  (RO) 

whioli  in  oquivulont  to  Eq,  (;j). 

Al’l’KHUIX  P. 

RESONANCE  FREQUENCIES  WITH  MECHANICAL  bOAOINO 
'i'lie  complete  eqimtioim  J*or  the  meehmiieu.l  iiyntoui  of  1  an.*} 

JsflAh  Vb  +  kpVh-Vp/Ju  »  Fb  ,  (11) 

Ji»mL  V  +  ^(V  -V  )/Ju  +  lt;)(Vl-V,,)/<Hi  »  0  (El) 
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Airranix 


HKIONAHfK  mXiUKNCJH!  WITH  MliOIIAMJOAJ.  I.OAM'KCI  (Concluded) 


und 


Jum,,  V.,  +  k.XV.^-Vj  )/ju  -  0 


-“2vb +  ubi2(Vvi)  “  J“Vmb 


Of.) 


n2V,  +  (d,2(VV  +  <J|22  <v( -v2i  "  0  * 


und 


.d2V2  +  ,j22(V2-V,)  -  0 


(?M 


Vllol’u 


(Dp1  *  k0/m,, 

(;;■;) 

wiu'  “  kP/mi 

(;<>) 

und  V,,  iu  tin!  complex  vibrational  velocity  ol' m,,. 
Krom  K<i .  ( !’l) ) , 


(ui22-u2)  V2 


O'Y) 


HulinU till. Ion  in  Ktj,  (:>:0  ylolilu 

2  2 

_ _ wi  Ma  vb 

U)  -(ui|  +UI|2  +lu2  )  til  +UI|  Uj 


vrh  1  ul 1 1  for  (ui  applied  liau  pojcri  at 


(;:«) 


(“  |2+W,,2+U)  2)  +  /(id  .  2  +U  ,  2+W,  ^  2-  tui  ,2u; ,  2 


(py) 


Will cli  ill  Viilulil  to  JSo.  (y). 

Alternately,  for  an  applied  V^,  nubiitJLutr  Kepi.  (PY)  and  (.’’;))  into  (ifi)  I 


ui|2ui22f:b/Ja}nib 

v2  “  k,  2“  r*  t  2,  r  2  t  r  r- 5  2“ 

ID  '(ID.  +U|2  +lUj  +0Jb|  )(U  +(Dj  IDj  +W|2  +Ulb|  +U)j  lUb  | 


<  «J) 


Till u  linn  polno  for 

,  2±  2,  2,  2, .  /r~x.  ?!  r  rz-"  2  r  ?  z.  2  2,, 

2  IW|  +w»|2  +w?  +wh|  ;+  ♦'luj  +UJ|2  s'LJbI  +UJI?  Wh1  +w2  ubl  ‘ 


will  fill  j  11  t*qiliva.U*llL  Lo  Kq.  (f>). 


<>  obtain 


(3D 
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AITKHDIX  3 


EARTHQUAKE  RESPONSE  OF  SHOCK-MOUNTED 
COMMUNICATIONS  EQUIPMENT 

N.  J.  DsCapua,  G.  Nevrincean,  E.  F.  Witt 

Bell  Laboratories 
Whippany,  New  Jersey 


This  paper  describes  the  case  history  of  a  shock-mount  failure  caused 
by  an  earthquake  excitation.  The  failure  resulted  from  large  pendulum- 
mode  displacements  of  the  ceiling  suspended  equipment.  Auxiliary  leaf 
spring  isolators  were  designed  to  eliminate  this  pendulum  mode  and 
still  maintain  adequate  protection  against  nuclear  blast.  A  test  program 
was  conducted  using  actual  communications  equipment  excited  by  an  in¬ 
put  more  severe  than  the  El  Centro  Earthquake.  The  design  objectives 
were  met  and  the  hardware  functioned  without  damage. _ 


INTRODUCTION 


A  significant  portion  of  the  long  distance 
network  of  the  Bell  System  is  designed  to  re¬ 
sist  the  effects  of  a  nuclear  detonation.  Build¬ 
ings  along  such  routes  are  usually  underground, 
and  equipment  within  many  of  these  structures 
is  shock- mounted  to  isolate  it  from  the  high 
frequency,  high  acceleration  motions  associated 
with  a  nuclear  blast  environment.  The  basic 
objective  in  shock-mounting  is,  of  course,  to 
convert  a  relatively  high  frequency  system, 
such  as  equipment  bolted  directly  to  a  building, 
into  a  low  frequency  system  by  placing  shock - 
mounts  between  the  equipment  and  the  building. 
This  low  frequency  system  isolates  the  equip¬ 
ment  from  the  blast  environment  and  exposes 
it  to  only  modest,  nondamaging  accelerations. 

Although  a  low  frequency  system  provides 
Isolation  from  high  frequency  inputs,  it  is  vul¬ 
nerable  to  low  frequency  excitations.  Thus, 
since  a  nuclear  environment  also  Includes  a 
low  frequency  oscillatory  ground  motion,  the 
behavior  of  the  shock-isolated  system  must  be 
such  that  induced  displacements  are  not  exces¬ 
sive.  The  vertical  and  horizontal  frequencies 
of  the  shock-mounted  system  must  be  chosen 
so  that  they  are  low  enough  to  isolate  blast  in¬ 
duced  accelerations  and  yet  high  enough  to 
avoid  excessive  ground  motion  induced  dis¬ 
placements. 

These  problems  of  frequency  tradeoffs  be¬ 
come  even  more  critical  when  a  shock-mounted 
installation  is  in  an  earthquake  area.  It  is  pos¬ 
sible  that  low  frequency  Induced  displacements 
can  be  greater  in  a  severe  earthquake  environ¬ 
ment  than  in  a  nuclear  ground  motion  environ¬ 
ment. 


The  L3  carrier  repeater  station  is  an  exam¬ 
ple  of  a  hardened  facility  (1964)  where  recent 
events  vividly  demonstrated  the  need  to  con¬ 
sider  severe  low  frequency  motion  in  designing 
shock -isolated  systems.  A  number  of  repeater 
stations  located  in  Southern  California  were 
exposed  to  tl  »  San  Fernando  Earthquake  In 
February  1971.  Although  communication  serv¬ 
ice  was  maintained,  a  number  of  the  suspension 
shock-mounts  illustrated  in  Fig.  1  were  broken 
or  damaged  at  one  station  (located  on  the  seis¬ 
mic  contour  map  shown  in  Fig.  2 ). 

Low  frequency  systems  such  as  the  above 
must  be  avoided.  This  paper  describes  how 
this  particular  system  was  modified  to  elimi¬ 
nate  the  pendulum  mode  while  maintaining  blast 
protection.  The  test  program  conducted  to  cor¬ 
roborate  design  objectives  and  qualify  new 
hardware  is  also  described. 


THE  REPEATER  STATIONS 


In  these  underground  structures,  measuring 
approximately  10  ft  long  by  6  ft  wide  with  8  ft 
ceilings,  equipment  1b  shock-isolated  with 
ceiling-suspended  coil  spring  mounts,  as  in¬ 
dicated  in  Fig.  1.  This  provides  vertical  isola¬ 
tion  to  keep  nuclear  blast  induced  accelerations 
of  the  equipment  below  a  3g  level.  Communica¬ 
tions  equipment  is  designed  to  withstand  accel¬ 
erations  up  to  3g's  in  a  vibratory  environment. 
The  vertical  frequency  of  this  system  is  ap¬ 
proximately  3  Hz.  The  frequency  in  the  lateral 
direction  is  about  0.45  Hz.  In  the  longitudinal 
direction,  the  geometric  configuration  is  such 
that  the  pendulum  swing  is  at  least  1  ft,  with  a 
frequency  of  less  than  0.90  Hz.  There  are  other 
rocking  modes  which  will  be  discussed  later. 
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Lateral  clearance  between  the  equipment  and 
adjacent  walls  Is  a  minimum  of  6  in. 


EARTHQUAKE  EXCITATIONS 


As  shown  In  Fig.  2,  the  shock- mount  failure 
occurred  in  an  area  experiencing  an  earthquake 
of  Richter  Magnitude  6.6  with  a  duration  of 
12  seconds.  A  more  severe  earthquake  proba¬ 
bly  would  have  resulted  In  equipment  impacting 
against  adjacent  walls,  possibly  causing  loss  of 
service.  Thus,  It  is  advisable  to  provide  pro¬ 
tection  against  more  severe  earthquake  motions. 
The  El  Centro  Earthquake  Til,  1940  N-S  com¬ 
ponent,  is  an  example  of  what  is  generally  con¬ 
sidered  a  severe  earthquake  and  is  used  to  es¬ 
tablish  design  limits,  The  duration  of  the  El 
Centro  record  was  30  seconds  with  a  peak  ac¬ 
celeration  of  0.30g  and  a  Richter  magnitude  of 
7.3.  The  1  percent  damped  displacement  shock 
spectrum  of  El  Centro  is  shown  in  Fig,  3. 


A  typical  spectrum  for  nuclear  blast  induced 
ground  motion  [2]  is  also  shown  for  comparison. 
This  represents  an  envelope  of  spectra  for  over¬ 
pressures  up  to  50  psi  produced  by  a  20  MT  det¬ 
onation.  Note  the  similarities  in  low  frequency 
response.  The  earthquake  excitation  would 
cause  the  equipment  center  of  gravity  to  dis¬ 
place  about  4.5  in.  laterally  ana  2.5  in.  longi¬ 
tudinally.  The  resulting  motion  at  the  base  of 
the  equipment  would  be  at  least  9  In.  laterally 
and  2.5  in.  longitudinally.  The  corresponding 
valuer,  for  nuclear  blast  would  be  similar. 

These  displacements  exceed  the  6-in.  clearance 


limit  for  the  equipment  assembly.  However, 
before  this  limit  is  reached,  the  vertical  shock - 
mounts  would  probably  fail  since  they  were  not 
designed  to  experience  such  large  lateral  dis¬ 
placements.  Lateral  restraints  are  required 
to  avoid  damage  to  the  equipment  during  the 
maximum  expected  earthquake  and  nuclear 
blast  effects. 


RESTRAINING  METHOD 


The  requirements  for  the  additional  re¬ 
straints  were: 

1.  Must  limit  horizontal  and  vertical  motion 
under  El  Centro  Earthquake  conditions  to 
about  ±2.0  In. 

2.  Horizontal  frequencies  limited  to  3  Hz 
maximum  to  ensure  protection  from  nu¬ 
clear  blast  shock. 

3.  Existing  vertical  Isolation  should  not  be 
affected. 

After  considering  a  number  of  alternative 
designs,  the  authors  decided  that  the  existing 
vertical  shock-mounts  should  remain  attached 
and  that  auxiliary  leaf  spring  Isolators  would  be 
placed  at  each  of  the  four  corners  of  the  equip¬ 
ment,  as  shown  in  Fig.  4.  This  arrangement  is 
easy  to  install,  low  In  cost,  and  requires  no 
maintenance. 


DESIGN  OF  AUXILIARY  LEAF  SPRING 
ISOLATORS 


A  relatively  simple  dynamic  analysis  was 
performed  to  assist  in  determining  the  charac¬ 
teristics  of  the  proposed  auxiliary  leaf  spring 
isolators.  Since  the  equipment  is  essentially  a 
rigid  structure  compared  to  the  flexibility  or 
the  vertical  coil  springs  and  the  proposed  hori¬ 
zontal  leaf  springs,  a  dynamic  lumped- mass 
model  was  easy  to  describe.  For  design  pur¬ 
poses,  it  was  assumed  that  longitudinal  and  lat¬ 
eral  motions  could  be  decoupled.  Thus,  two 
separate  models  were  used  to  describe  the 
system,  as  shown  in  Fig.  5.  All  members  In 
the  models  are  rigid  except  the  springs.  The 
location  and  magnitude  of  the  mass  points  were 
chosen  to  duplicate  the  mass  and  inertia  of  the 
communications  equipment. 

The  ultimate  configuration  of  the  auxiliary 
leaf  spring  isolators,  as  indicated  In  Fig.  6, 
evolved  from  an  attempt  to  achieve  the  same 
frequency  (of  approximately  3  Hz)  In  both  the 
longitudinal  ana  lateral  directions.  This  was 
achieved  by  increasing  the  moment  of  inertia 
of  one  side.  A  leaf  spring  with  constant  moment 
of  inertia  would  yield  different  longitudinal  and 
lateral  stiffnesses,  as  indicated  by  the  following 
relationships: 
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Fig.  0  -  Auxiliary  leaf  spring  Isolator 
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where  l  Is  the  effective  length  of  each  side  of 
the  leaf  spring,  and  1^  and  I2  are  the  moments 

of  Inertia  of  each  side,  as  shown  In  Fig.  4. 

Thus,  by  increasing  the  moment  of  inertia  of 
one  side,  the  longitudinal  and  lateral  stiffnesses 
wore  made  approximately  equal. 


As  shown  In  Fig.  6,  the  isolator  has  one  fixed 
connection  and  one  pinned  connection.  Tests 
indicated  that  a  single  pinned  connection  was 
sufficient  to  allow  the  existing  vertical  isola¬ 
tion  system  to  be  unaffected  by  the  additional 
horizontal  restraints. 

Mode  shapes  and  frequencies  (eigenvalues 
and  eigenvectors)  were  determined  for  the  two 
models  indicated  in  Fig.  5  using  a  computer 
program  based  on  a  stiffness  matrix  analy¬ 
sis.  (3J  As  shown  in  Fig.  7,  each  model  ex¬ 
periences  three  predominant  modes  of  vibra¬ 
tion:  vertical,  horizontal,  and  rocking.  As  a 
result  of  the  decoupling  assumption,  one  rota¬ 
tional  mode  was  not  computed.  The  response 
of  the  corner  points  in  the  model  to  an  earth¬ 
quake  input  was  obtained  by  employing  a  modal 
analysis  [4]  program  which  accepts  as  Input  the 
previously  determined  frequencies  and  mode 
shapes,  as  well  as  Joint  masses,  modal  damp¬ 
ing,  and  a  digitized  acceleration  history  of  the 
earthquake. 

Fig.  7  indicates  the  computed  and  measured 
(test)  frequencies.  The  primary  goal  of  a 
3  Hz  longitudinal  and  lateral  frequency  was 
adequately  satisfied. 

The  peak  accelerations  for  the  lower  corner 
of  the  equipment,  as  determined  from  the  modal 
analysis,  were  0.73  g,  0.57  g.  and  0.52  g  in  the 
lateral,  longitudinal,  and  vertical  directions 
respectively.  Similarly,  peak  displacements 
were  0.65  In.,  0.6  In.,  ana  0.7  In.,  well  below 
the  2 -in.  maximum  displacement  requirement. 

In  these  design  calculations,  there  were  sev¬ 
eral  modeling  assumptions  which  should  be 
emphasized.  One  rotational  mode  was  not 
modeled,  and  this  would  affect  the  computed 
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responses,  The  horizontal  Btlffness  of  the  exist¬ 
ing  vertical  coil  springs  was  also  neglected,  and 
the  leaf  spring  isolators  were  assumed  to  act 
only  as  linear  springs,  when  in  fact  they  tend  to 
exert  other  forces  which  excite  rotational  modes, 
However,  since  these  calculations  were  made 
only  to  aid  in  the  hardware  design  and  in  the 
planning  of  the  test  program,  the  model  was 
considered  satisfactory. 


TEST  PROGRAM 


A  test  program,  employing  the  Wyle  Labora¬ 
tories  Earthquake  Simulator  at  Huntsville, 
Alabama  was  devised  to  corroborate  the  basic 
design  objectiver  of  the  shock  isolation  system 
with  the  auxiliary  leaf  spring  isolators.  The 
size  of  the  test  table  (6  ft  by  18  ft)  permitted 
testing  of  the  actual  equipment  used  in  the  field. 
Four  frames  were  bolted  together  into  one  rigid 
assembly  and,  since  equipment  is  ceiling  sus¬ 
pended  in  the  actual  sites,  the  assembly  was 
suspended  from  the  bottom  of  the  test  bed,  as 
shown  in  Figs.  8A  and  8B. 


Inputs  of  vertical  and  horizontal  motions  were 
applied  simultaneously  and,  by  orienting  the 
equipment  at  45  degrees  to  the  input,  it  was  pos¬ 
sible  to  simulate  the  earthquake  motions  along 
three  axes,  The  full  earthquake  was  applied 
horizontally,  and  2/3  of  this  motion  was  fed 
vertically  [4J.  Accelerations  were  measured 
with  two  trl-axlal  accelerometers  located  as 
shown,  and  displacements  were  obtained  from 
analysis  of  movies  taken  during  the  test.  In 
addition,  sine  sweeps  from  0.5  Hz  to  20  Hz  were 
run  to  determine  modal  frequencies.  These 
observed  values  are  compared  to  the  computed 
values  in  Fig.  7. 

It  was  anticipated  that  the  Wyle  Simulator 
would  reproduce  El  Centro  conditions  in  the 
range  of  0.5  to  20  Hz.  a  range  sufficient  to  test 
the  equipment  both  with  and  without  the  auxil¬ 
iary  leaf  spring  isolators.  However.prelimi- 
nary  test  records  indicated  that  the  El  Centro 
environment  was  not  reproduced  at  low  frequen¬ 
cies  (below  2  Hz),  and  it  was  decided  to  check 
the  simulator.  A  shock  spectrum  was  made 
from  the  El  Centro  input  data,  and  the  same 
analyzer  was  used  to  produce  a  spectrum  for 
the  table  motion  resulting  from  this  same  input. 
The  gain  to  the  simulator  was  adjusted  until  the 
table  spectrum  exceeded  the  El  Centro  input 
spectrum  above  2  Hz,  as  shown  in  Fig.  9.  This 
meant  that  the  table  motion  was  more  severe 
than  the  actual  El  Centro  data  for  frequencies 
above  2  Hz.  Thus,  since  the  system  frequencies 
nre  all  above  2  Hz  when  the  leaf  springs  are  at¬ 
tached,  the  equipment  will  see  a  more  severe 
environment  under  test  conditions  than  indicated 
by  the  El  Centro  data. 


As  a  result  of  the  tests,  the  configuration  of 
the  isolator  was  modified  somewhat.  Initially, 
the  configuration  tested  was  similar  to  that 
shown  in  Fig.  8  but  without  the  additional  leaves. 


However,  a  sine  sweep  indicated  a  longitudinal 
frequency  of  approximately  2.2  Hz,  which  was 
considered  too  close  to  the  2 -Hz  limit,  below 
which  the  simulator  could  not  accurately  repro¬ 
duce  earthquake  motions.  Additional  leaves 
were  used  to  increase  the  longitudinal  frequency 
to  about  3  Hz.  As  shown  in  Fig.  6,  the  leaves 
were  added  to  stiffen  the  longitudinal  direction 
but  to  have  less  effect  in  the  lateral  direction, 
which  was  already  close  to  3  Hz. 

The  test  demonstrated  that  the  leaf  spring 
arrangement  with  one  end  pinned  and  one  end 
clamped  performed  satisfactorily.  The  verti¬ 
cal  frequency  did  not  increase  beyond  3  Hz,  and 
the  leaf  spring  isolators  functioned  under  maxi¬ 
mum  expected  vertical  displacements. 


LOW  FHEQUENCY  RESPONSE  OF  EQUIPMENT 
WITHOUT  AUXILIARY  LEAF  SPRING 
ISOLATORS 


As  a  result  of  the  simulator's  poor  response 
at  frequencies  below  2  Hz,  it  could  not  test  the 
equipment  without  the  isolators.  Thus,  it  was 
not  possible  to  reproduce  the  pendulum  mode 
whicli  had  caused  the  shock-mount  failures  ob¬ 
served  in  California.  However,  a  severe  low 
frequency  environment  was  artificially  simu¬ 
lated  with  a  sinusoidal  input  excitation  of  1/3  Hz, 
whlcu  forced  the  equipment  into  violent  motions 
and  did  cause  shock-mount  failures. 


RESPONSE  OF  CONSTRAINED  EQUIPMENT 
TO  EARTHQUAKE 


Test  table  displacements  and  accelerations 
corresponding  to  the  simulated  oarthquake  in¬ 
put  spectrum  of  Fig.  9  are  shown  in  Fig.  10. 

Fig.  11  shows  the  first  20  seconds  of  accelera¬ 
tions  measured  at  the  upper  corner  of  the  con¬ 
strained  equipment  framo.  A  summary  of 
accelerometer-measured  peak  accelerations, 
as  well  as  displacements  obtained  from  analy¬ 
sis  of  film,  are  given  in  Table  1. 

The  measured  values  are  higher  than  those 
indicated  by  the  design  calculations  because  the 
test  table  motion  was  more  severe  than  the  El 
Centro  data.  Other  factors  contributing  to  these 
differences  were  that  one  rotational  mode  was 
not  modeled  and  that  the  modeled  rotational 
modes  were  not  excited  in  the  design  calcula¬ 
tions  while  they  were  excited  in  the  test. 


CONCLUSIONS 


It  has  been  shown  that  a  shock  isolation  sys¬ 
tem  which  includes  a  low  frequency  pendulum 
mode  Is  extremely  vulnerable  to  earthquake- 
type  excitations.  Excessive  horizontal  displace¬ 
ments  up  to  10  in.  could  be  induced,  possibly 
causing  shock-mount  failure  and/or  impact  of 
equipment  against  adjacent  objects. 
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Auxiliary  leaf  spring  isolators  were  designed 
to  Increase  the  pendulum  frequencies  from  less 
than  1  Hz  to  approximately  3  Hz.  This  system 
restricts  earthquake  induced  displacements  to 
less  than  2  in.  and  still  provides  acceptable 
blast  protection. 

A  test  program  employing  an  earthquake  sim¬ 
ulator  was  used  to  corroborate  basic  design  ob¬ 
jectives  and  qualify  new  hardware.  The  test 
environment  was  more  severe  than  the  El  Centro 
Earthquake  for  frequencies  above  2  Hz.  Design 
objectives  were  met  and  all  hardware  functioned 
properly. 
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Fig.  10  -  Table  motions 
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Fig.  11  -  Measured  equipment  accelerations 


Table  1 

Earthquake  Induced  Responses 


Location 

Peak  Accelerations  (g's) 

Peak  Displacements 

Vert. 

Lat. 

Long. 

Upper  Right 

0.45 

1.4 

0.9 

Vertical  and  horizontal 
displacements  were  between 

Lower  Left 

0.85 

2.0 

1.0 

1  and  1.25  in. 
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The  use  of  porosity  to  reduce  the  pressures  generated  hy  projectile 
impact  was  consitlerotl  both  theoretically  and  experimentally.  Flame 
retardant  polyurethane  foam  was  found  to  give  some  improvement,  attributed 
to  the  casual  introduction  of  air.  A  freon-filled  dacron  material  (not 
suggested  for  actual  application)  shows  that  sipnificnntly  greater 
attenuations  can  he  achieved. 


INTRODUCTION 

The  catastrophic  damage  to  fuel  tanks 
brought  about  by  projectile  penetration  is  re¬ 
ceiving  much  attention  in  the  design  of  modern 
military  aircraft.  The  processes  contributing 
to  such  a  catastrophic  destruction  are  many, 
and  are  not  simple.  Neither  analytical  or  ex¬ 
perimental  approaches  have  been  entirely  suc¬ 
cessful  in  loading  to  a  complete  understanding 
of  the  phenomenon  often  referenced  to  as  the 
"hydraulic  ram"  effect. 

The  process  of  projectile  penetration  can 
he  divided  into  at  least  three  major  portions. 
First,  the  generation  of  a  shock  wave  at  the 
instant  of  initial  impact  of  the  projectile  on 
tho  fluid  or  the  tank  wall,  and  secondly,  the 
croation  of  a  pressure  field  within  the  tank  by 
the  quasi-stoady  motion  of  the  projectile 
through  the  fluid,  Finally,  ns  the  projectile 
approaches  the  opposite  tank  wall,  the  influ¬ 
ence  of  the  second  wall  becomes  significant, 
and  perhaps  predominant,  as  the  fluid  set  in 
motion  by  the  moving  projectile  encounters  the 
socond  wall.  Other  investigators,  such  as 
Williams  11]  and  Bristow  (2]  have  sub-divided 
the  process  oven  further,  but  these  three  will 
suffice  for  the  present  discussion, 

It  has  long  been  known  that  porous  or 
foamed  metals  lead  to  rapid  attenuation  of 
largo  pressure  disturbances  [3],  The  rapid 
attenuation  cf  strong  disturbances  in  soils  [4] 
may  well  be  due  to  an  inherent  porosity.  It  is 
therefore  ovident  that  the  Introduction  of  por¬ 
osity  should  he  considered  as  a  moans  of  re¬ 
ducing  the  peak  pressures  and  therefore  re¬ 
ducing  the  damage  duo  to  projectile  impact  in 
fuel  tanks.  Reticulated  polyurethane  foams 
have  been  inserted  into  tnnks  as  a  flame 


suppressant,  and  pressures  due  to  impact  have 
been  measured  in  tanks  containing  foams. 

Clark  [S]  reported  a  reduction  by  one-half  in 
pressure  when  polyurethane  foam  was  added  to 
water,  while  Williams  [1]  found  that  pressures 
actually  increased  when  foam  wns  added.  We 
assume  that  the  introduction  of  even  a  reticu- 
lBted  foam  into  a  tank  of  liquid  will  lead  to 
the  inclusion  of  porosity  in  the  mixture 
through  small  air  or  vapor  particles  within  the 
foam-fuel  mixture.  Other  experiments  have  been 
conducted  with  foams  or  gas  bubbles  introduced 
into  tanks,  and  have  led  Bristow  [2]  to  state 
that  tho  introduction  of  such  materials  into 
fuel  cells  is  not  an  effective  menns  of  con¬ 
trolling  the  hydraulic  ram  effect. 

It  was  the  purpose  of  this  study  to  re¬ 
consider  the  role  of  porosity  in  the  reduction 
of  pressures.  The  primary  attention  in  the 
analytical  portion  of  the  work  wbb  given  to 
the  first  (impact-induced  shock)  phase  of  the 
phenomenon,  with  the  experiments  being  con¬ 
ducted  so  as  to  gain  further  information  about 
the  effectiveness  of  porositv  In  both  this 
phase  and  in  the  quasi-steady  phnsc  of  the  pro¬ 
cess  . 

In  the  next  section,  results  of  the  analy¬ 
sis  will  be  briefly  described,  and  in  the 
following  section  the  results  of  the  experimen¬ 
tal  program  will  he  given. 


*Tlio  experimental  results  reported  here  were 
taken  from  a  thesis  submitted  hv  the  second 
author  to  the  Air  Force  Institute  of  Technology 
in  pnrtial  fulfillment  of  the  requirements 
for  the  MB  degree. 
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ANALYSIS 


As  assume  that  a  projectile  penetrating 
the  tank  wall  generates  a  shock  wave  which 
propagates  into  the  fluid.  For  the  purpose  of 
determining  pressures  at  points  along  the  ex¬ 
tension  of  the  original  trajectory,  we  assume 
the  front  to  be  hemi-spherical .  It  is  further 
assumed  that  the  shock  wave  is  similar  to  that 
which  would  he  generated  by  the  instantaneous 
deposition  of  energy  at  a  point,  i.e.,  the  in¬ 
stantaneous  detonntion  of  a  small  spherical 
charge.  If  these  assumptions  are  valid,  a 
theory  previously  developed  [6]  in  order  to 
predict  the  attenuation  of  shock  pressures  by 
hypervelocity  impact  on  solid  metal  targets 
can  bo  applied.  In  that  work,  the  Taylor  blast 
wave  theory  was  so  modified  as  to  take  into 
account  the  fact  that  the  material  through 
which  the  shock  is  propagating  is  not  a  perfect 
gas  being  shocked  to  the  limiting  compression, 
but  rather  that  the  pressure-density  states  at 
the  shock  front  are  those  of  tho  llugonlot  curve 
of  the  material.  The  required  llugonlot 
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Figure  1  Poak  Pressure  Versus  Distance  from 
Impact  for  Water-Air  and  IVater-Poly- 
urethanc  Mixtures,  l-:n  ■  loop  joules 


pressure-density  relationship  was  determined 
for  water-polyurethane  mixtures  and  water- 
polyurethane-air  mixtures  hy  using  a  simple 
mixture  theory  described  elsewhere  [7],  In 
this  adiabatic  mixture  theory,  it  is  assumed 
that  no  energy  is  transferred  from  one  com¬ 
ponent  of  the  mixture  to  another  during  the 
short  time  required  for  the  passage  of  the 
shock  wave.  An  altcrnntive  or  isothermal 
theory,  in  which  It  was  assumed  that  each  com¬ 
ponent  of  the  mixture  acquires  the  same  temp¬ 
erature  during  shock  passage  was  also  devel¬ 
oped,  hut  was  shown  [8]  to  lend  to  predictions 
which  differ  but  little  from  those  of  the  adi¬ 
abatic  theory.  Typical  results  of  these  calcu¬ 
lations  are  shown  in  Figuro  1  for  mixtures  of 
sevaral  different  volume  fractions.  Details  of 
the  calculations  and  further  results  are  given 
in  [8].  It  can  he  seen  that  the  inclusion  of 
the  polyurethane  foam  typically  lends  to 
slightly  higher  shock  pressures.  On  the  other 
hand,  if  a  small  amount  of  air  is  introduced 
into  the  mixture,  the  calculations  show  that  a 
slight,  hut  not  substantial  reduction  in  peak 
shock  pressure  is  to  he  expected.  These  cal¬ 
culations  all  show  a  pressure  decaying  with 
distance  as  an  inverse  power  less  than  two. 

It  has  been  found  [3],  however,  that  in 
the  case  of  metals,  an  approach  such  as  this  in 
which  a  porous  material  is  approximated  hy  an 
equivalent  hydrodynamic  material  can  be  ex¬ 
pected  to  give  accurate  results  only  at  early 
times,  that  is,  at  short  distances  and  high 
shock  pressures.  At  greater  distances,  I.e., 
longer  times  and  lower  pressures,  it  has  been 
shown  [P]  for  one  dimensional  (planar)  ihock 
waves  that  a  simple  theory,  known  as  tho  "snow¬ 
plow"  model  gives  better  agreement  with  tho  de¬ 
tailed  code  calculations.  Consequently,  the 
possibility  of  developing  a  simple  model 
analogous  to  the  "snowplow"  model  which  would 
he  applicable  to  spherical  shock  waves  was 
undertaken.  The  results  of  this  effort  are 
given  in  another  ronort  [in].  It  was  round 
that  a  spherical  "snowplow"  model  could  he 
developed  from  conservation  of  momentum  and 
would  predict  a  pressure  deeny  as  the  inverse 
sixth  power  of  distance.  Other  simplified 
models,  based  on  conservation  of  energy,  were 
fouid  to  lead  to  tho  prediction  that  pressure 
should  decay  as  the  inverse  fourth  power  of 
distance.  Hither  of  these  models  would  seem  to 
suggest  that,  the  introduction  of  even  a  small 
amount  of  porosity  will  lead  to  a  large  in¬ 
crease  in  the  rate  of  attenuation  of  spherical 
shock  waves. 

based  on  these  analysis,  we  conclude  that 
the  presence  of  porosity  should  lead  to  in¬ 
creased  attenuation  of  the  shock  waves  In  a 
fuel  tank,  particularly  at  large  distances  and 
long  times.  The  contradictions  in  the  exper¬ 
imental  data,  with  regard  to  the  beneficinl 
effect  of  foams,  would  be  resolved  If  one  in¬ 
vestigator  had  succeeded  in  achieving  a  liquid- 
polyurethane  mixture  without  trapped  air 
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pockets,  and  the  other  had  not.  Porosity  which 
is  not  sufficiently  uniform  throughout  the 
fluid  might  also  not  produce  tho  expected  ben¬ 
efits.  further,  a  reduction  in  the  pressuro  of 
tho  shock  wove  generated  by  the  initial  impact 
docs  not  necessarily  insure  improved  attenua¬ 
tion  of  the  pressures  generated  in  the  inter 
stages  of  the  impact  and  penetration  process, 

As  these  later  phasos  appear  to  he  less  amena¬ 
ble  to  analysis  and  may  well  lie  the  more  sig¬ 
nificant  in  the  creation  of  damage,  the  ex¬ 
perimental  program  to  bo  described  in  the  next 
section  includes  nn  attempt  to  measure  the 
pressures  generated  in  the  (pins! -sternly  phase. 

bXI'lilUMHNTS 

hater  was  used  as  the  first  target  mater¬ 
ial  in  order  to  establish  a  baseline  against 
which  the  results  for  tho  mixtures  containing 
porosity  could  he  compared.  The  second  mater¬ 
ial  selected  was  a  mixture  consisting  of  re¬ 
ticulated  polyurethane  foam  and  water.  This 
foam,  is  currently  used  in  somo  Aircraft  fuel 
cells  In  order  to  prevent  explosions  in  vapor 
filled  tanks.  The  material  used  had  a  density 
of  1.3  lb/cu-ft,  nbotit  IS  pores  per  lineal 
inch,  and  a  volume  fraction  of  1,84.  Measure¬ 
ments  showed  about  64  by  volume  of  air  to  he 
present  in  a  tank  otherwise  filled  with  foam 
and  water.  The  matorinl  is  shown  in  figure 
2a.  The  third  target  material  used  was  water 


Figure  2a  Reticulated  Polyurethane  foam 


and  Pnoumncel,  u  now  Du  font  trudenamed  product 
now  in  pilot  production  and  currently  used  in 
rug  pads,  It  is  a  mat  made  of  Dacron  fibers 
inflated  with  approximately  124  by  weight  freon 
gas.  This  particular  material  was  selected 
only  because  it  provided  a  simple  means  of  in¬ 
suring  a  uniform  distribution  of  gas  throughout 
tho  liquid,  and  is  not  suggested  for  applica¬ 
tion  to  fuel  tanks.  It  is  estimated  that  the 


Pnoumncel  and  trapped  air  occunied  144  of  the 
tank  volume.  The  manufacturer  has  indicated 
the  material  will  withstand  pressures  of  3000 
psl  without  damage.  The  material  is  shown  in 
figure  2b.  The  density  of  the  individual 


figure  2b  Pneumneel 

strands  arc  0,(123  pm/cm3,  and  the  diameter 
about  0.05  cm. 

Tnrpct  materials  were  contained  in  a  rec¬ 
tangular  tank  measuring  23  1/2  in,  high,  20 
1/2  in,  wide,  and  24  in.  deep,  The  top, 
bottom  and  sides  were  1/4  in.  steel  plates,  re¬ 
inforced  by  bands  of  nnple  iron.  The  front  nnd 
bnck  plates  were  removable  and  were  mude  of 
0.12S  in.  2024  aluminum.  A  4  in.  diameter  hole 
was  cut  in  the  center  of  the  front  plate  anti 
covered  with  0.0005  in.  Mylar  sheet. 

Two  pressure  transducers  wero  positioned 
5  cm  from  the  front  plate  nt  opposite  sides  of 
the  projectile  path,  7.5  em  and  15  cm  respec¬ 
tively  from  the  impact  point.  A  third  was  lo¬ 
cated  20  cm  above  the  path  of  the  projectile 
nnd  30  cm  from  the  point  of  impact.  The  first 
two  gages  wore  placed  so  that  the  pressures 
created  by  the  initial  impact  would  be  sensed. 
The  third  gage  was  placed  further  from  the  wall 
so  that  the  pressure  field  generated  by  the 
passing  nrojectile  would  he  dominant.  The 
arrangement  of  the  pressure  gages  wns  as  shown 
in  figure  3. 

Kistler  fins* A  qunrtz  transducers  with 
model  10511  connector  adaptors  connected  to 
Kistler  504-A  charge  amplifiers  were  used  to 
measure  the  pressures,  Data  were  recorded  on 
n  Sanpamo  Model  3562  portable  recorder/repro¬ 
ducer,  and  later  interpreted  hy  playback 
through  a  Honeywell  Visicorder  and  a  storage 
oscil loscone.  Steel  hnll  hearings  weighing 
128,5  grains  were  fired  Into  the  tank  through 
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TOP  VIEW 


SIDE  VIEW 


TABLE  1 

Experimental  Result* 


Shot 

Material 

Impact 

Pi  -psi 

Pj  -psi 

P3  -Psi 

No. 

Velocity 

CfpO 

(r  «  7.5  cm) 

(r  ■  15  cm) 

(r  ■  30  cm) 

IN 

Water 

1S71 

210 

80* 

100 

2W 

Water 

2219 

210 

110* 

140 

3K 

Water 

2516 

210 

B0* 

160 

4K 

Water 

2896 

245 

100* 

150 

SP 

Pneuniacel 

1566 

140 

6 

4 

6P 

Pneumacel 

2230 

175 

8 

8 

7P 

Pneumacel 

2869 

155 

8 

8F 

Polyurethane 

1612 

175 

22 

9P 

Polyurethane 

2219 

185 

90 

10F 

Polyurethane 

2823 

210 

45 

1 1 F 

Polyurethane 

1460 

215 

80 

75 

12F 

Polyurethane 

2180 

180 

65 

185 

13F 

Polyurethane 

2759 

145 

50 

142 

14P 

Pneumacel 

1333 

45 

8 

8 

ISP 

Pneumacel 

1816 

140 

10 

10 

16P 

Pneumacel 

2740 

130 

14 

14 

171V 

Water 

1650 

240 

65 

145 

181V 

Water 

1459 

225 

50 

80 

191V 

Water 

2040 

210 

105 

180 

201V 

Water 

2747 

240 

130 

200 

*  Data  questionable 
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the  mylar  film  at  various  velocities  using  a 
powder  gun,  A  more  detailed  description  of  the 
experimental  apparatus  and  procedure  is  given 
elsewhere  (11], 

A  total  of  20  shots  were  fired:  eight 
into  water,  six  into  the  water-polyurethane 
mixture,  and  six  into  the  water-Pneumacul  mix¬ 
ture.  Some  data  was  lost  due  to  an  intermit¬ 
tent  failure  of  gage  2,  as  is  indicated  in  the 
tabulation  of  results,  Table  1,  Visicorder 
traces  obtained  by  replaying  the  recorded  data 
for  representative  shots  are  shown  in  figure 
4. 

Much  scatter  in  the  data  is  evident,  but 
it  is  felt  that  certain  general  trends  can  be 
deduced  from  the  results.  Comparisons  of  the 
magnitude  of  pressures  at  gage  1  for  the  vari¬ 
ous  target  materials  show  that  typical  pres¬ 
sures  in  the  polyurethane  foam  mixtures  were 
less  than  those  in  water,  and  that  pressures 
in  the  water  "neumacel  mixtures  were  still  less. 
Of  a  greater  interest,  however,  is  the  rate  at 
which  these  pressures  diminish  with  distance 
into  the  tanks.  The  experiments  on  water  show 
that  the  pressures  at  IS  cm  from  impact  aro 


reduced  by  Rbout  a  factor  of  two  from  the 
pressure  at  7.5  cm.  On  the  other  hand,  the 
pressures  at  30  cm  are  typically  about  SOI: 
greater  than  those  at  15  cm,  Ke  take  the  in¬ 
crease  of  pressure  with  distance  to  he  an  in¬ 
dication  of  the  development  of  a  pressure  field 
around  the  moving  projectile  as  conjectured  by 
previous  investigators.  It  can  also  be  seen 
from  the  tabulated  data  that  a  pressure  drop 
of  typically  a  factor  of  three  occurs  between 
gage  1  and  2  for  the  polyurethane  foam,  while 
a  reduction  of  a  factor  of  in  or  more  in  going 
from  7,5  cm  vo  15  cm  into  the  Pneumacel -water 
mixture  is  typical.  These  resulta  are  taken 
as  confirmation  of  the  predictions  that  a  por¬ 
ous  material  should  be  heneficial  in  the  re¬ 
duction  of  pressures  due  to  the  initial  impact. 

The  limited  data  indicate  a  higher  pres¬ 
sure  at  gage  3  (30  cm)  than  at  gage  2  (15  cm) 
in  the  polyurethane  foam,  just  as  in  the  case 
of  water.  On  the  other  hand,  pressures  in  the 
Pneumacel -water  mixture  at  gage  3  were  found 
to  be  at  the  same  low  level  as  at  gage  2. 

These  data  suggest  that  the  Pneumacel  is  also 
effective  in  attenuating  the  pressures  caused 
by  the  moving  projectiles. 


Cage  1 


Gage  2 


Gage  3 


hater  Polyurethane  Pneumacel 


Shot  10  Shot  12  Shot  6 


43210  43210  43210 


Time  (msec) 


Figure  4  Pressure  Time  History  at  Several  Stations 
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SUMMARY  AND  CONCLUSIONS 

The  introduction  of  porosity  into  a  linuid 
wns  considered  as  a  means  of  reducing  the  pres¬ 
sures  caused  by  projectile  impact.  Tho  use  of 
simple  analytical  models  showed  that  n  small 
amount  of  porosity  should  lend  to  some  Increase 
in  the  rate  of  pressure  attenuation  nea  the 
point  of  impact  and  a  greater  increase  at  larg¬ 
er  distances.  A  limited  experimental  study  was 
also  undertaken  using  as  targets  water,  water 
in  the  expunded  polyurethane  foam  used  as  a 
flame  retardant,  and  a  mixture  of  water  and 
Oacron  tubes  containing  freon  gas  (Pneumacol) . 
In  each  of  the  mixtures,  it  is  assumed  that 
some  unknown  and  unpredictable  amount  of  air 
is  also  trapped  as  bubbles,  contributing  to  the 
porosity.  The  results  of  the  experiments 
showed  consistently  lower  pressures  in  the 
porous  mixtures,  In  the  case  of  the  poly¬ 
urethane  mixtures,  we  attribute  the  lower  pres¬ 
sures  to  spme  degree  of  attenuation  brought 
about  by  the  trapped  air  bubbles,  The  even 
groat er  attenuation  in  the  Pneumacel  mixture  is 
attributed  to  two  causes,  first,  the  more 
uniform  distribution  of  porosity  obtainable 
with  gas  filled  fibers  than  is  obtained  by  re¬ 
lying  on  the  casual  introduction  of  trapped  air 
bubbles.  Secondly,  since  tbe  limiting  com¬ 
pressibility  of  freon  is  much  greater  than  that 
of  air  because  of  a  lower  ratio  of  specific 
heats,  a  given  volume  fraction  of  freon  can  he 
expocted  to  lead  to  a  greater  attenuation  than 
a  similar  volume  fraction  of  air. 

It  is  particularly  significant  that  the 
experimental  results  show  lower  pressures  in 
the  porous  mixtures  than  in  water  even  in  the 
region  where  it  is  expected  that  pressures  are 
not  due  to  a  quail-spherical  shock  wave  gener¬ 
ated  by  the  initial  impact,  but  rather  due  te 
the  quasi-steady  motion  of  the  projectile 
through  the  fluid.  It  should  bo  noted  that  in 
these  experiments  loss  volume  (-  861.)  wns 
available  for  the  liquid  when  Pneumacol  was 
used  to  introduce  the  porosity  than  the 
available  when  polyurethane  foam  was  used.  As 
fuel  is  a  superior  wotting  agent  to  water,  it 
is  expected  that  less  air  bubbles  will  be  pre¬ 
sent  in  a  fuel  foam  mixture  than  in  a  water 
foam  mixture, 

Tho  results  of  this  study  indicate  that 
porosity  should  receivo  further  consideration 
as  a  means  of  reducing  pressures  in  fuel  tanks, 
but  that  it  is  likely  to  be  essential  to  have  a 
uniform  distribution.  Tho  freon  filled  dacron 
product  used  in  this  study  is  not  suggested  for 
actual  application,  hut  was  used  only  because 
it  is  a  currently  available  material  having  the 
desired  properties, 
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A  TREATMENT  OR  A  NON- STATIONARY  RANDOM  PROCESS 
LOAD  TRANSFER  AT  SEA 


II.  S.  Zwibol  ttnJ  0.  A.  Davis 
Naval  Civil  Engineering  Laboratory 
Port  llueneme,  California 


A  treatment  of  a  non-stationary  random  process  is  presented.  Ey 
way  of  example,  an  offshore  cargo  transfer  problem  is  solved  in- 
order  to  demonstrate  the  approach.  It  is  found  that  for  high  sea 
states  the  statistical  uncertainty  in  load  pendulation  is  quite 
largo. 


INTRODUCTION 

Many  of  the  problems  in  shock  and  vibration 
are  random  in  nature.  The  majority,  represent¬ 
able  as  stationary  stochastic  processes,  are 
analyzable  by  a  variety  of  analytical  techniques, 
There  are,  however,  situations  for  which  ths 
process  is  non-Btationsry ,  s,  g . ,  transient 
phemonana,  time  variation  of  control  parameters, 
etc.  For  these  non-stetionsry  proosases  most 
of  the  analytic  teals  used  for  stationary 
processes  are  not  appliaable.  In  this  paper, 
we  treat  a  system  that  ia  nan-stationary  because 
of  time  varying  parameters. 

In  a  previous  study,  Zwibel  [lj  treated  the 
stationary  stochastic  problem  of  load  oscilla¬ 
tion  with  fixed  load  suspension  line  longth. 

In  most  load  handling  operations,  however,  a 
non-stationary  problem  arises  during  offshore 
cargo  handling  operations.  A  load  le  railed, 
shifted  and  thin  lowered  by  a  crane  mounted  on 
a  floating  platform,  llorieontal  boom  motion 
(caused  by  wave-induced  platform  motion)  forces 
the  load  line  system  tn  peculate.  Due  to 
raising  and  lowering  of  the  load,  the  physical 
properties  of  this  pendulum  change  with  time. 

The  magnitude  of  this  induced  oioilletlon  for 
both  random  sea  conditions  and  swell  is  of 
Interest,  For  swell,  the  system  is  not  random; 
however,  for  a  wind  developed  bos  the  system  is 
stochaetlc  due  to  the  randomness  of  the  forcing 
function,  Doth  situations  arc  discussed  in  this 
paper . 

THEORY 

A  heavy  load  suspended  by  a  wire  from  a 
boom  acts  like  a  pendulum,  end  a  swinging  motion 
of  the  load  can  be  Initiated  by  horieontel 
accelerations  of  the  boom.  The  mathematical 
analysis  of  this  forced  pendulation  is  compli¬ 
cated  for  several  reasons:  first,  the  length 
of  the  pendulum  is  changing  with  time  due  to 
raising  and  lowering  of  the  load;  second,  the 


boom  acceleration  Is  a  random  function  of  time. 
This  randomly  forced  pendulum  therefore  falls 
under  the  category  of  non-stationary  stochastic 
processes,  In  faut,  if  one  conelden  the 
possibility  of  Urge  amplitude  osolllations, 
then  the  equation  of  motion  la  also  non-linear. 
There  are  analytical  means  for  determining  the 
statistics  of  stationary  stochastic  processes; 
unfortunately  for  some  non-stationary  random 
processes  there  are  no  comparable  mathodo 
available [2l.  One  must  use  the  "brute  force" 
method  of  simulating  the  random  input  function 
and  numerically  integrating  the  equation  of 
motion  to  obtain  the  output.  In  order  to  get 
statistical  information  it  is  necessary  to  re¬ 
past  this  procedure  for  a  number  of  inputs, 
Statistical  accuracy  Increases  with  the  total 
number  of  simulations. 


The  equation  of  motion  le  obtained  by 
equating  the  time  rate  of  change  in  the  load 
angular  momentum  to  the  applied  torque,  This 
yields  the  following  equation: 

(1) 


dt2 


.  2  dL(t)  1  dU(t)  . 
dt  L  (t)  dt 


+  -  d  Xa(t)  cos  6(t) 
8  dt2 


sin  b(t) 


where 

t  ■  time 

■  8(t)  ■  angle  of  lifting  line  with  respect 
to  the  vertical 

L(t)  ■  length  of  lifting  line  (this  is  a 
deterministic,  specified  function 
of  time) 

X  (t)  »  horizontal  position  of  boom  (the 
attachment  point  for  the  lifting 
lino) 

g  ■  acceleration  of  gravity 
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For  a  given  L(t)  and  X  (t)  it  is  a 
to  numerically  integrate  the  above 
Tho  complication  arises  because  o£ 

nature  of  X  (t) , 
s 


simple  matter 
equation . 
the  random 


In  order  to  numerically  integrate  Equation 
(1)  it  la  necessary  that  X  (t)  be  a  known, 
deterministic  function  of  flmo.  X  (t)  depends 
on  tho  crane-barge  motion,  which  in  turn  depends 
on  tho  sea  surface  motion.  The  sea  surface  -- 
for  wind  generated  waves  --  can  bo  approximated 
as  a  stationary,  Gaussian  random  process.  Its 
power  spectral  density  function,  S  («),  takes  a 
variety  of  forms;  wo  use  the  Pierson-Moskowit* 
spectrum.  The  deep  water  form  of  this  speotrum 
is  given  by; 


Sg(uj)  - 


where  A  «  O.OOBlg2  and  li  «  33 . 56/H]_ y32 .  Here 
Hi/ 3  is  the  "significant"  wava  helgnt,  and  it 
represents  tha  average  of  the  1/3  highest  waves 
in  the  random  sea. 


The  barge  motion  is  assumed  to  depend 
linearly  on  the  surface  elevation,  henoo  the 
various  motions,  heave,  pitch,  aurge,  ate,  are 
also  stationary  Oaursian  random  processes,  If 
HAO(ui)  is  the  response  operator  for  the  boom 
tip  motion,  then 

S (01)  ■  |rAO(u.)|2Sb<ui) 

Is  tho  powor  spectral  danaity  function  for  the 
boom  tip  horisontal  motion.  The  RAO  is  the 
response  of  the  boom  due  to  unit  amplitude 
incident  vavee. 


It  is  now  possible  to  simulate  X  (t)  by 
using  Monte  Carlo  techniques,  [3].  The  method 
used  1b  the  most  "intuitive"  of  the  various 
possible  approaches.  The  desired  stochastic 
variable,  a.  g. ,  the  sea  surface  elevation  is 
represented  as  a  sum  of  waves,  each  with  a 
different  frequency.  The  phase  of  each  wave  iu 
independently  choean  at  random  from  the  uniform 
distribution,  and  the  amplitude  of  each  wavo  is 
chosen  so  that  the  power  spectral  density 
function  of  the  process  is  a  specified  function. 
Mathematically,  the  simulation  of  XB(t)  la 
described  by  the  following  equationl 
N  . 


X„<t) 


n“l 


S(»  )A 
n  n 


i  /uj  t+ty  ) 

In  nl 


where 

ivn  ■  ia  the  circular  frequency  at  the 

midpoint  of  n'H'  frequency  interval, 

A„  »  le  the  width  of  the  n*"  interval, 
n 

<p  ■  If.  the  randomly  ohosen  phase  of  the 
n  ntl  wave . 

N  *  is  the  total  number  of  individual 
waves. 

S ( ui  )  -  is  the  power  spectral  density  for 
n  the  horisontul  motion  of  the  boom. 


The  boom  acceleration  obtained  from  Xg(t)  is 


”  I 

XB(t)  -  -  2  >  * 

s  s<w  n 

n-1 


SCW  CDfi 


(V  +  *n) 


(3) 


and  lo  used  as  tho  forcing  acceleration  for  the 
load  pcndulatlon. 


It  should  bo  noted  that  a  given  set  of  N 
random  phasoB  yields  a  simulation  of  X  (t)  that 
ia  a  deterministic  function  of  time.  It  re¬ 
presents  one  member  from  an  ensemble  of  boom 
motion.  Tho  pendulation  time  history  obtained 
by  integrating  the  equation  of  motion  la,  there¬ 
fore,  only  representative,  and  statistical 
inferences  must  ba  made  by  sampling  many  members 
from  tho  ensemble.  For  some  applications  thou¬ 
sands  of  sample  functions  must  be  used.  [A 3.  In 
this  paper  such  extremes  art  not  required  since 
high  acouraey  1*  not  naceaaary. 

TYPICAL  PROBLEM 


Consider  the  case  of  the  YD-225,  a  Navy 
100-ton  yard  crane,  unloading  containers  from  a 
■hip  moored  in  the  open  sea.  The  140-foot  long 
barge  has  a  beam  of  70  feat,  a  mean  draft  of 
6.0  feet  and  dlaplaoes  1,540  long  tons.  Both 
■hip  and  crane  are  headed  bow-on  Into  tha 
incident  unidirectional  sea,  A  Lighter  lias 
between  the  crane  and  ship  and  serves  as  a 
receiving  platform  for  off-loaded  containers. 

Tha  crane  lifts  the  upper  moat  container  from  a 
stack  of  three  mating  on  the  deck  of  the  ship, 
ralsea  the  container  10  feet  at  a  constant  line 
rate  of  79  fpm  and  then  immediately  lowers  the 
container  at  tha  same  Una  rate  to  the  well  deck 
of  the  lighter.  To  actually  accomplish  this 
transfer,  the  crana  boom  must  either  be  rotated 
or  raised  to  position  the  container  over  the 
lighter.  The  tlioory,  however,  does  not  account 
for  changos  in  boom  position  during  a  load  trans¬ 
fer,  and  this  variable  is  ignored  in  tha  analy¬ 
sis  that  follows,  Figure  1  depicts  the  crane, 
lighter  end  ship  at  the  Instant  that  tha  load  is 
lifted.  The  arena  boom  is  positioned  normal  to 
the  barge  longitudinal  axis,  and  tha  point  of 
line  suspension  is  61  feet  above  the  top  of  the 
container.  For  the  sake  of  simplicity,  tho 
center  of  gravity  of  the  container,  spreader 
bar  and  hook  la  assumed  to  ba  located  at  the 
geometric  center  of  the  8  foot  high  container; 
thus  tho  effective  line  length  at  the  beginning 
of  the  load  cycle  la  61+4  -  65  feat.  Tha  well 
deok  of  the  lighter  Is  one  foot  below  the  water 
surface,  hence  tha  effective  tine  length  when 
the  container  is  released  la  116  feat.  The 
problem  statement  is  completed  by  noting  that 
the  mean  water  depth  at  the  unloading  site  is 
assumed  to  be  100  feet  end  that  the  crane  barge 
moorings  are  assumed  to  have  no  effect  on  the 
barge  motion  for  the  frequency  range  of  intsrest. 

Tha  RAO  for  the  horisontal  boom  tip  acceler¬ 
ation,  Hi  Is  required  for  both  regular  and 
random  waves.  It  and  the  RAO’s  for  X  and  - 
the  boom  tip  horisontal  displacement  ind  * 
velocity  -  were  computed  using  the  NCEL  ship 
mot  ion .computer  code. (RELM0) ,  The  results  are 
given  in  Figures  2  through  4. 


210 


1A0  lft/fr3 


Figure  1.  Unloading  container  lead  cargo  with 
100- ton  Navy  yard  crane. 


Figure  2.  Horleontal  displacement  reeponac 
amplitude  operator  for  crane  boom. 
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Figure  3.  Horleontal  velocity  response 
amplitude  operator  for  orane  boom. 
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Figure  4.  Horleontal  acceleration  raeponee 
amplitude  operator  for  crane  boom. 


The  load  dleplacement  amplitude  operators 
tor  five  different  wave  periode  are  shown  In 
Flgurj  5.  The  results  wsre  obtained  from  an 
analytical  modal  (code  named  SWING)  which  com¬ 
putes  load  osolllatlon  for  simple  harmonic 
sxoltatlon  of  the  load  suspension  point.  The 
abscissa  In  aaoh  graph  Is  expressed  as  time  (In 
eeoonds)  from  the  beginning  of  the  load  transfer 
cycle.  Thus  at  time  7.6  seconds  the  load  has 
been  lifted  10  feet  from  the  contalnershlp  deck, 
and  at  53.9  eeoonds  from  lift-off  the  load  Is 
posting  on  the  well  deck  of  the  lighter.  The 
ordinate  of  each  trace  is  expressed  as  the 
ratio  of  load  dleplacement  over  boom  displace¬ 
ment  amplitude. 

For  a  boom  period  of  6  seconds  (or  lass), 
the  motion  of  the  load  le  comparatively  small, 
and  there  le  no  evidence  of  resonant  behavior. 
Considerably  mors  motion  occurs  for  S  eaoond 
period  excitation,  and  a  maximum  response  occurs 
for  excitation  of  9,5  seconds.  In  the  latter 
cate,  the  unrestrained  load  it  seen  to  pendulate 
with  an  amplitude  equal  to  15  times  the  boom 
displacement  amplitude.  Resonant  behavior  Is 
far  lest  evident  in  the  plot  for  12  second 
excitation,  and  at  16  seconds  the  load  responso 
Is  comparable  in  magnitude  to  that  noted  for  6 
second  excitation. 
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Figure  5.  Load  abaolute  displacement  operator  in  regular  auell 


If  one  settnB  the  frequency  dependent  load  dis¬ 
placement  operators  In  figure  5  and  select* 
from  each  of  those  the  maximum  suing  amplitude 
that  occurs  during  each  load  transfer  cycle 
(regardless  of  when  it  occurs  during  tho  cycle), 
then  a  plot  can  he  formed  such  as  the  lower 
trace  in  Figure  6,  Two  additional  traces  for 
slower  line  spoeds,  50  fptn  and  25  fpm,  are  alan 
shown  in  tills  figure-  It  is  clear  from  those 
results  that  faster  line  handling  rates  result 
in  a  lowering  of  the  loud  displacement  ampli¬ 
tude  operator. 

Hie  product  of  the  boom  tip  horizontal  dis¬ 
placement  amplitude  operator  and  the  maximum 
load  displacement  amplitude  operator  produces 
the  useful  result  shown  in  Figure  7,  It  is 
apparent  from  this  plot  that  regular  swell  hav¬ 
ing  a  period  of  9  seconds  produces  the  maximum 
load  amplitude,  about  14,5  feat  per  foot  of 
wave  amplitude, 

Motion  in  Random  Waves 

Random  Waves.  Estimates  of  the  load  aua- 
pension  point  motion  in  random  seas  wore  comput¬ 
ed  using  the  NCEL  ship  motion  analysis.*  The 
results  appear  In  Figures  8  through  10  as  plots 
of  the  average  of  the  1/3  higlioit  displacement 
amplitude  as  a  function  of  the  deep  water  sig¬ 
nificant  wave  height,  Hf/J, 

As  noted  earlier,  the  aolution  of  Equation 
(l)  for  the  angular  deflection  of  a  wire  suspend¬ 
ed  load  in  a  random  sea  (with  variations  allow¬ 
ed  In  the  auspenslon  line  length)  was  oomplioat* 
ed  by  the  dependency  of  this  solution  on  the 
random  nature  of  Xg(t),  the  tlma  dependant 
horizontal  boom  displacement,  The  funotlsn 
Xft(t)  ,  however,  can  be  elmulated  as  shown  In 
Equation  (2),  and  the  result  In  turn  used  to 
simulate  tho  motion  of  the  lead,  the  independent 
variable  of  Interest, 

Thus,  with  the  same  load  cycle  as  before 
(line  speed  »  79  fpm)  and  with  random  selection 
of  wave  phase  angles  for  each  simulation,  a 
series  of  plots  can  ha  generated  such  as  thee* 
which  appear  In  Figures  11  and  12,  Thase  two 
simulations  from  the  infinitely  large  ensemble 
of  simulations  differ  markedly.  This  illus¬ 
trates  the  dependency  of  the  solution  on  the 
random  lelectiu,'.  of  wave  phase  angles.  Obvious¬ 
ly,  accurate  statistical  estimates  of  the  load 
motion  are  Impossible  without  a  substantial 
numbor  of  motion  simulations.  On  the  basis  of 
nine  simulations  for  each  of  three  different 
line  speeds  (25.0,  50,0  and  79.0  fpm)  the 
estimates  for  SWK  (maximum  load  amplitude  per 
load  cycle)  are  plotted  In  Figure  13.  It  Is 
apparent  that  the  effect  of  Increasing  the  crane 
line  speed  Is  to  reduce  the  magnitude  of  load 
oscillation,  although  the  reduction  In  magnitude 
is  not  aa  great  as  that  noted  earlier  for 
pandulation  In  regular  waves  (Figure  6). 

fkf 

The  sea  ie  described  by  a  fully  developed 
Pleraon-Moskowitz  spectrum. 


For  different  values  of  significant  wave 
height,  )ll/3,  load  motion  simulations  were  made 
to  determine  the  relationship  between  maximum 
load  amplitude  and  seastate,  The  rcsulta,  lor  a 
line  spaed  cf  79  fpm,  appear  in  Figure  14. 
Although  only  five  simulations  were  made  for 
each  value  of  II1/31  it  Is  apparent  that  S^,, 

(and  the  spread  In  predicted  amplitude  as  well) 
Increases  with  seastate.  It's  clear  that,  for 
the  higher  sea  states,  many  more  samples  would 
be  needed  in  order  to  obtain  reliable  statistics. 
It  is  also  interesting  to  note  that  very  large 
swinging  motion  may  be  induced,  even  with  a 
random  excitation  and  a  varying  pendulatlon 
length, 

FINDINGS  AND  CONCLUSIONS 

1.  A  theory  has  been  developed  for  predicting 
the  horlsontal  response  of  an  unrestrained  wire 
suspended  load  in  regular  and  random  aeas.  The 
line  length  la  allowed  to  vary;  thus  tho  load 
response  In  random  seas  is  a  non-stutlonary 
random  prooesa. 

2.  The  non-statlonary  nature  of  the  load  re¬ 
sponse  in  random  seas,  ooupled  with  the  short 
dura-ion  of  aach  lift  cyele  (1-2  minutes)  re¬ 
quire!  multiple  load  responae  simulations  for 
accurats  results.  Additional  study  la  required 
to  relate  accuracy  of  prediction  with  total 
simulation  time, 

3.  Results  from  ths  analysis  for  a  Navy  100- 
ton  yard  crane,  operating  at  a  maximum  line  rate 
of  79  fpm,  Indicate  chat  the  maximum  load  dis¬ 
placement  amplitude  to  be  expected  In  a  seastate 
3  is  at  least  2  times  as  great  as  ths  signifi¬ 
cant  wave  height  (Uj/3  »  5.0  foot). 

4.  The  corresponding  maximum  load  displacement 
amplitude  to  be  expected  In  5  foot  high,  9 
second  period  regular  swell  (critical  swell 
period  for  the  crane)  Is  about  7.5  times  as 
great  as  the  swell  height, 

5.  The  predicted  unrestrained  load  response 
for  the  100-ton  eranc  Is  clearly  unacceptable 
for  reasons  of  aafety  and  for  the  adverse  offset 
It  would  have  on  the  rate  of  cargo  transfer. 
Positive  taglino  control  Is  required  at  all 
times  to  control  load  pendulatlon, 

6.  Faster  line  handling  rates  have  a  mitigating 
Influence  on  unrestrained  load  oscillations. 

For  the  100- ton  orane,  the  maximum  load  displace¬ 
ment  amplitude  for  a  79  fpm  line  rate  is  about 
half  of  that  for  a  rate  of  25  fpm. 

FUTURE  PLANS 

1.  Extend  the  theory  to  lncludo  motion  in  more 
than  one  plane. 

2.  Investigate  predictive  accuracy  in  random 
seaa  as  a  [unction  of  total  simulation  time. 

3.  Extend  the  theory  to  include  the  effects  u£ 
linear  taglino  restraint. 
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Figure  7.  Ratio  of  maximum  load  displacement 
amplitude  to  Incident  ivell  amplitude  expreaeed 
aa  a  function  of  awell  frequency! 


Figure  B.  Random  crane  boom  horizontal 
displacement. 
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NOMENCLATURE 

A  •  Constant  appearing  in  Pierson-Moskowitz 
sea  spectrum  (»  O.OOSlg*). 

a  *•  Wave  amplitude. 

II  «  Constant  appearing  in  Pierson-Moskowitz 
sea  spectrum  (■  33.56/111/32). 

g  «  Acceleration  of  gravity. 

»  Significant  wave  height. 

L(t)  «  Length  of  lifting  lino. 

RAO  »  Response  amplitude  operator. 

S(uj)  «  Power  spectral  density  function  for  the 
horizontal  boom  tip  motion. 

S  ■  Maximum  load  amplitude  per  load  cycle. 
SB(qj)  ■  Piorson-MoBkowitz  sea  spectrum. 

SS  «  SeaBtatu 
t  •  Time 

Xg(t)  »  Horizontal  position  of  boom. 

9 ( t )  “  Angle  of  lifting  line  with  respect  to 
the  vortical. 

0  •  Randomly  chosen  phase  of  the  n6'1  wave. 

n> 

uj  •>  Frequency  (radians/sec) . 


CIUTERIA  DEVEI.OPMF.NT  OF  ,TK-1  AND  .TK-2 


CARGO  RESTRAINT  SYSTEMS  (U) 


Robert  Kennedy 

U,S,  Army  Transportation  Engineering  Agency 
Military  Traffic  Management  and  Terminal  Service 
Newport  Nows,  Virginia  23606 


Military  Traffic  Management  and  Terminal  Service  (MTMTS)  prepared 
a  aeries  of  transportability  teat  procedures  designed  to  improve  the 
value  of  teat  data  for  transportability  criteria  development.  For  the 
last  several  years,  portions  of  the  procedures  have  been  used  by  mili¬ 
tary  and  commercial  test  organizations. 

U,  S,  Army  Matcriol  Command,  Ammunition  Center,  Savanna,  Illinois, 
has  applied  tha  MTMTS  tost  procedures  to  an  extensive  transportability 
test  program  with  ammunition  in  M1LVAN  containers  equipped  with 
JK-1  and  JK-2  cargo  restraint  systems,  Transportability  testing  in¬ 
cluded  shock  and  vibration  tests  for  rail,  highway,  and  water  transpor¬ 
tation  and  terminal  handling,  The  experience  has  providud  a  complete 
trial  of  the  procedures  for  the  surfaco  Intormodal  to sts  series.  Test 
results  have  produced  the  needed  criteria  information  as  dynamic  fail¬ 
ure  loads,  margins  of  safety,  and  shock  and  vibration  data. 


BACKGROUND 

The  U,  S.  Army  Transportation  Engineer¬ 
ing  Agency  (USATEA)  prepared  transportability 
test  procedures  for  rail,  highway,  air,  and  ter¬ 
minal  handling,  For  the  most  part,  these  pro¬ 
cedure*  duplicated  both  in  intention  and  tech¬ 
niques  long-standing  documented  test  practice. 
The  procedures  differed  in  format  from  exist¬ 
ing  documents  in  that  they  wore  more  specific 
and  perhaps  oven  more  elementary  as  regards 
tost  apparatus |  tost  reporting  i  facilities!  and 
criteria  for  yield,  failure,  and  margin  of  Bafoty, 

The  biggest  difference  between  USATEA 
test  procedures  and  existing  documentation  is 
the  classification  of  transportability  tests  Into 
throe  categories,  Method  A  was  used  to  denote 
proof  tosts,  or  those  tests  required  to  certify 
that  a  transportation  system  and/or  component 
can  or  cannot  sustain  a  preostablished  loading 
for  a  specified  time  or  sequence.  Method  A 
teats  are  of  little  value  for  developing  criteria, 
but  proof  tests  are  necessary  for  obtaining 
rogulatorv  approval  for  some  production  items, 


Method  B  teats  are  transportability  tests 
conducted  with  full  instrumentation  and  with  test 
Input  loading  increased  incromentally  to  the 
point  of  structural  yield  then  to  the  point  of 
failure  of  a  principal  component.  Method  B 
tests  are  the  workhorse  of  criteria  development. 
By  developing  stronccs,  strains,  deflections, 
and  othor  measured  data  throughout  the  entire 
range  of  loadings  and  by  developing  the  distri¬ 
bution  of  shock*  and  vibration*  through  the 
structure,  effects  of  underloads,  overloads, 
and  the  mechanical  interrelation  of  the  compo¬ 
nents  can  be  developed,  Method  B  tests  also 
encourage  specimen  improvement  during  tosts. 

A  failed  component  may  bo  ropaired  and 
strengthened  and  the  Input  load  increased  to 
measure  failure  of  additional  components  of 
criteria  interest. 

Transportability  test  procedure*  include  a 
category,  Method  C,  for  instrumented  in- 
service  tests,  The  intention  here  is  to  stan¬ 
dardise  basic  measurement  and  reporting  pro¬ 
cedures  so  that  shock  and  vibration  result* 
from  isolated  in-service  tests  will  be  useful 


for  a  comprehensive  study,  Criteria  develop¬ 
ment  from  actual  shipments  has  been  hampered 
by  lack  of  descriptive  field  notes  and  an  incom¬ 
plete  description  of  instrumentation  calibration 
and  performance,  .Method  C  test  procedures 
will  improve  In-service  test  results  for  cri¬ 
teria  purposes  by  producing  more  uniformity  in 
field  notes  and  documentation, 

In  order  to  restra'n  ammunition  and  other 
dense  cargos  in  containers  for  intermodal  ship¬ 
ments,  restraint  systems  were  designed  by 
adding  to  existing  restraints  for  rail,  water, 
and  highway  modes  to  accommodate  regulatory 
requirements  for  all  applicable  modes,  Wood 
and  mechanical  bracing  used  successfully  for 
years  in  rail  was  adapted  for  container  appli¬ 
cation.  Vertical  restraint  required  by  the  U,S, 
Coast  Guard  was  added  to  the  rail  restraint  by 
applying  more  wood  beams  and  columns.  The 
vertical  restraint  structure  needed  additional 
strength  beyond  that  requirod  for  ship  environ¬ 
ment  to  resist  the  more  severe  highway  verti¬ 
cal  shocks.  The  resulting  restraint  designs 
either  in  the  all-lumber  or  the  combined 
lumber-mechanical  configurations  produced 
inefficiencies  in  time  and  costs.  These  limita¬ 
tions  are  most  obvious  in  military  transporta¬ 
tion  where  rapid  unloading  is  essential, 

All  current  restraint  systems  are  attached 
partially  to  tho  container  sides.  For  railcar 
and  ship  restraints,  this  form  of  attachment  is 
satisfactory  because  the  railcar  sides  and  ship 
bulkheads  have  ample  strength,  Restraint  at¬ 
tachment  to  container  sides  cumbersome  due 
to  the  low  rigidity  and  strong;  h  to  support  con¬ 
centrated  loads  in  any  location.  By  attaching 
restraint  members  to  the  container  sides, 
options  are  few  for  rapid  unloading  with  mini¬ 
mum  handling  equipment,  which  is  a  priority 
military  consideration.  In  order  to  unload 
cargo  rapidly  or  selectively  directly  from  a 
container  with  a  rough  terrain  forklift,  large 
side  doors,  removable  container  sides,  or 
completely  open  flat  rack  configurations  are 
needed.  With  cargo  restraint  attachments 
located  in  an  area  required  for  handling  access, 
sldo  or  selective  unloading  is  impractical  bo- 
cause  the  restraint  attachment  blocks  the  ac¬ 
cess  needed  for  personnel  and  equipment  to 
free  the  cargo. 

Military  Traffic  Management  and  Terminal 
Service  (MTMTS)  recognized  the  need  for  a 
cargo  restraint  system  that  would  permit  rapid 
container  unloading  with  minimum  materials 
handling  equipment.  The  JK-1  and  JK-Z  cargo 
restraint  system  is  one  not  dependent  on  sides 
or  doors  for  restraint  attachments.  Prelimi¬ 
nary  engineering  showed  that  the  MTMTS 


system  had  functional  advantages  over  commer¬ 
cial  systems  in  strength,  weight,  iumbor  con¬ 
servation,  and  simplicity, 

Tho  MTMTS  cargo  restraint  Bystem  was 
designed  specifically  for  imcrmodal  transpor¬ 
tation:  rail,  water,  and  highway  and  terminal 
handling.  Static  and  dynamic  forces  consequent 
to  the  transportation  en  ironments  were  ana¬ 
lyzed,  and  a  structure  was  designed  that  would 
withstand  most  efficiently  the  magnitude  and 
direction  of  the  most  severe  combination  of  en¬ 
vironmental  loadings.  The  JK-1  and  JK-Z  de¬ 
signs  are  structurally  simple  to  facilitate  rea¬ 
sonably  accurate  calculation  of  internal  forces, 
stresses,  and  strengths  with  a  minimum  of 
mechanical  assumptions.  Perhaps  moBt  im¬ 
portant  is  that  the  system  is  incremental.  The 
number  of  restrain*  components  required  can 
be  from  none  for  extremely  light  cargo  to  a 
sufficient  number  to  withstand  the  forces  re¬ 
sulting  from  the  heaviest  cargo  permissible 
with  the  most  severe  transportation-induced 
shock  and  vibration  loads.  Storage  and  Weight 
penalties  for  unused  components  are  minimal, 
Also,  only  the  minimum  number  of  components 
need  be  used  to  produce  the  desired  margin  of 
safety,  which  conserves  cargo  stuffing  costs 
and  time. 

The  pursuit  of  transportability  test  proce¬ 
dures  and  an  MTMTS  cargo  restraint  system 
were  conducted  concurrently.  It  was  recognized 
that  the  two  projects  should  bo  brought  together. 
The  restraint  system  needed  comprehensive 
transportability  tests;  the  test  procedures 
needed  a  complete  trial;  and  shock  and  vibra¬ 
tion  criteria  for  ammunition  containers  based 
on  measured  data  were  needed.  MTMTS 
equipped  two  MILVAN  containers  with  the  JK-1 
and  JK-Z  cargo  restraint  systems.  U.S.  Army 
Materiel  Command  (USAMC)  Ammunition  Cen¬ 
ter,  Savanna,  Illinois,  was  as  signed  the  task  of 
conducting  complete  instrumented  transporta¬ 
bility  testB.  The  primary  task  was  to  develop 
shock  and  vibration  data  for  criteria  for 
MILVAN  containers  with  the  MTMTS  cargo  re¬ 
straint  system.  Transportability  test  proce¬ 
dures  were  followed  for  all  testing,  analysis, 
and  reporting. 


RESULTS 

The  transportability  tests  were  divided  into 
six  tasks,  each  conducted,  analyzed,  and  re¬ 
ported  separately. 

Task  1.  Highway,  In-Service,  Method  C, 
Task  Z.  Laboratory,  Method  B, 
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Task  3.  Rail,  Method  H. 

Task  4.  Highway,  Method  13. 

Task  5,  Terminal  Handling,  Method  13, 

Task  Rail,  Highway,  Terminal  Han¬ 
dling,  Method  A, 

Two  MILVAN  containers,  one  equipped  with 
a  .IK-i  restraint  and  the  other  equipped  with  a 
JK-2  restraint,  were  delivered  to  Aberdeen 
Proving  Ground,  Aberdeen,  Maryland,  where 
the  highway  in-service  tests  originated.  The 
cargo  for  the  containers  equipped  with  the  ,TK-1 
was  simulated  105-mm  boxed  ammunition. 

Fig,  1  shows  the  MILVAN  container  and  cargo 
at  the  completion  of  the  trip  in  Savanna,  Illinois, 
Fig,  2  shows  the  other  container  equipped  with 


the  .IK-.:  system  with  inert  loaded  '5-. -min 
single  loading  projectiles, 

Roth  systems  use  nluminui  i  extended  floor 
rail  bolted  to  Hie  container  floor  beams.  The 
.TK-1  uses  six  floor  rails;  anti  the  , IK-2,  four 
railH,  as  seen  in  the  photographs.  The  princi¬ 
pal  difference  between  tile  .IK-1  and  .IK-2  is  tile 
method  of  lateral  restraint.  The  .IK-1  usch  ad¬ 
justable  arms  affixed  tu  the  floor  chocks;  the 
.IK-2  uses  strapping  for  lateral  support.  The 
■IK-1  Is  quicker  to  secure  cargo  Init  is  heavier 
and  requires  more  floor  rails  to  roach  cargo  at 
all  locations  on  the  container  floor,  The  JK-2 
is  less  expensive  to  fabricate  and  weighs  less, 
but  it  requires  lateral  Btraps  that  are  more 
difficult  to  fasten  than  are  the  adjustable  arms. 
Both  systems  weru  tested  to  provide  more  data 


Fig.  1  -  105-mm  ammunition  boxes  in 
MILVAN  container  with  .TK-1 
cargo  restraint 


Fig,  2  -  155-mm  ammunition  in  MILVAN 
container  with  JK-2  cargo 
restraint 
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to  aid  in  selection  of  systems  for  particular 
applications. 

Task  1 

For  Task  l,  highway  In-scrvice  tests,  con¬ 
tainers  were  loaded  to  the  maximum  weight 
limit  of  legal  allowable  axle  loads  for  the  states 
en  route.  For  the  JK-1  system,  the  gross 
weight  of  the  cargo  and  container  was  40,095 
pounds,  and  4?.,  094  pounds  for  the  JK-2  system. 
Both  containers  were  instrumented  with  con¬ 
tinuous  recording  mechanical  accoleromotors 
located  on  the  floor  of  the  container  at  the  door 
end,  Both  containers  were  transported  sepa¬ 
rately  on  a  MILVAN  chassis  in  the  20-foot 
double-axle  configuration  with  a  commercial 
tractor  and  driver.  Maximum  peak  accelera¬ 
tions  recorded  during  the  trip  were  2,  lg's 
(0,080  second)  vertical;  l,2g's  (0,080  second) 
lateral;  and  0,  5g  (0,100  second)  longitudinal. 

The  accele  ration  amplitudes  were  generally 
lowur  than  previously  recorded  by  USATEA 
during  similar  in-service  teats.  The  reduction 
in  shock  amplitude  could  be  partially  due  to  the 
JK-1  and  .TK-2's  tight  restraint  preventing  rela¬ 
tive  motion  between  the  container  chassis  mass 
and  the  cargo  mass.  No  conclusions  as  regards 
shock  attenuation  merits  of  restraints  arc  in¬ 
tended  because  of  the  wide  differences  in  test 
arrangement,  such  as  the  35-foot  container 
versus  the  20-1'oot  container,  from  Shruvuport, 
Louisiana,  to  Concord,  California;  versus  from 
Aberdeen,  Maryland,  to  Savanna,  Illinois;  com¬ 
mercial  chassis  versus  MILVAN  chassis;  and 
prototype  test  restraint  vursus  production  com¬ 
mercial  restraint.  The  only  similarities  Were 
the  cargos'  155-mm  and  i05-mm  ammunition 
and  the  instrumentation  type  and  location. 


Task  2 

Task  laboratory  toBts,  were  run  on  two- 
higli  pallet  loads  of  155-mm  unitized  and  105- 
mm  boxed  and  uniti/.ed  inert  ammunition, 

Task  2  tests  were  intended  basically  to  experi¬ 
ment  with  two-high  stacks  to  develop  the  best 
strapping  and  unitizing  configuration  prior  to 
full  container  load  testing.  Throughout  Task  2 
tests,  the  hold-down  straps  were  instrumented 
and  the  dynamic  strap  forces  measured,  Also, 
accelerometers  were  used  to  control  and  meas¬ 
ure  input  forces. 

Vibration  tests  were  conducted  by  subject¬ 
ing  both  the  155-mm  and  10 5 -mm  ammunition 
to  a  vertical  sine  Input  of  1-inch  double  ampli¬ 
tude  at  3,  4,  and  5  cycles  per  second.  The 
rigid  hold-down  produced  more  working  of  the, 
105-mm  box  nailed  joints  than  normally  seen 
when  the  boxes  are  not  restrained  in  the  verti¬ 
cal  direction.  The  vibration  tests  showed  that 
strap  tension  can  be  maintained  throughout  the 
tested  vibration  Rnd  that  the  limiting  structure 
is  the  105-mm  wooden  box  package,  The  re¬ 
strained  155-mm  load  withstood  the  test 
sequence  without  incident. 

Fig,  3  shows  the  test  arrangement  for  the 
shock  portion  of  Task  2,  An  incllnod  impact 
tester  was  used  to  generate  the  longitudinal 
input  shock.  The  tost  specimen  consisted  of  a 
portion  of  container  floor  with  floor  rails 
affixed,  JK-1  and  JK-2  floor  chocks,  and  metal 
banding.  The  banding  was  instrumented  to 
measure  both  the  pretension  force  and  the 
superimposed  dynamic  forces  consequent  to 
impact. 


Fig.  3  -  Two-high  pallet  of  105-mm 
ammunition  boxos  with 
JK-1  re straint  during 
incline  Impact  test 
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Due  to  thu  flexibility  of  tills  type  of  test, 
many  restraint  configurations  were  tu steel. 
Criteria  developed  from  tills  tost  were  that 
strap  pretension  should  be  from  1,200  to  1,500 
pounds  to  prevent  zero  tension  at  any  time  with 
dynamic  loadings.  Also,  the  chocks  shouLd  be 
fastened  to  the  floor  rail  with  a  torque  of  80  to 
100  pounds  per  foot,  Thu  test  restraint  con¬ 
figuration  was  two  straps  over  the  cargo  with 
an  additional  "figure  H"  unitizing  strap. 

The  laboratory  test  proved  quite  succous- 
ful  because  failure  loads  could  he  dovoloped, 
and  specimen  losses  duo  to  falluro  were  mini¬ 
mal  due  to  their  small  size  and  cost.  The 
development  sequence!  started  tests  with  the 
smallest  estimated  required  restraint  struc¬ 
ture,  and  component*  wore  added  or  adjustments 
made  during  the  test  to  obtain  the  best  arrange¬ 
ment.  This  approach  Is  practical  with  Ta*k  2 
tests  due  to  the  ease  of  changing  the  to»t  speci¬ 
men  and  retesting  the  restraint  configurations 
with  a  single  pallot  stack. 

Task  3 

Rail  impact  tests,  Task  3,  were  conducted 
as  a  failure  test.  Impact  velocities  wore  in¬ 
creased  in  l»m,p.h.  increments  from  3  rn.p.h, 
to  thu  point  whore  the  test  specimen  could  with¬ 
stand  no  further  increase  in  impact  loading. 

The  test  specimun  or  tost  car  waB  an  85-foot 
trailer  on  a  flatcar  loaded  with  two  MILVAN 
chassis  and  containers,  which,  in  turn,  were 
fully  loaded,  one  with  105-mm  boxed  simulated 
ammunition  and  the  other  with  155-mm  inert 
loaded  projectiles.  The  MILVAN  contuinor- 
chassis  combination  weighed  49,430  pounds 
with  tlie  105-mm  ammunition,  and  the  other 
containu r -chassis  weighed  50,  350  pounds,  Thu 


loaded  rail  weight  of  the  test  car  was  171,  7H0 
pounds,  Impacts  were  affected  by  accelerating 
a  fully  loaded  70-ton  hopper,  220,  000  pounds, 
into  the  instrumented  teat  car,  which,  before 
the  impact,  was  standing  alone  with  the  brakes 
free. 

Instrumentation  consisted  of  a  strain  gage 
dynamometer  coupler  to  measure  the  impact 
force  and  strain  gage  dynamometer  tiedown 
straps  to  measure  the  impact  forces  in  the  re¬ 
straint  system,  Unbonded  strain  gage  acceler¬ 
ometers  wore  also  used  at  various  locations  to 
measure  triaxial  accelerations. 

Strain  gage  data  and  visual  observations 
detected  substantial  yield  at  8 -rn.p.h.  Impact 
velocity,  or  1,050,000  pound*  coupler  force, 
Inspection  after  the  12-m,  p.h,  impact  showed 
that  all  major  system  components,  the  railcar, 
the  chassis,  the  container,  the  wooden  boxes, 
and  the  restraint  system  had  gone  beyond  their 
yield  strength  to  demonstrate  a  well-balanced 
■ystum  design.  Fig,  4  shows  the  155-mm 
pallet  knocked  out  of  the  container  by  tho  12- 
m.p.h.  impact  but  still  secured  to  the  container 
floor  by  unitizing  itrapB,  Proof  teats  run  on  a 
similar  test  specimen  show  the  coupler  force  to 
be  under  300, 000  pound*  at  10  rn.p.h,,  where¬ 
as  Method  B  tests  produced  coupler  forces  5 
times  greater,  or  1,500,000  poundB  at  10 
rn.p.h.  Tho  sevorlty  Increase  Is  duo  to  tho 
Increase  In  kinetic  energy  consequent  to  a  much 
heavier  hammer  car  (210,000  pounds  versus 
170,000  pounds)  combined  with  working  thu 
cushions  to  their  least  efficient  force  and  travel 
range,  At  those  extreme  coupler  forces,  over 
1,000,000,  tho  cushions  in  the  railcar  and  the 
cushions  in  tho  hitches  have  used  up  all  usable 
travu)  and  are  substantially  solid. 


Fig,  4  -  Test  specimen  after  12  rn.p.h, 
Impact  (note  how  unitizing 
strap  captured  cargo) 
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Thu  rail  tust»  wore  conductor!  with  several 
bundling  and  unitizing  configurations  for  develop¬ 
ment  purposes.  The  test  results  goncrated 
several  restraint  system  Improvements  ns  an 
improved  T-bolt,  chock,  base  plate,  and  chock 
bearing.  Thu  restraint  system  was  continually 
improved  throughout  testing,  and  the  final  re¬ 
straint  design  was  of  equal  or  better  strength 
than  the  other  structural  components  In  the  sys¬ 
tem  as  regards  resistance  to  rail  Impact  loads, 

A  balanced,  efficient,  and  optimum  design  for 
the  restraint  system  was  achieved,  and  this 
met  the  goal  of  a  Method  13  failure  test, 

Task  4 

Task  4  was  conducted  by  towing  the  same 
MILVAN  container  loads  of  ammunition,  155- 
itini  and  i05-mm,  mounted  on  a  MILVAN  chassis 
over  test  courses,  Tiodown  straps  were  instru¬ 
mented  to  measure  pretension  and  dynamic 
forces.  The  washboard  course  consisted  of  300 
foot  of  gravel  surface  with  transverse  railroad 
rails  spaced  26  inches  apart,  This  tost  surface 
produced  a  severe  resonant  condition  on  the  test 
specimen.  Some  lateral  movements  and  somo 
damage  were  found  on  the  105-mm  ammunition 
boxes,  The  strapping  configuration  different 
from  any  tried  in  the  laboratory  during  pre¬ 
ceding  tosts  and  was  found  by  this  test  to  bo 
unsuccessful,  Force  and  acceleration  criteria 
data  wore  developed  from  tha  washboard  tost, 

For  this  dynamic  loading,  the  initial  strap 
forces  were  substantially  unrelated  to  tho  box 
bearing  failure  and  consequent  cargo  slippage. 

In  order  to  obtain  American  Association  of 
Railroads  (AAR)  approval  for  ammunition  uso, 
the  system  must  withstand  the  rigors  of  the 
USAMC  Hazard  Course.  This  course  consists 


of  transverse  alternately  spaced  railroad  ties 
projecting  6  inches  abovo  the  road  surface 
spaced  at  10-foot  intervals  for  50  feel.  Task  4 
included  several  test  runB  over  the  Hazard 
Course.  No  box  failures  or  slippages  were  de¬ 
tected  even  with  the  pallut  loads  using  the  un¬ 
successful  handing  arrangement.  Strap  tension 
(combined  static  and  dynamic  forces)  ranged 
from  1,600  to  2,000  pounds,  which  is  considered 
satisfactory  and  serves  ns  a  check  on  Task  2 
criteria  of  1,200  to  1,  500  pounds  pretensioning. 

The  most  important  observation  from  tho 
highway  tosts  is  that  vertical  road  resonance 
shock  inputs  arc  a  most  severe  loading  for  the 
nailed  joints  of  tho  wood  packaging.  If  no  verti¬ 
cal  restraint  is  utilized,  as  with  many  current 
restraint  systems,  the  packages  merely  bounce 
free  and  do  not  respond  to  tho  rosonant  input  to 
develop  high  vertical  cargo  stresses,  Tho  cur¬ 
rent  105-mm  boxes  withstand  this  severe  load 
with  proper  vertical  restraint  configurations 
and  aro  satisfactory  for  restraint  for  intormodal 
shipment. 

Task  5 

Task  5,  terminal  handling  tests,  consisted 
primarily  of  tilt  and  drop  tests,  Instrumenta¬ 
tion  was  active  during  these  tests  to  measure 
both  strap  forces  and  pertinent  accelerations. 
Tho  .TK-1  restraint  with  105-mm  boxed  ammu¬ 
nition  was  selected  for  terminal  handling  tests 
as  shown  in  Fig.  5.  Those  specimen  compo¬ 
nents  were  selected  to  try  the  rigid  chock  arm 
of  tho  JK-1  in  the  tilt  test  and  to  sue  how  the 
nailod  box  joints  from  tho  105-mm  arrangement 
hold  up  for  the  shock  test, 
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Thu  tilt  test  con  Hinted  of  tilting  the  con¬ 
tainer  HO  degrees  with  the  vertical  as  shown  in 
Fig.  6,  The  tilt  angle  is  set  to  produce  lateral 
forces  on  the  cargo  of  comparable  severity  to  a 
5(1 -dog roe  ship  roll  plus  dynamic  or  vertical 
forces  consequent  to  the  ship  motion.  During 
the  tilt  test  the  cargo  remained  in  position  and 
did  not  close  the  clearance  between  the  boxes 
and  the  container  wall,  The  measured  strup 
forces  added  a  maximum  of  1,400  potuidu  during 
tlie  80-degree  tilt,  which  is  minor  compared  to 
the  strap  tension  increases  due  to  rail  impact 
loadings, 

Container  edge  drops  were  conducted,  and 
the  only  system  failure  was  floor  bourn  deforma¬ 
tion,  as  shown  in  Fig,  7.  The  main  purpose  of 
this  failure  test  was  to  doturmine  the  dynamic 
load  or  drop  height  at  which  the  container  could 


still  function  without  Interfering  with  a  con¬ 
tinuous  container  operation  at  terminals,  Thu 
test  consisted  of  container  edge  drops  from  2 
incheB  to  ?.4  inches  in  2-inch  increments. 

Maximum  strap  tension  increase  at  24-inch 
edge  drop  was  1,500  pounds,  which  is  a  meas¬ 
ure  of  the  rebound  load.  The  maximum  vertical 
acceleration  recorded  on  the  container  flour 
during  the  24-lnoh  drop  was  22g's  at  24  milli¬ 
seconds,  The  system  failures  were  seen  by 
yielding  of  the  container  floor  beams.  Both  the 
measured  permanent  yield  anil  the  aecoler- 
ometurs  indicated  a  yield  of  the  system  at  a 
9-inch  drop  and  continued  accumulating  yield  to 
a  24 -inch  drop.  After  all  drop  testing,  the 
packaging,  restraint,  and  container  weru  all  in- 
tuet,  and  the  maximum  floor  beam  yield  was 
1 /2  inch. 


It  wsb  concluded  thnt  after  all  the  drop 
testa,  the  system  could  still  function  and  not 
Interfere  with  continuous  handling  as  the  con¬ 
tainers  could  be  reconnected  to  a  MII.VAN 
chassis  without  difficulty,  Thu  floor  beam  de¬ 
formation  caused  by  a  severe  handling  drop  will 
not  damage  adjacent  containe  -s  or  Jam  the  con¬ 
tainer  In  the  ship  cell  guides. 

Task  0 

Task  6,  rail,  highway,  and  terminal  han¬ 
dling,  all  Method  A  proof  tests,  was  conducted 
to  obtain  AAR  and  Coast  Guard  approval  for  use 
of  the  restraint  system  for  ammunition  ship¬ 
ments,  Test  arrangement  for  the  rail  portion 
is  shown  in  Fig,  H,  Thu  rail  sequence  is  rail 
Impacts  of  4,  6,  and  8  ni.p.h.  and  an  8-m.p.h. 
reverse  impact.  Even  though  the  system  com¬ 
ponents  were  subjected  to  greater  impact  forces 
than  required  for  regulatory  approval  In  pre¬ 
vious  tusts,  the  first  proof  test  detected  new 
failures  in  the  packages.  This  test  showed  the 
importance  of  aligning  the  cargo  pallets  with  the 
container  floor  rails  to  maintain  stack  shear, 
strap  tension,  and  exclude  undoglrablu  uccontrie 
loading  on  the  packages.  The  restraint  system 
MILVAN  combination  passed  the  highway  and 
tilt  proof  tests, 


CONCLUSIONS 

This  prog  rum  has  demonstrated  the  valuu 
of  failure  toots  as  described  in  USATEA  test 
procuduros,  Failure  tests  establish  the  re¬ 
serve,  ano-tlme  strength  of  a  system  thnt  is  so 
important  in  military  transportation  where  the 
trend  is  toward  minimum  storage  and  holding 
and  high-speed  supply,  Also,  failure  tests 


identify  many  weak  system  components  that  can 
be  Improved  to  be  more  in  linn  with  other  com¬ 
ponents  to  develop  an  improved  mechanical  sys¬ 
tem.  Perhaps  most  important  is  the  opportunity 
to  establish  a  margin  of  safety  for  transportation 
system  components  based  on  actual  tests  so  that 
structurally  marginal  components  are  known  and 
that  effects  of  overloads  can  be  better  estimated. 

This  first  complete  trial  of  the  test  proce¬ 
dures  has  shown  thnt  the  gonlH  of  an  inter¬ 
changeable  and  a  reproducible  data  base  ean  be 
met.  The  strain  gage  instrumentation  pro¬ 
duced  measurements  that  wore  directly  usable 
for  further  mechanical  and  dynamic  analysis. 
Force,  stress,  strain,  and  failure  data  devel¬ 
oped  on  separate  components  agreed  closely 
with  similar  data  obtained  from  complete  sys¬ 
tem  tests. 

Transportability  criteria  development  has 
buon  hampered  by  basic  variations  In  test  re¬ 
port  format,  tutting,  instrumentation,  and 
analyses,  Even  though  the  tests  procedures  are 
gonoral,  tho  procedures  have  produced  data 
from  the  restraint  tests  that  are  of  sufficient 
consistence  in  format  and  data  presentation  to 
develop  transportability  criteria,  Tho  resulting 
data  are  both  reproducible  and  interchangeable 
with  other  data  where  the  test  procodurus  Were 
followed. 

USATEA  plans  to  continue  this  program  by 
developing  and  publishing  criteria  for  restrain¬ 
ing  cargo  with  the  JK-1  and  JK-3  (improved 
iTK-2)  cargo  restraint  system  for  rail,  highway, 
water,  and  terminal  handling  modes  and  inter- 
modal  shipments,  Also,  comprehensive  cost 
effective  studies  are  scheduled  to  compare  all 
approved  restraint  systems  as  regards 


Fig,  8  -  Test  arrangement  for  AAU  and 
Const  Guard  approval  tests 
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aggregated  coita  over  the  syetom  life  cycle. 
Thoae  coat  factors  will  bo  developed  from 
actual  military  shipments  by  using  the  teat 
roatralnt  ayatema  in  MILVAN  contalnora  to 
aecure  the  aamo  cargo  with  the  same  origin 
and  destination  points  at  the  same  time.  This 
should  minimize  undoairod  coat  and  time  errors 
during  study. 
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